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A neutron star more massive than 
a rritical limit, about equal to the 
mass of the Sun, will inevitably 
undergo gravitational collapse. The 
reasoning which has forced physi- 
cists to this conclusion is given its 
first systematic presentation in this 
volunie by Trofessor Wheeler, an 
international expert on nuclear fis¬ 
sion and geometrody'Tiamics, and 
three of his colleagues in nuclear 
physics. 

At the Symposium on Relativistic 
Astrophysics held in Dallas, Texa.s, 
in December, 196J, Wheeler pro¬ 
posed that a portion of the collap.*;- 
ing matter disappears from exist¬ 
ence. Flis proposal aroused such 
intense interest that half a day was 
set aside during the conference to 
discuss his findings. Too long for 
inclusion in the collected proceedings 
published by The University of Chi¬ 
cago Press in I9fi4 under the title 
Quasi-stcUar Sources and Gravita- 
thnal Collapse f the work of Wheeler 
and his collaborators here receives 
more detailed treatment as a sepa¬ 
rate monograph. 

The four authors develop the sub¬ 
ject from basic principles to iheo- 
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FOREWORD 


Ffir the Dranrshtr, Diilliis Inltjm^lianal Sym^yiti on GnivitatioTiiil Collapse 
and Rt^lut5viatic .^Irophv^icsone of us (J A. Wheeler) was disked lo report an thy pres¬ 
ent stains of the relativiatic therjry of Kravitaiional collapse. Gnivitalbnttl collapse oc- 
cut^ wlien the in Ward puh of the prrxluted by a tolltcdon of niatt4;f exceeds ihe 

riaslic forces dev^elopcd bv the compression of that maiter. CollecLtona of matter of 
planctajy- JiUiS 5 and les& are well hnovim to he stable against such txilkpse. Howcvefi 
when elu' ainoiuil of cold pialter is ascmbled with thi‘ mitss eseceedinj; a critical fi^e 
not very far from the mass of the Sun^ then the system becomes unstable against collaf^, 
as has teen known ever siiict the pioneering work of Landau in l^^2. In the inicrveioing 
Vuara specELil aspects of the transition with increasing tnicss from stable to unstable con¬ 
figurations have betn studied; and a beginning has been made in imaLlyEing the first 
stages of the dynamics of collstp^ by many workm, including Chandrasekhar, Oppen- 
htiiner, Serber^ Volkoff, Schatzman, ourselves, Kleins 5!ciyovich, howler, Hoyle, Camer¬ 
on, Chin, Salpeter, ColgalCj While^ Misner, Shiirp, Bondi, f >ralton, Bardeen, and othens. 
In the rc|W 3 rt presented wt the conference an attempt wits mude to prasmt q stirytt of 
principal conchi&ioits oui of this work and to point up significiint issues still outstanding. 
Among these issues two forced theinstUes lo the attention more i^iatciitly than any 
others ■ Is there any considerailon of principle which prevents gravitational collapse of 
the inner pi^rtions'of a S\-sttTn from proce^ing to coniTileliDn? And when matter cciL 
Lipses how can the bary-ons w'hich compose it escape destruction? The conference report 
( oau'Uided that no cscafic is now knovi^n under appropriiite conditions of assembly— 
from a new pby'sical process. In this prctcess baiy^ons disappear^ Today one is far fruin 
being able to give any definirivi? account of the hnal stages of this process, fl presents 
deep and fasciniiling problems which lie in the no man^s land between elementary |)ar- 
licit physics and quantized getmietradynjimics, sofTie of which arc diseu^ed in another 
volume"bx- one of us (J* A. W., Getfm/irf^dyttamks the Issuf w/ lAf Find Sfde iNew^ 
York: (Gordon & Breach, 1%5lJ. However, an analysis of the physics of a supercrilkal 
ntass makes the process of disappearance of baryons seem inEsCiipable. To present stit:h 
an analyiris was the purpose of the original report. 

To sAnslHtc this one-hour report inio a pystematic account of the theory, condusions, 
and problems hsis required mLicIi more space than w^as originally envisaged. Happily ihe 
original speaker was able to secure the collahonstioft of his past Prmetton asaociates in 
the. study of gravitatiocial collapse. In addition the Vmvrrsity ui Chicago Press suggestetl 
that this particular conference^ re^iort should Ijc presented as a separate volume rather 
than as one of the parts of the conference proceedings. Even in this cxpjinded account 
we have had to forego any discussion of I he collapse of hot systems. We have limited at- 
tc-niiou to the idealized case where the system to begin with is ■composed of cold mailer 
catalyzed to the end point of thermonuclear c\'o!ulion. In the discussion of such ^■sterns, 
W'c have diseoveri a few new features^ indudmg the ettslence of an infiiiitt: numl>er of 
critiad p 4 jintSp a varliitional derivivtton of the theoiy of h^xlrcistalic equilibrium, and 
proof that no physically accqitiible relation between pressure and densjly that one can 
7 >qstiikite is acfequiite to prcvtnl gravitational collapse. Perhaps more inlcrttsltng tliitn 
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any new points ihc condusion lhal gmvilationa! colliiptse must oc^ur f[jr a 

sukTitici! TTiasa as well as for a siii^rtTiticnl mass. The Ti^ec:h:inism invnlvts n qiiantun^ 
mcdiiuiii:Eii tunnetitig process in w^hidi not the entire assembbj^e of ban ons but a bniiied, 
number of coaleKie!^ and disappeant. 1 1 is not possible to make a proper rak iihi- 

t\on of the rate, I’hcti^faru one must feh' for the present on observation r^ilhcr than 
theory to tel] whether this new prtKtss of spantajtefjUS Collapse pnjceKls al a detcctable 
rate, 

* ^ + 

The results deacribetl in this joint report were obtasned in ^Jtne pr&es in collabnrii tionj 
in olher esaes, individually, as follow's. B. Kent Harrison; Lheon' of equaiion of state at 
nudear imd sitbnudear densities fjointly with Wht^Ier); Table U, which give^ pressure, 
n^a^ density, and numbet density and analytical fits to these values (eqs, [258l-[,2fil]b 
new integrations of the (general relativity equation of hydrciSLatic equilibrium. Figures 5+ 
fi, and 7, and Appendix Tabl^ Al+Al, ^md Ad for the results of these- inlegradons^ and 
first rea^ning that tlierc art infinitely' many maxima in the curve of equilibrium mass as 
a function tjf cenlnsl rlensity^. Kip S, ^rhomc: derivation of central'relativitv equatioii of 
hydmstaljt-: equilibrium fmm mriatiorrnJ principle fjointly with D. Mell^iri also inde^ 
peadently by W. J. Ci>4;ki;; ako indepentbntly by ^VlieeJer); rekition of stability of 
equilibrium coiifigumlions lo second variiUion of niass-energy (Appendix Bj; Figure U 
for mass-energy of conflguratieins td umform densitv, as k fuEciion of density, for 
select&fl viilues of die baryou number; and Table 14 for the contfjbutidns td the pres¬ 
sure from eSecLn>n5 and ncutroTis at se-lecttd values of the density. Afasami AVakano: 
figur-p IS and ihe lx?1;lted analyses In ihe text of the approach to pure Fe“ for the parlb 
tion of lowest energy as st b riUStJ4l from 1 up tu Ifl* (jotntly with Wheeler); first integrii- 
Lidns of the general reblivity cquntion of fiydrostatlc eqiallihriuni using the HAY equa¬ 
tion of Slate; 1^57 versions oil Figures 7, and ft (exteitdei.l by Harrison in inCi-t froin 
lt\\^ g,'cni^ up to ICF g/ cm*); Figures 2.^-26, giving methods of jntegmtion and further 
ilctnils of the rffiulLs; and Appendix C on varbilional methods (jointly wiih WhcclerV 
John A,Wheeier : pr^^senl proof that there nrt^ infiniLely many iTSAxima in the curve of 
equilibrium mass as a function of centnd density ; the ^‘slidy rufe'^ for separating nut I'nn- 
tributions of long-range and short-range forces to mass-enen^' at any cfJiii|mction; pres¬ 
ent proof—using ihis ""‘slEdc nile^'^—that massfi collripscs to aero for sufficienth' great com¬ 
pletion regariilc^ of all details of th^i equation of state; discussion of the mechanism nf 
mlkipsc arHl the issue of the fiiin] stale; and conclusion that there exists in nature it new 
kind of ekmentarj^ piflFticliHransfannation, sponlaneous graviLitional t^ollapiiir; and that 
all matter mmX inansfiist, however weakly, u new form of radioactivilrv^ in which ban on 
nuniher changt^i. 

^ Oni: irf us (K. S, T,) lhanks the Danfortli Foundation ajid the .\atiomil Sdence 
I bundation for fellowships during the courw of this work; nnotht-r fib K. 11.) expresses 
Hippreciatton lvi ihe Atomic Fjierg>' Ct>nnmffi.sion and the Los Alamos Scientific 
LiLhoraior>'. under whose auspices of the work in this report was done; fimilly^ a 
ihini (J. A. W,) thanks the Niilional Kdence Frumdution for a fellowship during the pe- 
riofi of ihi.^ Fcaeari'h, nitrl also c5pre?Kes ripprediilion to Dr. Kichartl Fden; Flare f'ollcge; 
the pqjartJUtrU of Applied MathumiUics and ThcorHSEic^l Phracs of ( ^tm! nidge fnl- 
versEty; and to the Dak Ridge XHitional Laboratorv for hospiLatiiv. We. arc indebted lo 
Xht Office of Scientific Rcscardi of the l-nitPi1 States .Air Force nnfl to the Naljoiud 
Science Foundalton fur financial assist^uice with research cxp^nscis connected with ihis 
work. 

Aiipretia^inn id e)f|jr«.s.sctl 10 Bondi, Diticr Hrill, Keith Brucckncf, A. Cl. W. l um* 
tron, H, Y, Thtu, Sterling Colpratu, Br>(.T iJrWiit, Roben Dkke. T’. A. HT. llinir, FrtTS 
man I,iy8*)n, WiEIinni A, I'owler, L. tifHttoiii. Frecl Hoy It, RkhanJ Liiidnuist, Koljrfl 
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Schatzjmin, E. SchUiking, M. Schwarz^sehUd, Oennis Stiama, Lp Shcpley, David Shrtjrp, 
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chapter f INTRODUCri'lON 


MtW MOTIVATION TOR LOOKING AT AN OLD FR0HU';M 

Evidence has feceiitly been uncovered for the product ion of an energ>'* a.s great 115 
I()^“ or It)"* erg in a limited time/ in n limited space/ and thercfors: out of a limited 
amounl of matter. The a^irophy^^ical cibser™tioni4 do not prove, but baw led aome b- 
vesiigators to ^^nggtsi, that a new procfcvS b going on in which the output of maiis- 
energy' per unit of mass exceeds (Burhidge 1962^ Moyle and Fowler &i Hoylct 

FowleCp Ibrbidgt, and Burhidge 1964) the 1 part in 112 obtabable by thermonuclear 
combustioT]/ Therefore, attention has turned to gravItationaJ collapse as a mechanism 
by which in principle a fmetion of the latent energy of matter much larger than I per 
cent can be ^el free. 

The concept of gravitaLional collapse has a long history* Already in the nineteculh 
centurj" the balance between the outward push of pretisure and the inward pull of gia^i- 
tat ion had been studied in some detail. The spherical configuration of equilibrium for 
any given mass of matter under one and anotherposttilale about the equation coiuiect- 
ing pressure with density ('^tcjuatioTi of state*^) had been deterTTiintd (sec, e,R., Emden 
119rji7D. Even then Ihe cemrat que^ntion had been petted: How can any system possibly 


^ Evidence crisaally preMniU^fl at the DulUi Cafifrmicx-ciFi GmvItAtkinal CDlJapAe (RuhinAotiH Schild, 
mict Schiickh^^ 1^1^; Eicrvi'miftcr dted as '"CGC"'). See M,\m Butbiilge, Burl^idute, anct Sfuuckiie 
Lynds and Sandiiflc GieenaleEfl (1963)> wwl Greerwtein and Schmidt njid see .Amiuu 1311- 

tsjK JHI>; 2^267, br earlier eenNEknitions a/EuinR fm the w:ei£n"etict nF vinlcnt ettenny 
C\^ljdon ill ihe nuclu eerUus g^bxin. 

* Time within nn order nf magnitudr of ^lU^TO* yeani &A deduoed titifn (t) the spfitsal estanHfm of 
the rff^iicLf; oF ejrpEasinn and ( 2 ) the rate of lt?«* of energy ffom prodocts hy synckmtron radktjtjns 
see CGC for furthef -detaEb. 

* In craitnist ia a dminetcr of -“IfF lsght-ATf*rft for A lyfjicill for the c|nft¥l-Et£]kf source iC 2?J 

A litiCiir eicttiiflan Imthan tOli|;iit-^yearsi»dGcLucod (1) ironi rises ojid falhia ijghLouipiii hy-ta much 

a faelor 2 in a time nf liie order of 10 u dirrsniclDtl by Smith and Hi^eit [1963^) and m CGC^ and 
(1) from the mtio of total lumkHoHty^tO lifiht pier uml jpe* ajj- derived from cJectrcm denuty and 

Icmperalute—them$eEv¥S In turn inferreo from tbe relative mIciifiiLLea of ac-lccted Epectral Cw 
Circen^tain and fklrniult [I^)^i4] L 

' Fmcdnnal cnnvanEonof imnnal matl^r to eneTKyasatlmnahk by [are«entliy known mechaniRmsk 1 ^^- 
nmpLej fsponlimeoiift ftMina follci^ed by oiplure of all emitted neutmne into the fiasion fiaKinBaU, 

folhwcd by Lieta ilecay) —‘ + mCc*^; fr^eli-anal Iobs of cnersy per gnun^ 0 . 001007 / 1.000218 = 

0 , 001007 , equivalent to 0 . 00 l 007 «^ ^ X lO^^cr^/gm (ntasre on iKiiiJe). 
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CrR ^V^^AT^^JN TKnflRV AND GRAl ITATlf CrjLLAPSi; 


NUHtrtin iLsi'lf .a^insl cnltjtpHc wlitit tile itia-Shi—anti re^itiltinK gravitational forcev -are 
ii] created more and more? 

Ti\u IS pot the place to rt’view the foAcmating hkion^ of thLs K^ue of a cHHmi mass htr 
gra^itaticinal collapiier^ nor of hnw it has ?ihar[>cni:d and tletptntd with the dcvelopnieni 
of atomk; physica and reiativitVj nor what ditisive contrlbutiDna came from Chandra- 
fiekhar,“ Landau Tolman (I9dP), OpperLheimer and VolkofT Cl9.i9)^ ZcIVtovich 

0%2), and otltcrs. Howevtr much has l>een done, si ill more remain,-; to be done before 
the investigator will be in any position to treat Rra'vntatimial cal lapse with all complete- 
neiis, A realistk analysis of rollapse m the contest of astrophysics would evidently havL- 
1 h 3 take into account angular rnarpentnm, map^nclie fields, turinikncc, shock wnvcis ihtr 
curvTiturc of spacetime^ and other cornplicalions," 

GRAVTTATIOS'AL COri.APSF. AND TTTPJ TSSUF. O? Till-: FINAL STATf. 

More pre^^triR than thi-se questions of detail fs an i*iue of princfplet f^rtirrh^itmAil 
C{}liapsff Hndi:r rpw/rVfr^HJ hfrUrTlTr idralisfftf prpTtfk o ftreirrzj nmxrff a tarfic frij€fwH 
(much more tlisin 1 per cemtE) 0 /ike mass- of firdituiry maiffr utia C7ter^yf And if so, whal 
h iht Jiml of the mazier ufitr the fctietion? Tliese two pr(khh:ni» ot principle art ihc 
center of attention in the present report. 

The nature of the quest lorLS is not new. Fmni phj3icfl] chemistry^ wc long ago learned 
to a reaction by e?tanuning the initial and final slates ant! the dtf french *« etter^y 

bet ween them. One can iJostpoiSC as a detail—’an importatll detail^ but slill a detail 
loobipg at the mrcAam-fm! and rafe of the reartion -which leads from the one iiale to the 
Other, 

State of whal? ^fhe state of a syatem of .t baryofss. In other word-'^^ we a-^^k this que^H 
lion: fiiven an idrctrically neutral sy^tEmi of ,4 baiyons' given in principle the meims to 
catalyze all nuclear reactif>ns to the end iiotnt of thermonuclear evoliuion: gt-^'en 
the means to ccmjI the system a* close as desired to absolute jwroj gSv^en that the pressures 
of neutrinos and antineuirinos in equilibrium wilh the ixiaitcf are zero, as befits a yVre 
system of -'1 barynng ; what is the ground state tt^ergy of this Adfaryou system? Or are there 
tim ground states, one fur noriml matter Mid ihe other for mutter that ha^ uudergnue 
gnudtatianaJ collapse? 

At the level of cvei^'day nuclear physics one never thinks of the possibility of two 
Ktounri stales, one nornifd, ihc other collapf^d; attention fucu.^ esccluslvely on the 
study of 1 he normal siaie! For A = T ihc fuTCiiliar grmmd-slate conftgunil irju i.‘>one free 
hydrogen atom. For A = 4 it is a helium atom; far A ^ 56^ an iron atom. Likewise, 
when a system of .1 = 56 X hary^ons is CAtaJvKed Tu the end pN>mi of the familiar 

' S^june napetti ol thia hlatf?ity lniw^vijr, britRy recapllubtcil In chap, vf bcldW- En cmiiacetion wi th 
the wiuint treutJiipnt of sIaMc md uu^table ^fiujlibriuin. ^ Uirriwanp WaJyiniis, md U’beebr 
(loSflJjAVhc^krfl^, 6). 

"See ChiuiJmsekiiiLr aceaJita iJnc precuF^i? al LhJ^ work (StoEier 1929, 19JO; Chamlratekhnr 

lOJhi, I9J2, I9J4). Tti hh 19^15 w<irk Oiiw^Jni.vt‘khAri:;T:jnclijdi!Hl■ "Gfeuit pr^rtssIn the flisulyBjs oF 
br Etructure ii mt posGablc licforc we can Aa-swer ihc fLiLLowin;;' qucstdnrt; (liven Mi enoksuiT ctHUoimn^ 
tkef rOfifr ami R-tfiitTiC nuotd (total Mr^], whul hAppena it gn on CcMrip!rt;}it3ing the materia] in^ 

detinitely?" Chundr^tiwthfir 

alsfj Opponheimer iknd bcrlmr riOJ4^') juid Ijindau and Mtiihlu (19.®!^), chap, ri. 

" For lElc general concept of gravitadmial eoJIapfte an a mnchankni octuatLy at work in nRlrnnhy^cal 
evniulJcitil See BurbWgc (1962); Hoyle axnl FwwlEr ^ 1963d ^ h); Huyleof aL (19&4h SjjcdiM: modcEs mcltide, 
tirjii, conEmciictn nf a jinflli* iu.iujrftUr nf mttss as gwat its 10^ Mo" CHoyk- aivl Fowlfr 190^^ t;T]>en 
MJche! 1^163). A »cond m<Mdcf cn\'i6a£C5 a great number i>f Etarj of more Fainillar EnoJta, m an unitstMLlK" 
dense diuler^ which evolve dynaniicoJIy lo-a cinii|racLL££d cfxniiguratiDn (sccGold m COCi >^l^n litom and 
tValden 119(4||. A_Ehir^l ]j.ro|ji>sa( piemreti a mass ed "-lU* which Ui) urij^nslly ridai-w aJowly, 
ib) e\ij]ves H>'najTiiGully iiitoa diali like conJigurallnn, anil {£) hrcakE up by gruviludonaJ Jn^LablUly Entu 
E«pa 4 tlLr EtlA^sear Vi'hkll ih-di (ffl 1 hillvirfudlly yttflorgo ^vilationa] colbpsc (see Hoyle and PnwJcr in 
CCt 'L A fourth enneept treaty a gatoy—w a wgion of a galftsy—fro dense I hat mmy iWfimiovAe m 
ftHTtncd In [l al aberut Lkc wiic tJixic iTucld 1964). 
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&f ihL-maonistk-ar tfvotntion, it (likes \ hK furpii of W ftioms nf Fe^ placed ifi a i.Kxly- 
in^Dtured ciibk laiiice. In ihi^ aysU'm the priority of the forrcs h very Liear, ciu'h being 
marked off from (lie next in its dEigree of inlluen.ee by mjiny pwwers of 10: (11* nuclear 
(2) .solitl-slale furce? and the energ_v of the atomic electrons; i^ravitalional 

encrg>\ 

Wlien the nuinber of baryona is increa^d to .^1 10*" and s\ ^ 10^“^, gravitational 

forces build up ^o much pres.suje s.hai eiettroas are promoted to rciativistir; encrgie.^. 
"Fhcy trunsnniic hound |>rrjionh to ueutrons. 'Htc nuclear conipN-fsilion cliatigH^ from 
in the direcilion of heavier and more ncuLron-rkih nuclei. Nuclear energy^ electron en¬ 
ergy, ami gravitat lona] energy no longer differ greatly in order of magnitude. 

\Vitli stilt fitrllier inctenije in the bar^'on riuniber one comes, arcurding tu uvery ajial- 
ySlisj to a pOltil f i‘l ® .lariti whertj gntviiLHirjrtal forc;<s5 dominate. Even when ,■[ is alillle 
iihort of the input of a illtle energy’^ of compression from autside will eonipact the 
ayslern enough for gruvitatiaiHi] iu win out and fur cnllapj^^ to start. In other 

words, far A < Atrl^ there esisis a putenlitJ barrier which must be uveri:on'ke—or ^i^Tie- 
trated—^beforc the i^^tem can ■Hhrink to the new configuration (Tabic 1). 

'Ulus a system of liaryons numbering a little Its.^ than Auth pD:s?H 2 ss&a not only an 
equilibrium configuralion of “norniial” clinmcler, hut idm another configuraTion of .suU 
lower energy’.. Moreover^ a Hystcni with .4 > A ant has not evtn a potentui! barrier lu 
reN(raiu it from pa.-i.sage to this collapsed stale. Wliat, then, is the nature of this state? 
\iKi if llicTt is a collapsed configuraiionfor - I n little more than A„ii ^ IfP^andfor A a 
little less Lhan dues such a state atsu csisi for A much less 1 han h’ur .1 = 

Fi.jr.! = 5i6 X Hi*? For _■! = 56? i-Vnd for a single hydrogen atom? And il 50> with what 
new kind ijf elementary prsxes* is one conironte^ here? .Mi^reover, if the process of col¬ 
lapse of a baryoti, or a gruLip uf bary^uflS, is pos.siblc tn Jjriucipk, it must lake place in 
actnallly. (^itaEitum-mechaniLal leakage through the Ijoirrier against collapse will in- 
evhabty occur, fjowevtr low U.& rate. What^ then, is the half-life of ordinary' matter 
agaLiursponiaiieons iransfomialion to a collajiset] -^talt? AH ihe^ quest ion?;, extending 
from astrajjhysics to elementary-particle physka, niEikc the Issue of the finHl stale one 
of The most Einportaiit problems in the history' of physics. 

I low many briiigtf?; muhi one cru-^s before he can treat all thej^; asTierts of gTaviiatkinnJ 
cullapse? 'The remd evidenliy ex tends some l:li^tance irdo the future] nte long-lcrm cliar- 
acter of the investigation imposes on any rcvieW'er of today a special obligation, lie tnusL 
dEslingtaish sa-s hhar]ily as he can between i, ]) whai are truly pussies and (2j w'hat are tk-ar 
and definite conclusions. Wltat follows attempb^i this distinction. 'ITe definite point-sare 
set off from the issues, as an experiment, by the akl-fashiaticd style in which they arc 
trealEKl—a Mvle listing defutitionSj by|»ot.heseSj and theorem-s, However^ the subject 
matter is phykks, not Kucliduim geometry. I'hercfor-c, there is nu j.iretense eiiher to the 
almo-st unsfhatterable rigor or to the mclioilotis detail of Euclidean reasoning. 

A SURVLV OF TIES HEPtJRT 

The problems split themselves imo two grouf.i^i; (l) Wlmt can be ^id about the mass- 
energy' of any given conffguraLion containing .3 baryons? (2) What can be said ^boUl 
the rate of Eut.s.s&gf fmni one eanfiguration to another? 

'rhe analysk of the energy divides lOidf naturally inlo a jiari Imving to do whh the 
tang-rafigefiwe^ (tf and a part having to do with the {oral energy density t?f cc?m- 

fiftssed mailtsf. tlhapter li brfeliy reviews the immcdiaiely relevant partj of Einateb^s 
theory of gfiivilfiLion. A\t determine the maj^s-energy of conffgurations of maiter, it 
proves u.scful to analy'/.e the geotneirv' on a spacelike hypers7*rftice. This t.hrof-r.iEiTtensioriEd 
geometry^ according to genera] relativity, satisfies a certain simple condition, the Foures 
C^^nditkn (1’lieortm IJ, (he analog of dtv E = 4t-p in electrostatic*, Thk condition be¬ 
comes partictilskrly simple whm stpplkd on a sfi^Lcelikc hypcr-surFacc r>f time symmdry^ 
Mich as is appropriate for describing a mominitiriiy stuik cmjiguridion. The masi--entrgy 
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of any fitatk ^spherically s^’minctric f5\"sLem—thus autornatiuilly mcludmg itie et|ui>iiient 
css0<iaitd ^'kk ih^ hng-ftaig^ gravkalwna^ inla^aciitJHi 
esiiresses ilself (Theorirm 2) as the sioiple integralpof the local density of 
rimss-energy^, rtgardlesi of any pressfires that dcj or da nol exist m the Syrstem, 

Chapter iii i^ivcs a general pr^xedurc to compare the energies of static configuratioos 
of spherical symmetry, both those which are in equilibriian aad thoe^e which are oat. 
This mass-energy ts deiined,, for example^ by Its effect nti plaaelaTy orbits or by the 
bending of light which it produces. A variatioiml treatment k given on ibia basis, fob 
lowing the Atfjfrttwjfirtu fommlatian of hydrodvmmlcs (particle labels taken as coordi¬ 
nates). Hy rxfTrmising fhe wcfj.f sensed e^termlly^ me h led dteecfly [Theorem J) fhe 
geiierai rel^tiivity nf hydratf^ic e([uiiibrium. A treatment which slartft with no 

mention of “pressure'- ends up with an ot^imtioil for the determination of pressure; and 
starting with no mention of “gravitational potenital^'—an undeiintid quanitTV for an 

TAaLE l 
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iirbitran" coafigTiraliQn il also trnils up with Jt formula for thi^ quantily, 'rhia forniulu 
('rht.inri?ni 4^ ihtf I’misiaucy — thrati^himi ihe of tsw tfquilibnum configura- 

lum—itf tiit I hr cnrr^y irt‘<jiiirrt3 lo brinj^ in a ban'on from infmiiy 

antt injt'L't Jt dl that point. 'llU'orjfni 5 that uoy so]ulion of thti v&irbtirionaJ ijftjljlrjn 
autonmliLaJly satisfies all of Einstem'^. fit:Id equations, not mericly the Fourfes lundtlioti. 
lilt varialsonal a]iijriiai. Is lo the. prqblen of mfli,h.-rtitrgy npeiifi the way to analyzing the 
entTgy of all ronrtguruiiopiSj noi wily equilibrium conlii'untlion'^. an fa am file of f his 
type of reasQitirg the properties of a fesquenct: of conliguratians considtTciJ bv ZcFdovieh 
are reviewed. Tliis iequenue proitHdch^ one route for poju^ing continuously /rom nonilai 
dimt'nsirjTis, over an cuer]?y bartierp to a coIJiiiJsctl L'ontiilitmp 

Chapter iv anniyaca the properties of equilibrium canjigumlions of cold matler cala- 
lyztid to tile end point of thermonuclear evolution, and thus endowed with a unique cqua- 
iLon of sUtte. The prin^npal theorents Itert have to do with (Theorem 6 ) the monotonic 
fall of ihe pressure front the Center to the surface; (Tlieorctn 7J the cxi.Hlctice of one and 
only one equilibrium configuration—and it with well-defined mass baiyon number A , 
and radio,Si if—for each ^ilue of the cent rid density the subtle sense in which the 
^mnrf in a higltly comt>resseil couhguntiiun is, linJ h ii regttt^rmh'dy 

(the Idealized case of an incompressible Jluid being mket] up as unt example); 
and (Theorem 24) the flippVfHejj of M, and R as the central densily goes to infinily. In 
cotmcciiciri with thirvlost \mm it i^^asiunted. ihai ihc equation of state follows asympioil- 
tally at high pressures u with tho ratio (prc&surt)/(density of masiv-energ>^) ap¬ 

proaching a constant, (y — If, with yin the physEcallv admissible range from jus^t over I 
ip> 2 (^Tarcr), 

{.’haptcr V formulatei ft iicw fcaiurt I Ibst recognized by Br K. Harrison) of the solu¬ 
tions of the general-relativity equation of hydrostatic equilibrium on ihc liyfKilhcsb. of 
an asyn)|iiot3c y-taw (Theorem 9): the moss M, the baryun number A ^ and the radius 
R txrfw/e dumprJ prrhtdk in ffj^r kgariihm of the cfufrnl dvnstiyvLS this centra! 

density approaches inhniiy. (3f couriie, expressed as a funttion of the deu.sity is 
compItttiLy r/m^tVfor thtse L^qullibrium condgurations! The cliaratleristic period of the 
osciUaiioitKi, a In i*- cv’dluated in lenius of y. In the proof of the theDrem the range 
of r-valuers is flivitlL'd into thre^ zones. In ilone 1, near I he origin, for T = numerical 
results of l-Sondi are av^ailable. In Zone II an analytic formula is derived for the ijj^Adtla- 
Etyns fur a]( Milues yf y. The adjustaljle smipliiudL- and 31 ha.se factors in this formula are 
delcrtniTied for the ca^^: y f by joining nnlo the Mondi VEilue*i. In Zone HI—reaching 
to the surface* 'Where no y-law- applies, ami the equation of stale is coiindk^ted, an 
exact "'itiw iirf consfrcdfum uf iiontjulistd arta in pftas^ is derived for the pfojM^- 

Ibri nf tfic (stack) osciilati^ ihrough the interior lr> iht .surfacCr fit this way it Ls shown 
that the fliajj M isttdrudius Jl ejrccE*(e itHHf-^pho-sc oscitlis4kim as In pu incrcU-Hcd. 

As background for the physical interpretation of ihc infinite number of oi^'iHalluns in 
the crtticiil mass as a function of the central densily, ^ye recai] in chapter vi the tiisLo-r^.' 
of our knowledge ui tlie curve .If - AlleriEirm focuhrj^ here parLkularly on the 

pHjints of principle that came to Eight in ihn earlier work. JjimdaiJi's 1932 ordcT-yf-nta^ns- 
Lude reasoning is reviewed^ according to w'hich a sufficiently large collection of cold 
mauer cannot susuin itself agpttnst gravitational coilapse. The some elEmeniarv' 
analysis also sliOWs thal there Ought to be to; cun figurations just at I he point of instn- 
bilily against collapse—cme with a density of the order of 10** g/cm*, the other with ft 
density of the order of 10'^ g/emb but fioth, reiiwkalily enough, with masses of the urder 
yf llu- tnas?i uf ihc Sun. itj 1935 Cbandm-^khar determined equillliritmt configurations 
of the model of a degenerate elecLron gas, a model VTilid for densities from t(l* to 
g;■cm^ In 1939 Oppeiiheimer and Volk off adopted the model of a degenerate neutron 
ga-iftnd fEHitid for^the first cime otic of the twopoicitnof inslabilily iKcdiotcd by Landau^ 
the otic at I he higher central density g/cm*). In l^Sh Stbalzman, going back 

to the model of a degenerate electron gas, obtained a hrst mdication of the locftrion uf 
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ihe first Landau potiit u( instability. In I95S Watana.and Whetler InriniLlalcd 

I he rtmcept of -^cold matter, cataJvMcl to the end-point of tlierninnutkar evnliilioll.^' 
11itiy pui together aJ] Q^'nllabje iheoretical infprrnaiioti \o cntiHtnicI an appraximation, 
as close as they knew ho ft to conalfuct, to tlie equation of stale of cold^ catalysed inat- 
ler. For the first lime fmm a sbgle ecfuation of state^ as employed la the ^enerd-retaliv- 
ily equation of hydrostatic equiJib^iLl^i^ diey were able to rlelcrmiac the mosses and 
cenlnd densities of both of the critkal jjoints predicted by LandaUt as well as the prop¬ 
erties of the third criticai oonhgijraiion 0*9^3 X iL-'cin"] marking the return to 
stithiJiiy oti. the way from one Landau configuratiDn to the oiherrlliE: ImfjurtOTd ft'aiure!i 
of Ihe entire family of equillbriiim confJi^umtioDS are summarized in Fipirei 6, and 7, 
as obtained in the !^J57- 1 Wd talcL5 lot ions of Wakatio and in Harrisoii*s 1964 extension 
of the^ie results^ lo higher densities. Alcthods of integration and ubjes of retiults a]l|3ear 
m .Vppendix A. Among sUl equilibrium configuraibuii, tht following are cak-uLated to 
show' the extremes of lunrling; {!) the smallest increase in mass-energy per unit of 
brought in from irifiuiiy, iJ.345, for a central density of 3 X 10” g/cm"; (2) the 
ntiio of iofiil mass'cnerg)' lo ma^s before assembly, 0,974, for pa = 7 X g/cm*; and 
(3) the ^reaiejl ratio of total mitss-energv' to I^cforc asscniljlv^ LI>9S^ for pt = 

H X 10^^ 

(JhapLcr lakes up ihe stability analysis of equilibrium cDnSguratiom^. Stfibilily is 
diseusseiJ in terms of the frequeiicy fstabilityl) or growth oon&tani {instabilityI) of\he 
L-harmcterbitic a^^ousucal nunks (jI ^ 1, 2, 3, . . .) of purely radial^ sphericahy s^ymmeiri- 
t:a], usdllcitiun of Lhc system. Chandrojtkhar's procedure, by which i|i prlncjj)]^ one ca^n 
determine these frequencie^r, k outlined. An independent dtrivaLlon of this pnxedure 
from [\iL- secmid variaiion of uuufi2i-entirg>' baryon number (given indeptiulently 

by VV. Cocke and by Thorne) is presented b Appendix U. What indicatfans one has 
hail b limited density regions as to the stability of the lowest mode in = I) of ucousl ical 
vibration are review^ed. AIwj reviewE^} are 1962 confiidFrfttioti,^ of ZcIMovkh showbg 
ihaii, fur a certain range of central densitie^s btyond the higher Landau critical pornt* an 
etIyilibrium comiguiatton, while stable agabstany □ne-al-a-time removal of Fe**, k uh* 
stable in principle—that Is, unstable insofar as its energj’ content k cofU^enuHl— 
a adl^ciive transfortnaiion iu which it dk|)t;r.ses into free Fe^LUonis. 

VVe describe a dA"namiL"a! system ron.sidercii by Einstein in 1939 which show.s this 
same phenomenon oJ energy' excess m the large wdth stability of Lhe orbit of each fiarticle 
individuallyi a collecrinn of pariicles moving m timtlar orbits, withoui collision, lU 
spcecfc chist to the speed of iighlp ttn<l held En orbii by ihe j^ravitaibnal held of the 
a^mibly as a whole. 'Lite simplest conUgurations of this kind form a unc-parameter 
family tTable 6). For the most lighiiy bound of ihep.e configumlions the ratio of total 
masis-energy tu ma-ss, as fc^t anil before asscrubly, is U.%ti whereas the 3ama raiio is 
LO^T for the configumlion w'lth the highest energy excess. 

A third example of a system with energy' excess is also diAcussed—a geoiip Orvu]lection 
of ekctTomagnetic energy' held together by it-s own grAvilrttional attracliaTi. In all three 
examples—the cold, i:atajy^ed s-tars, EEmstirirt'ii cloud ul panicles, and ihc geon—the 
energy exc.eiMt traces bai'k to the Jiame source: lo particles or radial son iraveling close 
lo or at the speed of light. 

The concept of energy excess k u.^ed to explain the infinite number of maxima and 
niijiinia m the curv'c of equUibriiun mass Af * as a funciian of central dcru^ity po, ^'t'ith 
increiuiiing ccnlrB.! tknsiiy a larger and larger portion of the deep bierior—r — 

h raised to relalivisllc Fermi energies, C>.>ndilion> iherv btieome ''geondike'* and the 
mai ter acquires excesr; energi^ This portion of the medium is tceiermg between plosion 
and gravitalional coUapM?. An acousrical mode is or k. not coupled tu thU dcicisEve degree 
of freedom according to whether it has only one jtfme of tlensEty dptrease in ihe critical 
region of high density or rnany alienuiting jwnes of density increase or decrea.se in this 
region. In LhU way Olte finds it pfjasiljle to understand why the number of modes which 
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arc un-^tabk iiicrc;jL4M at lijgb ecnira.1 density M In po, and why ihu ciquililinum radius 
ri,ses and falb periodical Sy with In Aj- 

Thc principal theorems deaJ with the following- Theorem l4^ the configuration of 
tightest binding; Theorem 15, ihe value of itM*JdA as related m mass and radius; 
Theorem 16, the coincid-ence of masinia anrl minima of M* (p„) and A (p^.)? Theorem 
17, « 0 as the necessary and sufficient condition for an acoustical mode to 

change stability; Theorem 18, the correlation between ^tabiUlV and chemica] i>oteiitial; 
and 'rheoreni \% the law of of mass-euergy near a critical \yimt. Er^uaiion 

{15SJ i^ivcs iht lav.' of change of the frequetjcv of the critical aconslfGal mode aL a critical 
point tmaximum or minin^um in dM*/dpn}\ Tlia sialiltly of tiU i/w radial modes 

h tiiagmsad in an muMtigiious aftd indioHed i>4 Figurts 5, 6, ami 7. 

Why a sulTicitiilly com|>aHrtci;l sj-stem is iinsUble against gravitational coHapst is fur¬ 
ther clurLfied by considering (chap, viii) configurations ot uniform density. This type of 
configuraiion has a imique fmure. A clean separaifon can tie made, in the i;:aku|athf>ti (d 
the Jtmss-tucrg}', hcLwcen those features which to do with (I) i^hort-rungc forties 
a-isoclalcd with compression, and (2) long-range forces associaled with gcavilalion. In 
consequence of this separation it is possible construct a, io fMcnlate^ for a 

given hary'on mimin'r . I, dn? mitss-anergy M* as a funciian of omparMon 

f'^fKJlpnli&i cnerg>'H:.un'e for grft^dlational collapse^^). One portion of the slide rule is 
constructed nnce and fnr all from the generaJ-feJativLl}' theor>' of gravitation. It con¬ 
tains iirj reference to ihe equation of slate. Th^i apiitar:^ on the other portlun of the 
slide rulcn a curve of log p fgni/km*!' os a function of log (bar>’ons/L'm^). 'lliis sepamiion 
of factors allows cme to see and pro’ve that no of stole udiich is CQmfraiible iffHli 

causality and witk frrfdtm of matier from micraseoptc colhpse ftrrf sore a system frum 
himng it c^/nJigurothn %rkidt is uHsiMe aj^ainst cdkilite gmvitittlmal tallapse. 

Also given in chapter \iii are curvTS for ihc gravilalional-collapsc potenriaJ corii- 
jiuted via. the “^^lide rule" or otherwise from ihe Hairison-Wlieeler equation of state for 
seletied values of (he lianmn mirnher .1. There is no bardrr o^inat gtavitaiinnal coU 
lapse for a system con lain ing naore baryons than a certain critical minibcr, ^ 1*1*^- 
T'or smaller .1 there L- u barrier. Its height ^nc^ease^ with decreasing .1. The height. 
reai:he?ia maximum for .1 .l,-rii’4. U r3e^:;r£*a^ for still .^mailer .l.To bring an amount 

of aiiJiiifr of the order of ld(KP tons (.1 1^|^^J to the sumiTiit of the colUipsc harrier is 

calciilaled, on one assumplian about the equation of state (Fermi gas), to requirr a com¬ 
paction lo cm and MF'g/crn* and tin input of inass-energj- of compression of the 

order of Itt'- This barrier h enornumsly smaller than I he barrier for .1 hut 

ako crioJiTliOUsly higher than any energ^^ which it is technologically feasible Lo Supply, 
The ]0~^’ cim estension^ the lO*^ g/cm* density, and the g of niajs-energy after com- 
preASLon mark the^LOla]lcfit system {A = A auMntfuia) lo which one can apply coru=^iderations 
of dansical genertti rclalivil)' with out having lo confront ihc new features called fur by 
a proper quantum analy3is. 

An alteration in the equation of state leaves these ihree Hnnihers nmhfmgtd and affects 
only the of ton^i and ■d qumi I Luu '''■ w (ifr smaUest sysfrnj -wbiw tudlapsr 

is subjed to fTCiifmen! by classtcoi general rdaliviiy. 

Chapter lx treats the assumpliQn>i contained in the idea of equation of state of cold, 
eataly/ed maiterr a Hubs.VMcrn which (! ) has macher] ihe "end pnm of thermuinccltiir 
evolulion/' (2) is ckctricalty neulntb (3) is “tieutrino-neutnil/^ f-l) contains at no point 
any relative streammg velocities out of which energ^uian be extracted, (5) is subject to 
graritationaJ fieldj^iimal I compared to iCff* c:tii/^*, f6) is under I he induence of inhtmto- 
gftmtits in ihe graviLatlutud held or ^'tide-producing forces” or a Riemaunian curv-aiurc 
nf space smaller in order of magnitude than the Inverse square of the Compton wave¬ 
length. The tnins.itian Is traced out m detail liefw^ten hmal] ^-1 jr^^tercis, ^vherc one 
of lacking fraction and wlicrt iht cuticcpt of an equation of state is not appropriate, lo 
sy^^lems containing so many ban'ons that this statistical concept makes sense^ The alter- 
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nati%'c tltcrmodyrinmical potenltaLs suitable for describing a relativistic equal ion nf slate 
aie rew'wed, llie difTcrence beiween a “-y-law et^uation of Matif" in ^elativi^^ic and non- 
re lativistic theory ii brought out. Ati aj^ymptolK quantity 

Y«y« = lint d In pj d In n 

15 defined. Tite Hmifalims mi c&tuifiian ihai maUer de shiAle agairu^t 

microKitpic > U Ay prindph t>f a^tis^Uiy (velocity of found less 

tliafi vetodty of light; y^Mym 2) arc spelled atiL Zeiyovidi^5*^sofL‘''haTtS'e&rc^' node! of 
nuclecm-nucleon repulsions dL'scribcct as an arg^meni that the Limit I ts in 

lirmciplc concciwble. 

Chapter x tumi! front the general priiiciploa orsderSyirtK the coitcepl of the equation of 
stale to- the detailed traemg-out of the unique and universil eqwaiwn fl/ staff of cold^ 
r^iiityscfl mttiiff fjest il tan be evaluated from present-day knowledge. Chapter x pre¬ 
sents an exLCnsivc table of valo-cs of prcjisuro, density of lOft^'r-ettcrgy, and nnnitHTr density 
of baiyqns. Analytic fils to the tabulated numbers are given such as are suitable for use 
in cl.Exirfmic-e&rnputerintegratiorb;of ihe equataon of hydrostatic equilibrium. PaiO work 
on the prnbk-ni of the equation of stale i^ recapitulated, 'rbe for the derivation of 
the present Hairison'Wheeler equation of state is dcscrit>ed, regime by rcgimcp from 
dcTkHltieH a few per cent mesre than that of imn up in nuclear densilfes and beyond. 

Chapter xi, the final portion of the reporMum-s from ?iialies to rKnajnics, p_ie ques¬ 
tion raised why one should be concerned about collapse to impossible ficnsitics from 
a configuration of time s\Tnmctr\' when the very words'‘time sj-rnmeHy"*'imply a 
from imposhible conditions* However, a closer anily,^U of the dvTiajnics near the summit 
of the collapse barrier t.-l < .-Inr.J) leads to Thcorctu 24^ atCfirditig in which the liltle- 
symmetric mot ion. ojitr the inomeni of Lime sjmmetrj^ gives an arbEtrarily good repre¬ 
sentation of cotlopsrfrom A detailed review' is given of the collapse of a cloud of 

dust from a momcniariSy static configuration of uniform densiiv to mdefinitely high 
rlen?iity. The smooth jom between the Friedmami 4-gcometfy iti&ide th-c collapsing cloud 
and eIu- Schw^arsESchild 4-geomciry' outside is depict m graphically. The selection of one 
spacelike hj'pcrsurface through ihLs -l-getjm^lry, or wmie such h>q>ei^urface, or an>' such 
biqicrsurfaceH is recalled to be the gdicniliisation. of what one in Newtonian mechan¬ 
ic's w'hcn he selects a lime^ some lime^ any time at w'hich to observ^e Et system. Throughout 
this dytiamks ihe maikHsJitrgVp Af, nf the system as observed from outside (4-geomen^^i 
defied ion of light, motion of planets) remains consiani, VH appropriate ftlwelLkc slices 
through the 4-Reometry arc showTi to manifest smalJpr masis-cnergies A/j (smaller coeffi¬ 
cient rif ] in the asymplolic ri^resi-'niiiMoit of the it-geometr>’ at iarge distances), C^ne 
finds in this way for the fin&t time ihe relaEiort (Thporm 3fi) between the- analyRlt^ of 
sjihcricalLy s>'nimetrEc configurations which art momenLarily Static^ an<l wliich have 
mass-energ)' alfj less than and Lhc dynamics of a system of mass-energy M which con- 
tarns the same number of hajy'arLSn The quantity i/j reveals itself as the sura of rest-mass 
energy, compressitanal enagy+ and gra\1tational cnerg\% and therefore in effect the 
poffniiid energy of the given confkguralton. I'koni this polentia] the kinelit: enerff^' 
found by taking the difference \f — Ifi, Thus one nods a .-solid foiindati<in for the con¬ 
cept of iKittniiai-cncrgy-curve in trvaling gntviUiticjiud collriji^K'. One sets in what a 
subtle sense the RuomeEr>' of the cdllaiJtting drnid of matter does and does not approHch 
ptneh-ofi from the geometry of the surrounding Space. 

It has often been noted that in collap.'je each region in the interior loses the abilit>^ to 
emit energy' by w'ay of its retarded radiation field well before the density of encrg]h^ in 
that region, as caJculated dassicailyf has risen to infinity. It Ls shown that adiiranced pi> 
tentials do not help to Lrlng energy out of the eoklapsing matter and dti not save the 
geometry, m calculated classically, from developing infinite curvature, 

Il h recalled how niany |K)TriUi of corinwlion ihere are between the dynamkiiof the 
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i:irj]|apf;£ and ihe ihco-ry af the eKpiinsbn and rtc-oivtmt'iion of a model u.niver.'icv the 
stellar svyU-fli serving a sealed dowTi but -otherH'ise rt'alblk: nnxie! for a major seamen 1 
of the cio&cd spsurc of ErfisleinViilanrtard cojuiiologj-. In both casts the cliiHhical analysis 
^howA itself to be faulty beyond a certain siagt becakit^j tl predicts condiliuna patently 
impt>ssihle; infinite deri-siry and mtintte curvature. 

Thtrefort^ ii is concltided lhai one cannot believe the classical prediction lhal inhujte 
curvature prevents radiation from escapiiig from the region of collapse. Iniitead, one 
must necet^rily go over in the tinaJ stage?^ of coni mciion to a proper quanturn'mediani' 
cal description, iti which one sjMjaki- noi determinisiiGiJly, but of the prjtbi^tlKy ampli- 
for this, that, or the other gramctiy. Ai^^^xialed with such a description are prob¬ 
ability ampliluder^ for the s)'ji,teni to emerge from (lie reaction in one or another spectfic 
outgoing channel (''S-inalrix mode of descripiiou*'). 

It the numh>pr of baryons in the univtTye ha^ noi. had for all time some inc?ii>Hcab|e 
value, (lien it would seem reasonable to think of barvEm rsumberasa dynamical variable 
with its own chlinj^r Such a uhange h most naluntliy conceived of a.s taking place 

in a region of density Ul** g ‘''cnl* or higher, whether in a colLap^ing eolltcrion of matter 
or In the e 3 (pansioii or reconlTHctifm of the universe. I’.Jne Ls therefore led 1o potitulale 
(Propoaition 4(1) that in f'ratiiliiitonal ralitipse the fmmbrrt!tfhiiry 0 if^%-d}kkk remain in iWcnlr- 
^a^ /ornr p?pii. 5 / frr h cAuhjJC- 11.ie changes of topulogy^-^nd tlte quantum me- 

cho-nical indetermiiuicies—that nre LissEitittttd with the flnai atogies of co!lii.iJse put dilh- 
cullies in the way of applying or ev^en staling a princcplc of conaerviition of baryons with 
any well-defined signiliaiticc. On ^ht other hand^ it does make sense to speak of the 
number of baiyons that have disjippeamt in the sense that they hav^ losl tht* [lossibility 
uf sending signals to a faraway observer. 

A cold, catalyzed ^-stcni conlaining .1 > baryons, sstarlcd from rest in a spberi- 
caJly symmetrical configuration, vn'ill slraighlaway start to callapse. VVfien A < .-Irrii. 
the jMiK'ntial-energy baETler against colla|i^ musit Ite surmounted or lunnelctL The 
standard quantum-Tnrtihauical iheorv of barrier penetration, is used, to estimate ihe 
probability for this tunneling proetti:^^ Calculations based on the mode] of a collective 
collapse of the system as a whol-e are Hhotvn to Itad to a gross ovcrcstEmalc <d the time 
for harrier tunneling. In bringing about collapse it h far easier for a small number of 
biiryons to go through ihc (.wtemial barrier togetheT fas in Blphs^-pafricle decay of Sm'^^ 
Tyj = 1.5 X IIyrl than for the whole .si'Htcm collecLively to implode [cf. the collec* 
live [jbenomemm of fission of r,„> If.F* yr 1} Rfg^rdle-S?. of the precise %'alut uf 1 he 

rate cousiani il ct^ntitided thnt ihm exisis in fia/urr q wetc ktHfi (tf r/nfffM^ijry pariidr 
iransfarmtiiitm, sptmijiineim^ and thalp ckssociated with ihb procej^s 

all matter must manife-st^ however weakly^ a tf€W f^rm af fadi{f{ic(ivil\\ in whicll the 
banon number changes, 

llic ns^sflciidhn uf piirticlcfi b i\m process of disappearance of Imiy^dns implies a 
similar assodalion of particles in the limc-re\'Crsed proce^ w^here haryona first come 
in Uj evidence/1'h is aw^ciative characier of the new' mechanism (“associative transmigra- 
liort"^) giveti an oppjrtunity fur the ban op or antibary'on chariLcter of the matter already 
present in the earh' days of ihe universe to iuflutnce the particle or antiparlick quality 
of piirlkles then in process of appearance. It isnotetS iha^ this aulOKitalyllc nature of the 
process Ilf Ijfllvliw'i.'ie afjpearance conceivably offers an explanation fur the 
ckarticlfT fl/ the maifer in the unix^efsc presein.tly known, 
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MASS-ENiyiGY ON A SPACELIKE HYPER- 
chapi^r 2 SURFACE OF TIME SYMMETRY 


FIVSHmiEfitj; ACCEPT EU IS CKNEIC.4L kJLLATSVftV 

(irttvision is vital in 1 hr mtrgy balance ut iht conlijorutatians of interesi. In the mmi 
{^cimpatl cc>!irigyrQ.tion^ thir i;rH%'i'LSatk?rfcul energy h a large fnuztian of tbe loiiU . 

Emstein's slimdard j^croJ rebthTty will be aEcepied a ^We inlo this state of aflaiTs. 
Between tEie predictions of BiosteEn's theory an cl such limited observatmna as exia1^ no 
py rpnrtrd di^fuliaocy has been sobstatiliated^ as one hardly nceAs to recid], ?feither 
has any argiimfrnt uf princfpJe a|^msL Einsteiri's theoiy ever been sustainedr Nor is there 
any rival set of ideas available winch i& at all coinfiaklile to ijcmrrai rebtivily in com- 
prehcnsivtncss, scopc^ and simplicity. Thus ii is natufaJ that work on the problens of 
the mlical mass' and gravitational collapse over the last 30 years has taken Eimtein*s 
iheory as itE? faundadoiiH Toda}* there ijs less lhan ever io depart from this phi¬ 

losophy. "rherefore (hr following statu bird ideas are acccpitd here aa working hypotheses: 

Hvjhjthesis IK RuiiLANxrtx 

Short of the level at which qounturti lluctuations in the geometry become rdevant, 
the geometry^ of the phj^al world is that of a dasskal Kkfiiannian fEnir-HJiJTicnsional 
manifold^ The spmetimf. hUervol CD b^tw^s my stunts C trwi D has a well- 

ileflrml r^itUwe the siamlard isUerviJ AB bdwiitn to niuirfry Juiuct^l mnis A mui 

B {'^geometrcxIyTianiical standard raeter^^)^ indepiendent of any coordinates that are or 
QJt mi used to Label the pointaof ^pacetimCf {nde})cndcni of the targe iit sTn4ilE distance 
front -'lif to CD^ inckpertdeni of the En^rvaturc uf the btervctiing s^cetinie^ aiid a'w-^ 
(tependeni (ff ike r^Hfe ikrougk ^pacelime by yvkkk the intercom pari .mi is cam'rfl tuti} 

Hypothesis 2- fkiinvAtENCK pRiNCiprjv; Locally Lorentz CMAKACtrJi 

or SPACETum. 

The geometry of spacetime—again at the trla&sical level of analy^aia—is every'where 
IcHcally regular in this sense: .4^ any arkiirary eveni E the iacut gmmttry u tmgeni (o a 
suiiably chosenJltii reference geametry ("'tangent space") of ikesiundard IjirerUi (—+++] 
fkaraefer^ 

The gcomettica] conlenE of this hypoihesis standi independent of the 
choice or even the use of any coordinate system, Howevc-r, if one chooses Lo employ a 
coordinate sy^^ieittp then there will be same ajordiiuite systems in whEcb. lEghi ray.s and 
material particltsappear to undergo acceleration. That this acceleration is (he saitie for 
all kinds of matter is shoum with great accumey by the Dicke-EdlviSa expcrimimt.^ 
Einstehi^s prindpEe of the equhTilence of gravitation and ineniai (accclerational) fnrcei 


^ For mctn iMl the llUl^tOLtid^S Chf tilEi AnA the rvidcnEe ffir see MAriLr and Wh&cJcr 

■ For Jt leccnt accomit see DidiE ), 
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GtL^VlTATION THBORY AND GRA\TrATlDNAL C<1LL.\PSE: 


tan be reK^rded for Ihe pre^^ent purpose as statiiig ihal ificre always exid I choices of the 
coardinale system whkih make iStc a}H>areni; acc^ekmilcmH ol neutml tcM pariLclus rediH’e 
T.n j.em in the given locality. 

Hvi^oTUKSis 3. Geodesic Hypothesjs 

Light ray if tmd ntiitrai parHcie^ gfit>diisicr through spacefimr inHofiir af the wave¬ 

length of the light or partlciti is sufficiently short compared to the scale of the curv-ature 
of the geoiTietr>' and the other relevant physical damemshns to jjerrnit m detailed a 
descripEion of the moiion through space and time.* 

Hypothesis 4. Einstein's Ffei_p Eov^tioks 

7 '/if emvaftm ftj sfiacftima h conweied^ wM ikf fmsttr 'F^h p*/ siws, tntrgy t <ind 
rnergydfnjiiy by the equation (for bftckgmiind fieet e-g.K Landau and Lifi^hiCjF |l% 2 l.) 

Cimnimlary ,—General relatKiiVj or ^'geomeiroilvmjoics," is so geoinetrical in charac¬ 
ter that it Is often ihe custom—and here also in some places a ptivtinience—to measure 
familiar physical quantiLies in purely geometrical units, indicated: by a few ejcamples 
cuUecied in 'lahle 2. 

U> now wedi to apply EEnsiein's theory- to determine the energy of a collection uf 

TAbI.E 1 

Relation betwees Certain PtfYsirAL tjUAsriTiES vs MEAStraEn in the Conventional 

LTurre (on, s«) AND THE SAME PmSICAL QUANTITIES (DESOTEP BV ASTKRIStS) AS EX- 
J'Al:;SSE:n IN PUKEEY GeoMETRIC.AL Terms W TnENOTfiSp AS AiTKOPlttATE IN general Rc^- 
TIViTY* 


QuuitL^ 


C«tt^^lJ«niil DnHi- 


dtunirPhHd Cniti 


1UTE . . .. .. 

Miss. . . , p , , I I ■ . ■ - 

M04A el mn . . r = ; .. .. 

Masa af II mLom. 

maa^ofFe*" . 

.. .. . 

Density'. 

TypidiL mlir pf 4 ii 4 giatudi 
for tiuilEET dEnaity....... 

The duractenAtk ur Plaacfc 

leaiith'^ .. . 

The cliAriictEristic or FlniijCk 

maiB... 

ChurjirCCerlHtk deowty of cn- 
ci^’ or tAm^sa ussodated 
wItiiClUiaSum Huctu^tionB 


I <'mc !i 

M{g} 

Afct3-i 

0734X10-% 

(..-1 iiyjxiO“% 

Ettrg) 

pHi/on') 

^*2X10'^ S/™* 

l77Xttr«s 


Ac/L** - 4.64 X10^ 

= 5 leXlO^R/cm' 


r <CT)«ti -2 W^ 25 XlO'^l 

T«Xjcr^if 

Afcii’'-l.474XHJ^cm 

lfii*-l.i42xl£F" cm 
^•-1.23lXDr»an 
.1/ *tcfii1 - 0 S2Sa X10 «E 

742X 

^•-J.4«Xl0-'-crn-* 

1.^*1.616X10-“™ 

616Xlflr«ciii 


* nirQFitkt nr 010111011 rnirn ifan L«ll l4 rul 4nwTi EiHtVisndrHf Twcan- nf bued on 

V|h|i-f fiif Pbvdisl CoqutMJiti-u RKinUtKfiii4nl By NjtCHpmJ AjcDaEEii;^ Skl^nrif-NiEHibAl. Bcmrcb Co^uici],"' 

i¥wfim*ry, HhW), |i. is. 

n Tlie thikndnt dlfn ctblfh'StfdHk r|ui.!>tiijci m who 111 vAia of poiMbk rQIlfiffiaq]^ bjr aeIeHiIu. 

■* CimPtmi^ry. —(.1) ThegE psodijacBprDVbde a ifieansattyiiEly tomBhratt {wf: IL 1) Mi unkanwn inter¬ 
val *t yac pin* in, Epacrtiini: in termiyf 14 itfluadstrd intsTviL] sanircwhcre elw, withi^Ul Any appeal In meai- 
urina mla Dt ebclis of AKinik ceniititadcin. (2) Tlsi iirnnsIrprmiUfm of Uie ^odcak pri^ple from an in- 
(Icpeniient HypothesU Cm liatcd here for the mkt lif hrcip'ity) to ihc statiu of a frana the licliJ 

cquatione of giencjiil ie]nllvf l>% thitjugh ths work of Einatcini Grumtiier, Illfeld, HoiImB.nn., aai] nlher*,, 
h a rlevElDpilietit oF grtht 3m|XirtRnce to which, however, only poianR rcferencE b apprwptiate hm.. 
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mailer itiioracdtis by •A^^y of she long-range forces of g:ravitatson. For thlq puri^se we 
rihalE limit aitention in iJhtr earlier seciiDns of this report lo configufations which arc 
mi^fin^nlarily st^ic —whalevcr they may be doing in the future or were doing in ihc pckrt. 
The graviiational field—and therefore the gwinetry—asisoclated with this matter will 
aho lie inotncntariliy static. ITtis cimnmtancu will greatly .^imiplify I he 'fhe 

4r-geometr>' wiJ t>e s\Tiimetric in time between past and future with respcicl lo the 
uuimeiil when iheconiiguraiifin w stalk:* In other words^ this static phase of ihe system 
will describe what may be lerrmr^l a sitacclike hy[>c;r^iurfat‘e, or 3-geonietry, of lime.sj'm- 
metr^^ From an anaixiiis conlined to this hypersuifacc% happily, the thcoiy- of gntvtlaUon 
will allow the caJculatiiin of the mass-energy' of the conUgiiratiDn. Thercfore+ one tem- 
tiguralion cati be tompareil with another a.s regards lotal content of energy - where 
wiff|y manifests itself to the outside world as mflfS, KOVeming the motion of planets and 
lieterniiriing the deflection qf light* Among all configurations it will be po^lbic to single 
out that qm-i or ihot^e [canicular onoii, whkh— for a given baiy^on number—extremize 
the mass. Cotifigumtiotis which are rxircmiii in ihis senile will be shown to be character- 
isied bya characteristic pres^^ure gradient. This pressure law is identical with the general- 
rcJaliviLy version of the law tjf hydrustatk equilibrium* But now^ in preparation for this 
treatmeni of tna^s and of mass cxlrcmbation, lei tliat fiari of general rekthiLy be 
sorted gut which Ls relevant for analyatiig conditions on & spaed ike hypersurface* 

OF-OMTtTHODVN4MtC^; iN ailliLt 

'rin*:oRS'.w L {Cermrin^dyiitifnkj in brief}} On any MinooLh spacedtke hyperstirface which 
slices through a -bgconsetry that satisfies EiiL^tem’s held equationii.^ the a^tihr can'H- 
tur^ the geometry inirijisk Lo I his hypenslirface,* film the second invariant 

Ki of the exirrmk curikiniFe of this hyptirsunace relative Id the enveloping 
are by ih^ dsnsHy a/ as measured in the s>Tichronou5 (see Ltindan 

and Lilshitz 11^62]) local Lorentz reference system. 

(*}R+Kt = l&B-p* , 

—For proof of the theorem see Four^s (I*>52^ 1956).* Equation (2) is 
analogous to iw^o of the Maxwell equaiions, div £ = dfv ^ = 0. If one demands 
that these equations be fuifUled not only on otiE i^^aceltkc hypersurface through a given 
point jP, I Hit un every spacelike hj-persurface through every' point, ont recover?! all of 
Miixvvell/s pi^uatisms. SEmibrly, from equaf ion (2) one recovers all of Kinstcin's field 
equal ion a —hence the desigtiaiion, '^gcomctrodynamtCS in brief?” 

TIMK SVmtETRV 

o//tw symmefry ,—Aspacelike hypersiirface is said to be- a hypersurfaee of 
itmc! symmelrj' when the dynanuiml history and the 4-geometry on the future sidt* of this 
hypcrsurface is the iime-rcversed image of the dynamical Iviston' lhe 4-geome|.r}' in 

* Termiirnlm^ (l) oirvaUirB gf ifas j^metry iniHnnt !□ lKe hypcrEurJnCc. Fmtn l1l£ cho^n. 

poiTit i" on the n^'persiirEjicc coaaslmct gfodeik* ijf pnjper kagith f radiating mil in all (Hrectimis. 
Tak-e tha prijper -anrface of thfl rL«iuldnK 2-BpheF«, cvaiujite — ■(fitiTfiM:c)/4^r^fj and g* to the 

Umit c —f u to ^*^k. (21 Ejfinvic cuttvsiIuie. Lf L the fnTTgicnaB Z-s^hEie be compe^l of Oa^t particle 
too oiuiulB Eocxcri xny EktcjotlKHi m -due aodlher. each jriirticle heat rest in the iBnclimnoun LorEntz 
Trante whkh if tangent to the hyiieri^rfltce at thii poim where that dual particle aats. Follow ihe^ dLi;S! 
porticlEH tor a. cimimon prnpEr Liciie t. The hew conbguratioh h la £eDeml ni:i lotlgEr a 2-SpNm hut an 
eLlii}wjld. Tlie atmill t^Jior^ cUvitIcd by — r, in The IlmU r —^ 0, define the Jis fia hyper- 

^ teni^r kj. "I'he aGcond inv^artajit of the Extrinidc Eur\'a.turE hk 

Ai= {A,-)*-A^'AV = 

^^ecalfin a ciiapter by her In Witten (IQ6Z); (ifiEH beyok h rEfErred to hcidnafter as '|G1CR"). _Fcr 
a fnrmikliLtioT] AJid proof uf tht CanvEtsc pcanl — dial llIJ of th^ CoiilEnl of gftiarriili Iflatlvily is ViUtnoiiiirixcd 
iftj and enn he derlvml fmm, the Ftiurt* condition, Bee ^Mieoler 
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tJKAVITA'nON TITCORY AND GRAVITATIONAL COLLAPSE 


ihii F-iKampt^: (1) tmivE^i^c lil staLc <il maxmiiim E^xpainalon; (I) colSectiDu of 

matter whkh is mDmeniariiy stHiionar^-—and the asfiiociiited fictjmelry—before re- 
c.^lQsiark QT gravitaiionaj caiitT^Uon got under wityj (3) C^peckl case of example 
[2]) culleciion of nm t Ler in sialic eqniiibriuni under its own gmvitationiil attrac:tion+ 
FeatureE The ^mmciTy with respect to lime reversal implies thai the hypersurfftce of 
time s\Tnmeir}' has zero enr/rinw curvature with reis^>ett to the enveloping 4-gcomeir) ^ 
KJ *= 0; jfiTj = 0, Therefore irquation (2) reduces to the form 

^m= 16wp* . ( 3 ) 

^[o^eovcr any canfigumiioti of time s>TTLractr>^—o/fy jMic aonfiguraiit^n — CitmpmibU 
mik Ms Hniiint-viilue c^uathn** is a kgiiimaii sinriing fmni jor a iiymmkisi amlysis. 
The remaining field i^uatiuns of Eiustem no furlher condiEbn on the choice of 

this iniltal configuration itself^ they tell only how this configumtSon will evolt'e in time, 
DtJitiiiwM of ScimarsschUd f-fiWifEHij/e,—I^t be a i-geomelry of ^plieriral sym- 

mfcirv. This s^innietiy implies that the pnifier disiancc Ijttwetn any two nearby points 
in (^g can l>e expressed in the form 

ds^=. ^*}dr^+ + 

llie courdinaie r dtifined by this equation will be called the Schwarzschild r'nioqrdjfiale, 
and will be caEed the Scbw&rjidiild correctiDu factor. The requirement that the J- 
geometry be ever^'where locally Eudidean nmkes it necessary that X(r) vanudi at r - 0; 
otherwise the geometry there would be ^'conical/^ 

OEOlIETROSTAllCSr ItASB-ENEUGY OK A SPAOHIXEE BYPEfiStntPACE OF 

TiMr: svicujrTftY; anjj a look s^ioro the sceke 

TllEoai:M 2. TheloiaS mass^cna^gy&f any spktrkaliy symmetric “at a moment" 

J Ay^£!ry«^L|«”) fl/ /EW symmetry is given by the eqmUi>» 

y -nutepbrndiry 

p t r) ^TFr^d r * il? 

Pnwf^— Write the corieciioii factor of Schwarzschild in the form 

= [ 1 ^ 2 rw * ( r) / r ] “■, m 

hAi this point this equal bn amouniA to no more than a deinUim of m*ir). Tlie advantage 
of ih^d^finithn is tnc simple form lakcn by the intrinsic oirvatiitc of the J-geonicify of 
equarbn (4): 

r}/dr . it? 

Freun the initial value equation it follows b}' uuegKirion that the mass*^ m*(r) 

inside {j spheff aj SchmxmMld rmims r is 

« f'p^in^wrdr, m 

The <^uanliiy M* m* evaluated for r at Lhe outer bountkry of the configiiMLion) has 
to be identified wilh the total mass-energy of the system because it governs the geometry 
exterior to the matter (Schwara^r-hild geometryt SchwErsiiJchild masfll)™ It directly fists 
fttnA observables as ihc perto^i of a planetary orbll, the precession of the pmhcUon^ and 
I he gravitalional bending of a ray of light. 

C(fHijnf«fury,“'nie \i3lume element In ihe integral.^ {S) and (8) \s not the proper 

* Fortheiklinitif^n ami tlit fml fruilful emiiloymcal uf Lli^cimcciit of unicsyffiTUclrysec Brill 
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volume. Therefore w*(f) la not ihe “proper irtsldc r. ^Mtircuverj while hu ode c&n 

be prewTitcd froiti defmtng and coDipbiting & **p(roper mass'* integrai^diSereiii of 
cours* from expr^ion (5)—that concept has no ntiiiiy in the theory of gruvitalioiml 
etpiilibriuni, nor has it any immeduite ob^rvatbnal significance whalaotvcr. The 
tationaJly effective mass” differs from such a “proper on two accounts: (1) Tlie 
quantity m equation (S) is not simply the niunher dnasity of baryons w(f) mulli^ 
plied by the mass per barv on jn cald^ catndyzed matter At xero pressure of the mass 
of one F#" atom), Tki demity iimt pnfducl by eJU am^Ufif equi^Hilmf k? 

^nergy 0 J (21 JrA4it ff bemg in equation (5) fr not density 

Itself, but density m^Hplied by nfacior which is leas titan L Thk factor in effect eweeti 
J&r ike ne^aiine frjiiViifrnwii/ energy of the interaction of the mass wtlh itself. 

Thtus, the proper volume (eq. [4]) is 4jrr*[l — 2w*(r)/rl“*'yr. Hence the factor which 
muliiplies the proper volume—-and which in this sense constitutes the integrand—is 
p^(r)[i — 2fn*(r)/rJ<‘’Sy a quantity evidently /iHtw than Equation {S), supetiicidty 
identical with the non-r^tivistic integral for the masSp is evidenlly quite ^btle. It 
allows both for the work of compression (positive) and the potential energy of gravita- 
tioa (tiegatiw}» 

In cnnclnsbn, the mregntl (5) provides a means to deiertniTie the totat energy^ of any 
momentArily static configuration of spherical iymmem ^ 
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HYDROSTATIC EQUILIBRIUM AND 
chapters EXTREMAL MASS-ENERGY 


A spcidficd number of baryons^ -4^ Dari! be dispo^ in a corifipurndDn of spherical sym¬ 
metry in any number of ways. For example, the number density of baxyDns^ n (r), may 
be chosen to be everywhere constant and small inside a sphere of some kr^e raditis JP, and 
sjcfo miCsidc. Or a coniiguiatioD may be selected for aUcntion in which the number 
denfdty falls off as a Gaussian funedan of the coordinate For each and every momen- 
larily static conti^ratEon of spherical sjmimetry, equation (5) tells the energj' of the 
system. Is there any conli^rEtion for which this energ>' is an txfremum? And, if so, how 
does the density vary with position from plate to place in such an extremal tonJigiira- 
ilocii? The answer to this queailon Es given by the following theorem. 


IttK f ltKOk£U[ 

Theorem 3. Amimg att mftmeniarih Mik and ^pheekatly symmetric caHjigurniims etf 
add, catalyzed matter u'kick a specified oj baryaKS^ 

A =/tbarycm density)d(proper volume) 

\ 9 ) 

= ;H(r)4rrMl - 2f-J|«'( r)]-«^rfr , 


that ctmjtsuratkfi {or emfigaraiwns—if anyf) ^'hkh exlremkes the mass as sensed from 
outside, 

- //>•{ rHirr'tfr , aS) 


satisfies (ke TiAmaad)ppe}iheimerA^oIk 0 ^ (TUV) generai-relativity equalimi of hy(lr<^ 
sitUk e\iHiIibrfum,* 




11 « 


Fraaf of the extremum prittcifle. — Einploy whjit in bydrodywmiics would bf known os 
the LaKrauKian approach, Deftnc a ii^tick label, or lutey^n nTtmher ptirtimaer u, in the 
folio wing; way: (1) all baryons which lie cm a sphere of the same r value have a comrnun a 
value; i2) this value is equal to the total number of baryons which lie inside this sphere, 
Tlicn the trial coniiguration is speciried by giving the Schwarsscbtld cuonJiiute r as a 
funciioii of a. Any small change which preserves the spherical symmetiy is spvddetl by 
giving the displacement 

= Ml) 


' Stt fl9.i4, pp. 242-24J: And: OppcrJicimeT aiicJ Vofleaff {1939). Wc have bcGQ told 

ihftL tn unjiubJujMsI at Canihrfdge In J935 Jmn von NfUdnatiu JjikpileU Ihe ^tieni] rtlatMty 
cquarJan of bydroslatJi: equitltxdiini for the speedeJ ca^ fi* ^ P*/S. A VArinllLtiml tr^lmtint It^^^ fsai tiv 
Hillcfiafl formylutiUEi. at hyfIr<[Rlyttani[<tl CcOurdinatGd allAirlied to in space rattier tlian lioitldes) 

hoA bent ctevfloped mdfpend^ntiy fay ('cteke (1964). 
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liyDROSTATIC KQUILIBRIUM AND MASS-ENERGV 

The problem b (1how much this mlfetribudort nf the A boiyon^ alters the mass- 
energ>" of the sysiciii and ( 2 ) what b the fealure of a confiifuiration which has exirem^ 
jnass-eiiergy M*i in the sense that every arbitrary srnall finJlHarder varmlion pro¬ 
duces £er£? lirst-ordcr variation in M*, It b assumed that one knows the equation of 
state of the material; that b (soe chap, bt), (1) the functional relation between density 
of nia,‘iMnerKy and number density of bary^ans, p* ^ Aiid consequently (2) (froin 

lilt firm law of thcmuKlyimimi:^) the pressure^ 


rf (energy per baryon) d(p*/ii) ^ "dp* 
p pressure ^ ( volume per baryon) d( 1 ' Ji ) 


i;ii7 


The derivative dp*fi*}/dM occurB suflidentiy frcquontly to deserve a name of its own: 

M “ " (EhemicD,! poLetltial) = dp * /dp = ( ^* + ) /« , [14) 

The procedure b lo find the effect, of the displacement Sr on the dcEiKty; the effect, 
of this dEnsity change on the effective noasa at each point bi the interior; 

and from this the change AJ/" in the total nmss-entrgy of thccontiguraTion. The number 
density of baiy^ons is 

f 1 ( ^m^tbor of boi^^ons) ^_1___ 

dt prof>er volume) 43r r “ [ I — 2f/r * r \ / da) ' 


This quantity changes in a dtfornmtian partly by reason of changes in r (and In dr/da) 
and partly by reason of changes in the Schwarsischild coinection factor^ In which ap¬ 
pears. Thus 


=1 rf(j tit, ) 


Ufl] 


{m* 

11 - Inj*/r\^^4jrfHdr ) 1 ' 

The effect of this density change on the ftass ^hom less directly in m* itself than in its 
derfnoiiTv: 

dm* d * . _ , * . ^df 

—"j” / p*4Tr*df r = p*4rr^ ^. 

da d4 Jit « ii 


tl7J 


The change m thb derivali^'c fe 

d C ^m*)/d4 = ^ {dm */da ) * ii* An ( 4xr-dr/da ) + p*I Sirf 4 f ( dr/da ) 

tis> 

+ 4rr^idir/da)]. 

Insert into the right-hand side of equation O*') the eicpresfiion for given by equal ion 
(Ifi)r In thig way arrive at an equation for the ‘"change, 0fJ^*(a), In the effeettve maas out 
to the o-baryon shell," of the form, 

d(fimr)/da+r”'{l Vr)-'v^p*Ajw^-rCc). nw 

Here the term on the right b fully spedfed by (I) one^s original choice of trial cemfigura- 
tion, r = r(a) plus (2] the small change^ which one makes in thb tonfigumtinn; 
thus, 

[zm 

-4irrV*d flf ) ‘rfd . 
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The differerniaJ cquaiian (19} for the tm-^ has a standard ftirni, with a standanrt 

t>'pe ol fkilutioTi. The one adjustable cun&tanL in the snltiiian is Jised by the boutidary 
Conditbn = 0 (ariiing from the requirement ihai itseif is zero). Thus one 

hnds 

Jx'l'f* * ( = rraluaterJ at the outer boundaryj (3^ = A ) 

= exp[ - 1 


Most of the terms in r(a) are espress^d dirocLly in terms of bui the last tetmi con¬ 
tains lnt<^rate it by parts in equation (21)^ thus at lasi arrivingal/^^e e.vifrfjjsfffji 

for ikr. iimnif! m iifial mas^-en^rgy as desirtKli 

iM* = — {4wr^p*& r , evaluated at outer boundary^) 


+ exp[ - 1 - 2m*/f )-*f’fi*da ‘f*’) 


1^31 


X 4Tr^(dr/dtx}da , 


Sow narrow considersiion from more general configurations to cquilibriuitti cotifigu™- 
tioTis. Theo^ by dehnition, the &if* of eqiMtion (22) must vanish to first order fo-r ail 
iTrai^der dlnj^iacemcnlfl ^fa). It follows (I) that the pressure jt"* at tht outer 5urfact of 
tht conlipfuration must vanish and (2) that the pre^ure iet the mterior must saiEsty Ihc 
TOV equation (11), as was to be ahowm. 


RELATION OF TEE VAKlAllONAL rtEATMEM tO TOUtfAN's FTELO'THEORETICAL 
UEJfillVAttON or UTE EQDATION OP EQUILIEEIUH; IKTICODLXTtQN 
TO AN EXTENDED DlSCESfllON 

Comrwniary.—li. has often been recc^nized dmt the intii^] of p*4iiTyr gEves the 
total mass-energy and that tlie inttgral of gives the total number 

of partklcs (see, Landau |L9d2jf Tolman [1914^ 19j9j; (>ppenheiin.er and VoikoiT 
[1959]; Harrison^ Wakano, and Wheeler [1958] |hervinaflcir raerred to as "SEU*^J; 
Landau and Lifshiu [1951,1958jjZerdovicfa [1962J). However^ it does not seem to have 
been remarked before that thes^ clementaTy pracipleSj t<jigether with the madiinery of 
the calculus of variations^ lead directly to the general-re lativily equation of hjdrosUitic 
equilibrium* Nor is it at first clear how they mu lead to this result. Tolman'a derivation 
was founded nn die entire system of Einsteiu^s equations, not merely an the tmalyiris of 
initial value data. He had to concern himstlf not with Ihc geoirijelry of space aiunt^ but 
with the ge^^mctfy of spacetime- This geomeliy is iievertheksi simplified by the circum- 
stance dmt it is both static and spherically ^rnimetric: 

ds^= — cspii'fr] |rff5 + csplK( r}ltfr*+ r*(i/e®H-aLn* 4js 

* See, however, the vnJuablc work of Cocke prewnt applkatloii of thtdatcTfius ot vajiMtlcins 

U to be from the yee ci Ati iicd4a prindplc to dcn\T tbe At Id equaitofii ol Eliutda^A gzti- 

rnll rclalivily—dthcr in the absence of ixuilter, a-i la many Slatiilartl texts, or iq the more difficutt rmm 
Kycjftiaj-TiAmEcs and KTOmetry interact ^xub 1^54 r ft ii alio to Iw diitinguiatwii from nji- 
phcnlioos ot the calcLilua of varbuoni to ilLtdy imali vihralionB- Hbout u contljBjurxtion of et[ujUbriijJH 
(Ch4in[lTBAekh_Br |1964f; see nJao Misoer nod ^apolsky ili9*4J). Vltalioni femvO to dy wtlh vnrmtioiu in 
the confi^mtioit La simet ami In xad LboE'ei'ore' do not lend the^^Klves Co the preiienl stmpk Analysis 
of CodtiiLioB^ on x single j/wdfJb hyperwirfli^e. They rorruije' the mote- ccmipllcatcd irnatnieiil of A|;3- 
IwrtdjJt B. 




HVDROSTATtC l^Ql7lLlBRIt"M AND MAisS-KNLKfiV W 

Thtf nKW quantity in this cxprifssion is the second Sctiwarzsdiili:! torrcriiOii factor^ e.\p v 
(for the corractioTi of di^) or esp 2) (to he niulti[>lied into di to give the inlcrva] of 
pro])tr time when dr = 0, d& = 0, * 0). This quB.nllty is less than unity. ChitsidL- of 
tlio static coufiKuraiion it has the value 

expfi'/S) - {1 — - 1 — iM*/r ) + {j^eneral rtlalivliy correcliohs). 

TlfE RJsUTIVlStlL' Gi:S"ER.41.1KATIOy OF Tlji: GItA VlTAllOKAL FOTBNTIAt. 

\sn rrs osservationai. sicvtficance 

The quantity exp 21 is the r-flativislic p^eiieralimiLon oE the Newtonian cuncepi of 
^ w^tatioiiflJ potintial. To iLustmte the meaninn^ of 1.h^^^ qu^ tity^ consider the fotlowioj; 
idtuitiiMjd experimeTit. l^ass a pi(it through the static configuration along a diaiiielcr* 
Take an electroQ of rest energy" at infinite distancs. Lower it slowly—e g-i by an 
idealised string—to a position of rest at the point r, ihen cut the eletlrun 1tx^ from the 
string. \1ew the electron m a local Lorentj frame, I'hiS frame h al reat relative to t!ie 
electron al the moment the eleclmn iscut free. MoiTO>ipr, it falltt with ihc same nccelcra- 
lion as does the electron; and it sees the electron free of all gTBA'itationa] force (equiva¬ 
lence principlt;). Therefore the electron remains at rest in the local Lorctilst frame; aJid 
ils energy in that fraitsi remains alwaj^ at the value Ai the moment w'hen the 
electron Is m\ loose it is aiso at real relative to the r, tf, fi^me of miference. Howeverp 
in that frame the energy^ of the electron i& not but this amcpunl corrected by the 
Scliw'aTaschiid coeftident; i.Chi 

mc^ tspfjj/ 2 ). s;i 

The delidt between this ouantUy and the enerp' al infinity repre^nts the work ex¬ 
tracted from the electron by the end of the sinng as this parlictc ia drawn in by the 
gra^nLationat field: 

Work done = Decrease in gravitational potential energy = mc^ [^ — esp {k/ 2)1. 'ioi 

Let the same point Ix^ slated in slightly difftrent terms. 1-et to; etccironSp one fjosiuvet 
one negative, be lowered into the pipe at the point r. Let them be oit ft^ and allowed 
to annihilate before thay have gaihcrni any Siignificant vdodty of fall- The energy^ set 
free In the annihilation come# off in the local T-oreni35 frame as two photons, ea<rh of 
energy hic^. However, ^en by far-aw ay observers at rest reiaiive ta the center of at- 
irnclicm in the Eisjnnpioticalty rkl Loren U frame, the two pholonSp when they' come off 
in the proper rlhrct don to escape out of ihi; apposite end.# of the pipc^ are redshifted, ^ch 
to ener^^ mc^ eicp ijf 1). Thus the difference beiw^ecn exp (i^/2) evaluated at the point r 
anil evaluated at infinity funity) nieasures the gravitational polentUI hill which the 
photon# have lo climb to escape. 

CASE OR COMPENSA'nPiG HfinSIflFT AKU nLUESHIlT 

\o violaLion of the law" of C"Oi;fler\''atinn of energy is involve} in lltese consj-derations. 
Lor c.xampJe, let the e+ and r" start at great distances. Lci tbeiii fall into ihe pipe 
from opposite tTids and annihilate at the point f wUhfiUl having had the graviLarional 
energy of fall estracictl from them by way of strings.^* Then the set free in the 

process of annihilation as obisfirved iti the local LorentK frame wdll he inftre ihwn 2 il 
w'LtI he 2 exp (-v,'2]. However, the resulting blul^r-th^n-n□^mal annihilation phot oris 
will be redshifted on ihtir v'^y aut to infinit)- to the nortnal enerigy of jb£^ each, as es- 
pccit'd. 

The "'pipe” is an idealised de%4c:c introduced to separate the effects of gravitational 
foniES ftotn Lltosie E>f presisure.'’ If graviLaiioiuil fonre# alone acted, all of the inattijr would, 

■ZePdovkh {19^2.1 liA5 chjKted to aji carlitr briefer dfseilsSLon by thre? of yj [B. K, EL, M. U'., 
J. .4, U’.S In Sl^ll ihe same point n!™i the mcftnlTtJS of Mp tweause U dad ftol irKTn to him to he 
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of course, collect at Lhe origin. In ^ctusiliiy the rjristpnce of an equilibrium mnllKumlion 
of tinite extent implies that a stnalt iricmcnt of matter, containing baiyorta, is indif- 
ferttii to being moved from otiepobi in the eoniiguraiion toanolher. In other wordB, the 
cncrg>' required to produce these bar>^<ins at intiisity and bring them m and inject them 
into the conhguratiou at the point r is independent of where r lies inside ihc cotihgura- 
lion. 

im ooE^STANCV or xmL tJtfJlsqttOSi 

The injection energy, as obser^'ed in a local Lorentjc reference frame momcnlariJy at 
rest with respect to the matter at r, is given by the product 

f^ *dA f (XT) 

where a* is by dchnition the chemical potent taL 

Definifion,—The chemk-M fioimtifsl is ikefnass energy L OfAfe/ to a mini on of 
a system which is in locat thermal and pressure and reaciton trjuilibrium—and in which 
graviialioTiat forces have a ntgiigible influence —whm <tm mwe bafyosi (example 1: neu¬ 
tron; example 2: proton pirn electron) i.f {tfmgki from inhnity^ The chemici potential 
is calculable (cq. [HJj also chap, ix) from the equation of state where p* and 

n are the density of mass-energy and the number deP^isity pf baryons, again as observed 
id the local Lorentz frame. 

To identify the injection enet^gj^ at difFereiit paints in the naedium^ where there arc 
different local Lorentz tderance systems, reduce all energies lo a comniou standard of 
rrference; energies as measured in the asymptotiCBLlly flat space far from the contigum- 
tion, in that Ijarcntz reference sryslein ? which is sfrest with respect to ihai center of 
attraction. Thus one arrives at Theorem 4. 

Tufokilu 4. Tkrmgk^tui un equilibrium €&nJiguraHmi fke itsjedkn ewergy* rth^rfed le n 
-markei stauditrii n/ energy’* of injinityf Jms a eimmm t^lue 

Injection energy at point r as referred to “comirton maikel 
standard of energy"' at infinity in f 

- r )d.t expire r)/2 ] 

= ConstantCindependent of r}d .I 

p* {^cro pressure) dA exp|j^(sur(acc) / J | 

Here and hereinafter write Mi* = fli*{Fe**) (s — "standard”) (or the ntass- 
energy per baryoii in cold matter caiatyx^d to the end point of thermonuclear evolution 
and under zero pressure. 

t^lRfttSPOSDKNCK DETWEFN NEUTRON STAR ASH STA I'TSTJCAt ATOM MODEL 

Tlic Constancy of the quantity tnp (i</ 2) exprrses in the most direct imssible 
way the balance between pressure and graAitational pulL By way of illufttiatson it is 
appropriate lo consider the ctLsc of an idealized neutron gas. There directly traiiGlates 
it'self (chap, ix) into an even more familiar comepl: ihc f’ermi energy (mduding rest 
energy) of this Fermi-Dirac gas—still measured in a local Lorentz frame. 'Hiis freiely 


cnipli4R^cl Buflictenlly »tfi)ngty Lhal such a pipe tK cnvi'^gH^f a iHiClCimultil to thr imiJy-sisL Ll Ehould 
be noled thit lhe |3ipc crtnlenjplfllflf] lioth hete arn.! lU tlni carJicr dJiarqiuian. 1# Jn §amb W'iVl Ihc BAlumL 
g^flcraHiadon: to the wwld of xras'iliitjcmal iih^eie? yf the ikita cut iota rrmn?rtal me^i. wlilth 

one uB^R- in iflectromagnetEim tn cinrib" the chitincCion n uiid fit nft'f D and E. 
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falling fefeTence syiatem is again undera-Sowl to have been selctled so lu niabe ihe mtan 
motion in the ncutroit at the point in queitiofi vanish at the ins tan t of ob^ervaliotL 
The analogy and differt-nte compared to rhe Fermi-Thonms siatistical atom model 
e.g., Gombas (1949|) areinlerL^ling, In the atom thequanlity that i& constant from place 
to place in the interior is the injection energy^ given by Lfie sum of the local Fcnni ax- 
ergj", fif(r) ■» (Ftrali rrtonietituni)V2 m, and ihc potcnlial tnerg)'^ 

Mi ™ Injection eTierg>^ ^ Mi ( ^ ^ " cVf r ) ; 

Of—in dimensionless unil*^ 

M<i; nt C" =■ (Constant) « { Mr / w ) — {eV / m 


In contrasty in the mass^iv-c cloiid of ideal neutron gas whal is constant a the prodtici (2S). 
Despite I he difTtrence in prindpte between a sum being constant and a product being 
consiBJit, in cffcci ihc atoinic and the gr&\itatiorLa] analyses agree closely when kinetic 
and gravitational potential energies arc smalt compared To This agneemenl show^ 
whan one takes the logarithm of equation (2S]t 


In 


[( 


Injection efiErg^' as referred to common 
market Standard at iniEnlty 



Constant 


I /Fe^ -rest 3 

IAkiUEtic—of neutron gas / J 


_/Perni! 
\ energy 


> * , /Newtonian gravitaliQiialX . * 

+(,po«nti™«l 


IJ&'I 


a result fully curresixmdsng in form with equation (29) for statistical equilibrium in an 
atom. 

.VATL-k.\L ASD IJNICJUK DF/FINITIOK i}¥ THE fOXIl^Tl^L EXP (v/l) 
tiXLV ifOk KQULLlBRi™ TOVFlCraATlPNS 

The quantity e 3 cp Ipfr) 2] thus po^^ses3C5 a simple intcrpretaLion as. a gravilalLunal 
l^otenihd- It is well suited for analyzing the balance between the forces that aci at a 
ilijstance to pull matter logether and ihe forces that act locally to pis?rh niftiter apart 
u'AfJi tow is dedinf tilft OJi ^mlibrmm cmijigi^raii&u. But of how general appllratton is 
this concept? This potential has a wdl-dcfincfl and simple value for a sphere of incom¬ 
pressible fluid of unlfoim density for mstance (Fig. 1). «hfe mean that for a 
collapsing clcrtid of dust of the samr dmdiy p* the piotential eip (p/2) has the sam^ udm 
as that ahowTi in Figune I? Xo! Far from having the same raltif. in the case of the cloud of 
dust| the quantity e3:p (p 2) does not in this case even possess any definUim w'hich is at 
ihii same time both natund and unique! The reason is clear- The potenlial exp {j^/ 2) is 
defined in the last analysis as the ratio lietw-E^n the hnerval of proper time ds (eq. [23]) 
and the lapse dt of coordinate time i. Here / in turn is defined by w'hat in essence is a 
gtoup-lhtorttical consideration or coiisen^ation law: it is that coordinate in which the 
geometry is bdependctil of lime (and for which the ratio ds/dt approachEs aaymptocically 
for large r the value unity). But this dehnttion can only be appiml when the physics is 
static and rmuiiits static; that is^ whEti the conhgumtion is one of equilibrium^ Otherwise 
exp {p/2) fe not even defined I 


mF. SENTE IN wmcil "nm Glt,4mAtfONAL potential exp (p/l) DOES AKD 
DOES NOT APPEAR IS THE VARTAnOKAt ASAtVSIS 

If thepotentia] exp (v/2) has nojBtiuwfwf far wnw-equilibriunt configurationaf then how 
can one posiibSy expect anything like the law^ - constant^ to emerge out of 
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any namparisan of noti'equilibriijm configurations; iio,, out of the vamtional prinaplc 
equations (9) and (10)? Answer: The extremiaation erf the maas^etgy A/* for fixed 
harj'on number ^-1 aeiects out an equilibrium cotifigumticni for which exp (»/2) u defined. 
Thus, the condition for an extremum, 






(lit 


allows itself to be rewritten as a pair of equations. Of these equations the first, 


{»t> 



-0,3 


FlOh L— laLorpreCiiliDa d£ tlit SchwmrjEschiJd CfflTWtIfl'El fftClOF ju effective gnivitftUMJal pd^ 

tMtiil. TtiiB quantity mcuomthc oi diicrEy at f, m measured in a 3«al Lorciittfruivc momen¬ 
tarily At rent ‘Frith respect lr> tha matlar at r, reUuv« to the ^'cemmon mariret atandafcjl of at 

insanity, in aiymptotif valui; b kmily, El laJIsbclqw imity mC larfe dintarLCts ob 1 — M^/r (clKteiac m 
i>ccivu« ot vrork whtch muat l» doind Aj^^uast Ncin tonkn gravitaticnAi ficlcl to get that mnaFr 
encr;g^ to uihAily). Muitipliad by 2 m*, it sfivm thtcfijtffy icL freo by thaODnjhllatbn of A and 

negaUvcdectron at ir«t At the [winl In qacfition (andcr pwawtre-freecoQ^litionilnaiEle apipA if the rwint 
In question kEca irltkiEn the coii%urAtJOR). Tb* ctirvetiiiii calHintATcd for im intemtinf idtAHa^tzift whichi 
ho’ni'evtfr, cannot octuf in natnre: a sphiua fl( IluifI,, of itnnjdArd EkLi^qty » 

(^j/'^)p(s/crn7), For B-Tuall sphere* (^cAk &ddj tbs qwiiity esp i¥/2} hiis iJiAide tba d«TAet« *il a 
harmonic oBcilbtar poteuLial. Howfverp for a certain critkal maat this quantity— the Mtnuiitlnn r?i pw- 
Hive and uejatl^ ener]^ aL&les —bom to sEro at the center. D«!taJJi: Ontilde if > fe.Mp WJJ « 
[1 - inwdejr < jS), m - - ill - as aenwtJ 

externally I Af* = Tne tabeti jpIoii the oirve* the mass Ewfore aasemhly u well aa the 

RKAJH niter SBienniily in uniLtof (4irp’*/J}(Sap*/A)"’V^. The crirtcat value of M* in these unJtii ti mi 

U.83a2 ^ 
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now foniuilly as u '"definition'' of p. The mond, 

e-Hr-^Jv/df+r-^) - . '>*■' 

then takes the form of the (rr) compenenl (Tolrtian lf^34^ 1939; I^ppenheimer and ^'olkon" 
1939} of Einjilein^s held equAtion^ 

i?iM ~ ( a/ 2 ) * IWI 

This eqnaiLon^ so atmply salfeJled by the &uiput of the variationaS principle of t'quHtions 
(9) Eiiid (10)I was not used,ho^eevef,in thecfsrmrJiflrt of ihai prinL-iplc. -tinecan go furtlicr 
and slate the foliating; 

TnKOTiy.M 5. All ifie amstifUirtCGS /vr hydrmt^Hnj and for spm.c g€tm€iry u^hkk r.m hr 
rxlrscltd from Eifisiein*i pjeld eqiuiii&H^ (or from the signihcant components of ihest^ 
equallcms^ which are only three In numbtr [Toltnan 1934, 1939; i)p|3enheimfr and 
Vulkoff [rf], the pirtseni case of a fluid in asphencaJly sytinnetri- 

cal CdEillguration of equhibriuni) rmirge aulemaikaHy as ronseqnmrcs {ff Ihe variaiiontii 
prin^.iplf &/ fjquaiian^ (9) and (ID), 

Primf .—The fW] component of the deli'] equation, 

f r/r — f r“^=Hirp* , 

is already autc>maticalSy satisfied in the forrmtlation of the variational priiifiplc (eqs. 
l^L '^he (rr) kt>inponctit (eq. [32}) Is satisfied by egression (Jl) for }r by reason of 
the fact that^ for ttie cxlrsjnwrff^ pressure varies with dislance as given by equation (11). 
"Fhe third and last comfa>nent of the field equation—ihe (Sff) component— 

e t/V i - KV/ 4 +p*^/4+/ lr~V/2r) - ■ , ■ JSJ 

Unow fulfilled m a causequeitcre (iseci Tolman [19.14], p, 244) of eriuatioris (h^ 1), (32), 
and (34), Q.£,D. 

The quantity exp i> 2) as it niateriaJizes for equilibrium coTLfigqmtlDns out of the 
%Tarifl.tiona] analy^ diflens in an Emportattl point, of principle fr<ini the gt^vilaliatial 
potential e3tp (iv'2) dealt wiih by Tulmaii despite all identity in values between the two 
fiuancities and all equK’alenrc of the equations they satisfy. The Tolman quantity from 
the Sturt is defined jls the factor that converts coordinate time to proper tinte, or local 
Li-jreniig energy to eommoTi market ciwrg)'. In contrast, the exp (^/l) of the variational 
atisiviiis never appears as the axrfftcicnT of dl in the metric. The purely spacelike metric 
under Cotisidcmi ton there altogeilier lacks any di to be muitipUed by a correction coeffi¬ 
cient. 

If It surprising that so much can be derived from the tnitial-vaiue equation (2) 
w^ifhout any reference to the ninre extended apparaius of EinsieinV efpiations, wttc ha^ 
only to recall fsec coniinentary after Theorem 1) that this one equation not only mw- 
miirhrs, but also provides a starting |X}int from which tr> ftyr, all of Eiostein'i equa¬ 
tions. 

VJtE SPACE W'niCjC HACrr PniNT RFFPESENTS ONE COhTlGITftATlOSJ 

The theory of t^qu^]Lbri^lm cunfiguralions, C,, is thus a special cose of tile mure general 
iheoiy of the mass of any lemporajily static and spherically symmetric configura¬ 
tion, C, containing sonie fixed number A of baryons. 1’hcre is good reason to have 
checked this point in such detail. *rhe etirrmimt prufierty ol equLlibriuni configurations 
means that one can apply the poEiu trf view of Monie (19.14. 1939, 19i5ri la the study of 
gravitational co)lajK=>e. It also means that oner now^ has for the first time a foundation 
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iram the caJculuii of variatioiis for the intereaLing cQuaider&tions of Zifl^dovifh (1%2). 
One CAU introduciUp for fixed A, the sj^tie (InfiniLc dimetiipional) in which esich point 
symboUzes one confii^uralion C\ Provided only Irhat one Introduces a suit able definitiuii 
of ihe concepL of "ncarby^^ in this space^ so that continuity can be detioed, and ao that 
I he snass^^nerg)' M* becomes a continuous function of putiition in this one doea 

not olhcrwise care about whal paranunefa or '^uordinates'" one uses to distinguish one 
point from jusott^er nor dots one even care whether any coordinates at all are used 
C^'alistracl fiinciionai anaEysia^^). Some region R (or regions . .. ) of this spate 

will describe coltapsi^d conrigurations, AI some quite other point P there will be a puint 
representing the norntal cofiliguraSiDn of cqnilibrium^ provided that A Ls not tCKi large* 
Starting from this point there vi'ill csist any number of conceivable roules—each route 
being a continuous sequence of configurations—leading (o iht region of collapse. (Jn any 
one route from /' to R the mass-energj* i/* will turn out to have a maximum vaJue. This 
f>eak value wfi!l diflfeir from route to route^ Particularty simple to consider will \k thaS 
rouie—that sequence of configurations—whlcji is cbaracrcrijEci! by having uniform den¬ 
sity^ or by being hfm0gcritfyus. It will turn out in this case that one can make—again for 
the first clean separation betw'cen those considerations which itave to do with 

general relativity (long-range force*)) and iho*e whidt have to do whh the equation of 
state (short-range form). In this way it will l>c Ijcssiblv to prove that u'kiUeT^ the squa- 
iititi tif siiUr, provided that it is consistent with fundamental phynskal prEncjplea (chap, 
viii), (here is mdy a Smie tamer seff^aiing dte n^rmul tqiiiUbfiftm eifi^figtfrdum 

fr&m a 

THE ZEL'dOVICH SEC^CTENCK 

Zerdovich {1%2) choo^ to consider a diffemit sequenii: of comiguratioiis. In each 
configuration ihc demtity of mas^i-encfgy is taken to vaiy inversely as the square of the 
Schwarzsthild coocdlnate r from r " 0 to r * J2^ and to vanish outside. For s^udi a con¬ 
figuration It is pos.sibte to cany through the analysis in clos/cd form only by adofuing a 
specific lorm for the equation ul stale, Zftl 'dovich adopts the equation of state of an ideal 
ntrUlrort gas at ultni-relativistic energ)' 

[J(. 

where L* bj the Planck length^ (see Table 2), 

To lake p* ^ l/r^ has the advantage that varira linearly with r. Thus ihe 

factor l"2jH"fr)/y has a value independent of r. Call the constant quantity 2M*ff)/r the 
packing paramtiet and denote it by the synibol Z. ITius small denotes a sntall 
departure of space from (latness and large k {X close lo unity) marks q large departure 
from fialness. In tennsof the parameter Z fadjustabkl and the baryon number _4 (fucedl^ 
the typical canfiguraLiDn in Tne Zel'dovich sequence has the following properties: 

for r <J? (5T] 

^0 for r > jS ; 


-0 for r>R- 


for 


r <R 


rf(proper volume) “ 4^1-'[ 1 r ; 


J?{ boundary) = 


4=.‘U*( 

ji.-'d 21^ 1 


(«> 


^ S^rrfqvklt aftmiLliy uit% t^f the dKfikwnt In ihls- hi-rtnuJa the value The value uacd here 

fullDvradIreclJy frum Lllmjadrii^eJiLhiLr'fi^tajidikrd rcLfllivluic en«fltii>n g| liite jchafJ. vSi^ That Zcrdovidl 
uiwft a Value -about ujic^lkku of that En ctj. (J6) dors nut In any hhv ufi-cct his fj^nLllLtitive -'VI I 

vulutjs iaihf fjreMni Uixi are IakU un ftq. (36). 
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H>T)RrSSTATlC EQUILIBRIUM A^D MASS^ENERGY 

M* [ tQtiLt inosa entTgy) * A ^. i^is 

For iow^ compaclbn fact&r in Ihc mass-energy dominates. Thu^ the energy in¬ 
crease^ with ixicreasiiiig conipaclioTi. The clasik lonces supplied by tlie Fenni gas eouTll 
the most. With higher compacLiDn the gra’V'lLational fortes win oi.it, tts evidence by the 
factor (1 — in M*. In other words, the energy is Idw^ not only for a i.tonfignffttian of 
nonnal density, but also for one of veiy high density (''gravitationahy cotlapik^tt con¬ 
figuration^^)- Th^e €Htr^y iorfkr ■wkkb separates ihe oEie configuration from the other 
along I he KtrUiloNHch route 15. located at Z « | and has the height 

Af Mpeak) = ^ 0.52 8.■I^^L■ 

= 0.85 X 10-" cm.1 “^^1,15X1 0“* gm.I - LOJS X 1erg -i t«) 

= 0,ft5X lO-*eV . 

Zcl'dovich notes that the assumed extreme rekiivistic equation of state wil] surely 
faii at low compairciuni the ral-plus-kinetic-energy per bary^on will not continue to 
f^l off fur low haryon density £tA but will Ensttad level off at or near the nucleon 
mas:*- -\i&aat high compaction the equation of state becomes qut&tiouablen To be surcj if 
one assumes that the density of masa-energ}.' increases as the E&c^uare of the number 
density of haryons (ihe itiQst rapid law of iriseperm.EttL‘d [d. chap. ix]^by L-aimlity) then, 
Zerduvich remarks^ the qualitative siiuatlDn is not changed. t>ne still linds a collapseJ 
conhgumtion separated from a nomfial configuration by a potential barrier. But what 
about other^ more caitiplicateii erjuationa of state? 

Happily it tuma out to be possible fur t^nfigurationJi of ttmform density to prove the 
esi^tence of collapsed configurations indt|‘jendenl of all detaibi of the equation nf slate. 
Moreover, the atudy of such configurations wfiil shed some light on the characterislics of 
equilibrium configurations. Bui before esamining such homogeneous configuraiions it is 
desirable to look at the general situation as regards equilibrium crmllgurations^ to dis¬ 
tinguish what well establisheri from whai is piroblcnmtifah 
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CEN^rRAL DENSITV AND THE 
chapUrS REGENERATION OF PRESSURE 


WTiAl arc ths principal of an equilibrium Mnfiguralitjn!* In such a system 

docs priissure always full off ^vith diirtaiicc from the center? Can an unJimited central 
pressure ever be ill equilibrium with a perfeetJy finite amnunt of fiiarrounding nmttcr? 
Theise and rektwl questions form the subject matter of this chapter and its principal 
theorems. 


MO.VOl’ONIC »ALL OF I^HF^ISTJUF ASH DENSITY IN .4N EQUJXIBHIUU CONEIGUR.^TIOS 

Tueokem 6. fn. i^ c^fnfigamlwn a/ ^Afuihhrbim aj ibf pr^SKurt 

itj rnaximitm z'oltuai serw^cr {ind fafh mmaimkait}^ io 5 ^ 4 ? fke sur/act. Tk^ desjiVy 
falh munoimicalh frtm « peak mine pq ai ihe ernitr ia fkn itlattdard Tn/fie of g/rm^ 
id the siir/uf e (Fe^)- 

The monotonic fall of the pressure followTi from the pHisidve definite ebameter of the 
right-hand ^idc of the T(3V equation (11} for —dp/dr^Hf the deftsii}\ from the everyT^hert 
finite and ptisitive character of dp/tip (chap, hj- Tile 3^ro value of the prcssunr at the 
surface Is a cqnsei^iueDce of e^juatiou (22). At zero pressiirt' and lemperature the absolute 
end point r>f ihermonuett-ar evoluiiun is weH known to he Fe“^ 

TiiEOitEM 7, F(W eaeh ro/ae of ike emir&I demUy pu* betipcen ami '-{ftfifuty** ibere is 
am and uniy mte eJifnUibeium canJipirfUwrL 

Equation (8) for dm/dr and equation (11) for dp {p}/dr Eraustltui e Iwo first- 
order and regular equations; therefore, the solution 1*3 uniqiieiy sperilled bv ihc two 
initiaj data hi( 0) — fi and p{0) = pu, ^Huib the value of the centtai densiiy (or central 
pressure) serves as an indcn kbcl lo catalogue all equlllbrimn conftgurallons. The total 
Irttrj'on number A differs from configuration to coufiguration in this catalogue. It docs 
not vary monotonicaUy with cjentral dermty, 'Phus, for one number of batyons there 
may be four distinct confiyurations of equilibrium * -tw^o stable and two unstable^ each 
with its own p 4 value- ^d for another number of bainL'-ons A g there may be uo equilibri¬ 
um at all. 


™e SENSE IN WIIICJI IS AND IS SOT SEU-EEGESXRATIVE 

Furihtr Lomnientary on the Tf)V general-relatfvity equation of hydrostatic equi¬ 
librium r In con%'entional as contracted with geomttriiid units this equation lakes the 
form 

f p + ^/ )<;[ f r) + 4irrH-^p[r} ] 

rlr-2iG/c*-}m{r)] 


-dp/dr 


1*3] 


One obtains the equation of hydrostatic equilibrium in the form Oitlinarify applied in 
the study of stars and planets hy atrikliig out from cqnaliou (43) all terms ('^'relativity 
lernis'') which coutain a factor of f)f the three rdatrvistic terma, the one which onr 
thitiks of as characteristically guomctricai in characterj the term 2CC/r^#w(r) in the de¬ 
nominator, IB much Jess import ant in iU effects {ext'ept al densities considerab ly in 
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excess of nuclear dcnuity, -—10“ than ibe two pressure ter^ in the numerator. 

Thcv give rise to what one cwi iooeely call a regmtrafnt muitiplinuirm <>/ ^rKr,TKre, in 
the iollowing sense; The greater the pressure in the interior, the greattf the righi-hand 
term in tquation (4^)* and therefore the Breater the pressure ^adieni between ipide 
and outsiae (where the pressure vanishes) ■ Therefore, the pr^ure in the interior ia 
ampUlted over what one would have ^rpectctl from the erjuatwn of hydrostatic etjuj- 
librium in its Newtonian form. 

There is one idealiaed example where one can study this aniplificatian in all detail jro 
to the point where the ampltltcation factor goes to infinity (“dtveigcnt chain reaction'^^ 
The example is unrealistic in that It asaumes an incompressihle fluid (apeed of somid in 
excess of speed of light) but is instructive because of its simplicity,' Hie principal prop¬ 
erties of the conflgu ration are 


Constant for r < ff 

0 for r > /f: 


(«) 


p*/a. for r<R 

^ ™ 0 for r : 

rf£ proper volume) — 4wr*t I — (r=l~''^dr (ii®de); 


(4S) 


d (proper time) 

d <coordihatc time) 


cxp(v/2} 


(seeTig, I) 


= |( 1 - «F p )'/» - 1 ( i ” P * ' inside 

= 11 — Ewtsidc ; 


and, with the abbreviations 

for dimension[ess fileasures of position anil of the radius of the configuraLion, further, 
i/* = Mass after assembly = ( 4ff(3*,- (4Fp*/3)(3/i^v^* ; n 

—Mass before assembly* (4Fp*/3)(.i/8»'P*J^''* 


Xllarcsin JT-A'd - 
- C4irp*/3)(VSfP*)*^{J^* + rs-^'‘+ -Ol 


=i-^( A'*^ — x*>for Newtonian limit of sinall .V ; 

^ ill! 

/ V t near center ) for njdius close to critical value 
’ lo»-|- ** 

(378Fp’)'/*(f)'''-; i edur A'» I-«). 

lOriaiuid ukuklfmirv 1»' K, ScliwmnschiWT ll*taiU of dciivatiaa accwalbk Jn I'ainun (PW). mi- 
346 14T. 
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GRAVlTAllUX THSfJRV AND GRAVll’A HOXAL COLLAPSK 


The ceniral prisswe iti mjflmly as fka mass apprauch^s a fifr/rf ily Jinsle i'.fitit'dt 

xalur C'dlverRerit chain incaction'^). This criiicai vaint bs the: same as that for which the 
fiepamtion of positive and ne^tive coerjiy,' states ai ihe center goes XQ /rCro (see Ilg. 1, 
p. 22). The criticaiity shows tt^lf in the deep interior, not at the surface. There is no 
evidence of my tendenc>^ of the configuralion to ^‘cuL itself off from the rest of the 
nnivcrssc/* Not oniy aie the calculated values of the mass before and afler assembly 
finite at the critica] point 

M* = Mass after assembly « O.aJSX *Trp */J)[ J/Sr^* ; mt 


.i ti.* = Mass before iissembiv „ j f I air( ») S i a / 9 J J 

f or ]*^t4 y 




X ( 4irp*/1)f J/8^p^ 

but also Ihc rate of change at that point is finite; 




Increase fin g)of mass^ of eq ui] i l^um ■configyration 
Nunilicr of g ui una^^^emblcd matter droppd.1 in from faraway 


JA"dA' 

iXH i-xn-v^dx 


If = vaJneof e^p*', I uS surfacej + 


i»«P 


Thus, Heat tlic limit, each added atom, according [n the Jtiodcl, radiates away § of 
mass and a^nients the of the patent by \ Fuuch as would have bccji. ejrpiccted 
on New^tunian thtHiiiy', A characlcristic spcctial line emitted from an aidni at re^i on the 
surface drops in frequency by a, factor J on its way to a diftani receptor^- at rest 
with respect to the system. 

That gravitationo] overwheJm all uthtr forces, even the resistive power of att 

idtati?4?ii incompressible ftuidp shows that the sonialkd hard-core nuclean'niitleon inter¬ 
action fsec also chap, ii) does not offer any escape from the i^silc of gravitational coilap.’^^ 

How' tioes the regenerative multiplication of pressure come about? There U nol the 
sliglitesi reference to pressure in the c.vpression 'S^*4#T'r/r for the ma^s-eneq^' of any 
given number of baryons in a spheriaLlly aytumetric and inomtniarily static configura¬ 
tion. It is irrclcv^t whether the baryons are present in the form of dust or porous malier 
or a highly compressed fluid- The pressure makes no appearance, ffnly i he density tounls. 
In ihis sense there is not, and cannot be, any phenomenon of ^‘regenemtivc muEtiplication 
of pressure.'^' 

Whyt tben^ does the pressure come into She TOY equation in such a central way? 
Because there one is dealing, not with arbitrary' static configurations^ hui with cqitilibri- 
ftm configuraiiona. One ia concEmed not only with the effect of matter upon geometry'— 
or on grav'itfltion—bill also with iht effect cd gravitation upon matter. Will the Irmg- 
range forces set the mutter Into motion? What must be the distribution of sJidrt-rungc 
forcefi—of prcs.^urc—to prpre-7^f such acocleration? Are there emstfs where pres¬ 

sure pattern can stop gm\'iLal]onal collapse? To the distus&ioti of these qut^tions ibe 
qualitative concqit of ^Tegenerativt muttiplication of pressure’* u re|e%^ant. To sre This 
effect at work, iticirtovcr, one does not have to appeal to the eJSlA'iiH: modet of aii 
sncompFici5&iblc fluid (see Fig. 1). Instead, one can look, for example, at the more reason¬ 
able model of an ideal neutron gas under extreme relalivislic conditions. There p* 
as (tMp and p* = iulp*/dn — p* — p"/A. (>t>penheinier ami Vollioff 

have txaminefl (his i:a6C in dutail. They show that w'heo the central jirciisure and density 
go to infinity the mass Jf • and ihe baiy™ number A bolh go to Jiff fir valuEs. 

* Fnr a. gperat arf^ument sfittlna am upper limit for thift redsld/t inr any statk confwwrad-nn, SHW 
Btitidi (1%4-I. ApprFcLaticHi 1» exprirssed l-n Pmfcwnr (kinds fur the DpportLLnlty to sco aj 3 d rlEBnn;i; titfi 
in n^vAnce i^f jpuhlicutlo^. 
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^*CE?nHAL 

Denote by 'central cni^*' I he uniimiled central pressure achieved ior a ftnitc valitt 
of Lhc baf>'on imraber, .4 ** Tltc inesicapability of central crush appeara fimn no 
consideration un clearly ajs from this^ that there exists (Theorem 7) one and only one 
equilibrium coithguration for each value of the ceniral prefBure, up to iuHiiitc valuer of 
this catalof^ue index of solutions of the TOV equation. 

That the equilibrium configuraiion for itQ—^ » has in adclilion M* and .4 has 

not yet been established firmly for the most general aUowable equation of stale. How- 
this rtniifinesk, quite in general, w^ould seem plausible by reason of the following: 

'riiEOJiEM B. Tkf iK^ytm number and lti€ tiPid mr/iitj r»/ equUibf^ium mnjigst^ 

mUtm ail go iojinik HmUs as the- eenlral denikyg^m lo mji titty far eivry “y-to* etjuaiim 
of 

jB*{ w) ^Const I p* = (t—l)p*, i55J 

a?iVA y in (he phyrkully p^^rnhsibk Tange (chap, ix) from 1 h 2, 

Thi.-^ result oF Misner and Zapi>!sky (1964) ivas obtained a eencraEi^lion of iht 
argument given by i Jppenheimer and Volkoff (1939) os follows^ The solution of the TU V 
equation ('ll) of hyrtroslatit: equiilbrium fur the y-law equation of slate has a simple 
analytic farm in the Special case where the teniral density goes to infinity: 

P* = (y^ 2{y- 1 )^( y^+ 4)“V4irrVfor geneml y 

«(5fji?rr*)“* for 

m* ^ 2{y^ l){7^+4y— l)”‘r fot gencrttl y ■ for 

Provided that the equal ion of slate is representable al high densiues by a y-law, then 
these amlytic fonnulaji apply from (1} the center of the contigu ration, where p == pmutii = 
out 10 (2) that radius whtire p has fallen lo a Transition value/' defined os the 
point below which the equal ion of state departs signi filcaiitly front the asymptolk y-taw\ 
l)n (he further assumptton that this 'TrouBition dcnsily^' haa a value of the order of 
nuclear densities 10^* to ^fEsne^aJ^d Zapolsky show that no reasormblc 

changes in the equation of fiiate at lower dcnsiiies at poinis belwcen the tiflusilion 
region and the surface) can aller much the (ippcnheimer-Volkoff value for ihe critical 
nrnss, a value of the order of half ihe maiss d the Sun. So mudi for the limiting configura¬ 
tion with infinite central density! 
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DENUMERABLE INFINHT OF 
chapter 5 CRITICAL MASSES 


tllCOHKM OK DAMFKD OSCILLATION'S 

Mew' insight coHies from MJting how tlit mas M* fenniar with central density as 
uppraaches in£iiity, To inveadgate this qii«sti(HL, ussume that the equation of state 
fnllowa u 7-Iiiw asymptotically at high dcoGitieBj Funbermoro, Linderstiuid by the 
term “fractional depatture*' such a quantity as 

or f Af— Afwjyjf® or {A — A*9)jAa> (s«s 

ineuuring the difference between fl) a property of the equilibiium coniguration for 
oo finite and (2) the sairic property of the limiting equilibrium configuration (po infinite). 
Then we find: 


Theobcu 9, Tht- Jractiotml departure from ihe (Imiting ruitfipitmim ntrru tpj/A lu py 
a^ymptotkdly for large ceHlral deiuity as ihi tmpUtkde of a tfoin^ periodic esdUatian 
varies toitit time; 


(Fruliooid dejiartureji ■» Cuastanl ^ cos[ f;ir/2)tfl pg-i* ^L 


atul 


— (l/'r) for general y 

“ 4 > = 3 

d = [ — 19/"^’) -I- ( 11 f t) ^ 1 ]for general 7 

fofy = |. 


15*) 




tail 


In other words the ftl^np^itud^^ of a peak fn M* or R or A exceeds the amplitude qf the 
next ensuing trough by a factor 

AmptiLude fall-off faelor exp (>4/^ ) fur genefaJ 7 

= cap Air/ c 47) - 3,y5 for 7 = I. 


Moreover* the peak-to^irough t^epamtiun has the standard value (for Eat^ p^) of 
d logitj (logt® )ii in = 2 X (L4J43T/fl for general y 

= L 5 y furr-J, 


itii} 


^Tfwpc^ (1*64) Ims qaJcLitftted I be (t|UfilLbrilkm to^ifiguralirms far mat ter whkih tvcn' wiwrc ubeyB^A 
y^]Kw equaUan df aUitt. 


30 



UEiMLIMKRAHLi: INFINITY OF CRFHCAJ. MABgEli 


J1 

'rhcise of the curve of equilibrium mass as a fimchod e>f centra.! rJtii^ily were 

first rict:ogniied by Harrison as a consequence of bis having extended Lhc mimcficfll 
integrationa of the equndon of tlj-droslatic equilibrium from central density pn ™ 10*^ 
g/'em" up to pa ti= He has subsequentJy pven an Linalytical trcaiiifieiii of these 

oscitlalions (Harrison IWS). The present^ indeji^ridentH analyLical Lreatmenl is desiped 
to give further physical insight into the origin of the oscihiirions. 


DETAILS OF proof: TTTRF-n XOM^,s; ANU ntF SCLAUKt; LAW 
WmCH APPLIES IK THE FIRST TWO KtJNT^ 

—Di^^de the ninp of r-vftiucs from tile center to the surface iflto three jsones, 
fts k indicated in Figure 2 and Table 3 . In Zon<js I and II the solution j^(r) of the TIJV 
equation of hydrostatic equilihriunt aaiishes a simple scaling lawr. 1'hc aolntion for one 
value of the cenlraJ de^isUy^ J^p^, where Jfe is a constant, h obtained from the salution 
for another \TiJue of the central demityi hy this prescription.! Take the values of p 
and p at the point r. Multiply them by and multiply r by 1 A. The exUtence of this 
soaiing law was noted by Bondi (l'>b4). He pointed out that this law makes ii natural 
to take { 4 irpt*/'iy^^as bdependent variable—because it Is nochangi-fi by this scaling— 
and similarly to take as dependent variables two jca/e-iMTuriiin^ tiuaniitks w(r) and i'(r)p 
tlefmed by 

p* (f) — - rfr) /Arf^ * 


*( r ) = ?■«( r ). 


i^E\ 


The existence of the scaling gmup implies here asalw^aj'^^ that the order of the dilferentlaJ 
equation can be reduced; here, from tvro firat-cirdef equations for Jw(r)/dr and 
to oncH ThnSp the equation 


becomes 


dm/dr » 4 rr^p 
r ttu/d r+u = 


le-Ti 


aJLid allows one tcj sedve for the scak-tJidepcndent quantily drjr: 


dr/ r 


du 


m\ 


similarly T<>V equation ( 11 ) of hydnstatic equilibrium fqr j^^/c/r reduces to a form in 
which one can Sait oul ihc change dr/r from a, t, and the change in u: 


. . __ dr/ P _ 

'"2-7(7-1 )-*(«+ 




Comi>aring erjuations (68) and (hb), one arrivia at Bondi's first'Otcler equation 

rfr tf[ 2{7—1) — ~i 

du~ (I - 


for general 7 


v f 1 ^ 4a 
(IL5 — w){3v — u) 


fury-*. 


ae^ 


This he ha*^ integrated numerically in the s]>eeial case y “ ^ (or p* = p*/3) from the 
origin out 1 o a point wlitre the density has falkn to ^ of the central value (Table 4). 

“Scir^ c.is.r SoittmurfekCfl (1S60> section oo solulirth the Fcrmi-TlLOEiLRi rqtmtiotii see nlso Setkw 
(1059) Chandmaddm? (1930), 






.^2 (GRAVITATION I’HEORV AND (GRAVITATIONAL COLLAPSE 

Niil given in'Bondi paper, but liseful in cxhibiiirtg the behavior of the lolmiDn near the 
origin^ aj:e the first tcrnis in the rollowing series: 

p(if) - 3(y- t iu — ^yiSy— l}u^/5 + . . . for general 7 

« M — gu* + .,, for r ^ I, 

When one goes hack to exp-nessLi^ pressure and directly as functions of f, or of 
the dimensionless and stale-invariant quantity 

s ■: ( 4Tp[f*735 I 



Yvi. 2.-'^f^{Lulj1)fiuni cunrtgurftLilia af Itirge ijoJt cvhtti.1 dciiaity i:!arripAr^ -nith limiting ron^ 
tif^ratbn for which Lbc ccnmiS density ii tnhnite (scheniiitic rifljy). Tht nimpbotEc T-law fit 

flate applies ][^ Zdli-cS 1 And (L In Zjoelc 1 the (rocEkmoJ di!|jB.rturH3 froin ihc limiitng c-cmfiguniiHHi ts 
m G^mu! 11, fiinail. In Znnv III ihe ei^uutidn nf itatt is more complicutEd. The density rails nion- 
otaoiaUy (hmugboul and rcHchcA Lhe Atandfljrl valtw <}( 7.8 nn/cift^ IN' Fie** lit Ihc iuifuie:. Why l:b« 
AicUtfiUwy departure htivpeen the hiali-/i» rcmfi^riLtiEni ud the limitlitf cimhguratian?' (.wDoking apart 
frocn dcuik (chap, v), Qpe am [kul tW nMun paint Ai |d^(r)/£ij] (gei^tiitbiii b nmi 

pcrt^balbn iiul uf phaie wilh ofidlbiJEms in daiiity pmurhatitirt becutw ntairt ii ^ved by in^ifiil «f 
dcQuly): iLod f «]d«(r)| (denstty gniJlcnl govicfiied by prea^re firadiefitl pf^urc gmcILenl 

anvetnpd by dcCcIciuLlod of ^avily and therehire by mem). Thus (he pair-irbe connlinB of the two per- 
turhsttons is i^wasildc (nr <hr ^’nAdilatEan." W'bsn thie cent nil denuty Is l^byntid the h^-pH 

value in tho diftgrajn '-say, fourtold—the nodes move inwiml to Half thi present r-vulut. The new curve 
(in luid II unfy) uabuiued r™m thejireBetit curve by the simple iscaJingcjpcratiDn ol multiplying 
p vuJues by 4 and dlvItfiiLi i- vaiues by 2. 
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one haa two 

r 10 ( 7 — 1 ) 

an<l 

== j- — 45 *+ ,.. for 7 - |- 

w 

PRfH'Vr OF THCOSEIl fl- COXTINUED: THEDKY f>F SHALL PER TORS ATIONS 
APPLttlABLE IN 1$ AND lU 

Zone 1 Ims r^oiied a ^pceial trcaLtiient. It mcludeti the arigin, and at the ori^ there 
is an tii&ilije dinerenice between the diimsity of the limiting i.‘onhgijml.ion (infinite} and 
the density of ibt configuration under study (large but finite). The onalysh^ is much 

TABLE 3 

ZONES CONSIUERED IN A-NALyaiNO UrFFEiaNci: between Actital 

CONTtOlTRATION (flu lAlur.E) ANP LtMlTlNG 

CONTJGUaATIOS Cft, INFISTTE) 


’‘i^CTiK 

i^rmiy aii4 

Rffulioq uf Smic 

PrACtiOftEl 
LliMirf \n 

DirftrtfiklAl 
EHifHrina tn^ 

^, Jkp 
fF- 


jfilr) bJii^h [rrmuglk yo tiuit I 


ff 

SEm-Hncaf 

ill 

|,ynipt«|K upplK? / 

p(r) fnini 10*^ (or UiorB) to 
7,8 ff/on*; rf^uaClon of 
it«tc eonspJkfliekl 

^rpmll 

LLocar 


Small 

IjLncpj 


for general j 
f«f t=it 


+ * * - for generdl t 


taulk 4 

COnTIGUEATION in JLeOiON WitnaE ASYMPTOTIC T'LAW 
.APPUKS, FOR THE CaSB? - | 


« 


■ 

N 

1 

i&|. EM|) 

U.EMM. 

1 

0.0000 

1 0.000 

0.000 

1. 

ISl. 

0.S7 

.(H85 

TWO 

“ .167 

-0 304 

267...-. 

0.75 

.053^ 

.060 

- .091 

-0.455 

- 343 s- * * ^ - 

0 64 

0755 

.000 

H- .025 

-0.4.W 

420..... 

o.so ! 

.0932 

,120 

-f .150 

-0.425 

.MlS..*,, 

0.43 

.1060 

.m 

+ .298 

-0 556 

>603. 

0 31 

.1130 

m 

+ .596 

“0,249 

. 747 

0 M 

.1125 

.210 

+ my 

-U (J96 

I) m¥^ 

0.1i6 

n, ms 

0 231 

HI 431 

j +0.060 


^ Ai cih^iUtc^l nypiwri^'iHvtiy ipmU [l^l 144 r*. J p-wI Tniic Tim lut ciUtaritip 

iMvt tMB Addni w lim k4 nlilbh nw b««ifHiin| ^ jNe mh- 

IViujiLtloa, mcIUjUIoh wbkh An ilwira bedim (wm- I'JEfO bv clumctvtMic dI IL Tbt AEUi 
omma tlvM kbi ‘^pnAura iwituibAkboii iKlvr" t; atm tha inib (vlvmpi, (tv "«d|«i44 tru^ iicitliitu- 
tkiB tA4.'tM" T- Tht liil dWI jfl ucli celwvD ii nkcirtuB, 
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simpler in. Zotica II and 10. There ihc pct'Uirba.drjn is small (see F%. 2). For Lhls reascMi 
We reliim lo the basic eqtialiotis (dm/dr « 4rr*p^ and the TfJV lll| for dp/dr) and 
analyze ihe differienct between the bi]^h-pa configuration and the limjiEng configuratiQn 
to ibe first order of .small qimndlies. Writing 

plr) ^ p^(r} -\-Ap{T} 

and adopting sinutarc?£prcsslons for pif) and i«(r), wc find the ''periuibaiion eqmtion^^' 

liAm/t/r ^ 4irf^Ap rTft> 

arid 

— i^Ap/t/r = .-I ( f jiip r )d??l . \7ti 

Here A and E arc abbrviviationfi for e3qiressmiis which are fully dticnniiied by the prop¬ 
erties of the limiting ronfiguration (piresutned known): wia:(r)p pm{r)f {dp/dp)m~\ and 
{iPp/dp^^. 

nri4SE TR.tPf5IT10^ EXCIrCUKU FfTR BMFLTOTY 

If (he equation d state contains a point of condenjiation (finitt jump to p jfr paSiifls 
a certain erilical value), then the curve for deitsisy ^ a ftincrian of r will show a rorre- 
spnnding drop at a dettain r value, rcriir There will be a differetiiL'e Ar, rit between the 
coordinate of the |ump point in (I) the htgh'piT configunidon and (2) the limitiiig con¬ 
figuration. In rhe intci^'al of r values between r^i :md + Arnwn there will boa finite 
diffcrencic in density btlwecn two configttrmtinns wbith otherwise may differ ven* little 
from each other in the region in question. This drtiinistancc is no obstacle lo a perturba¬ 
tion analysis of the rektian between the two conligurations. Neither does the presence 
of such a phase transition change the character of the condusions that one may draw 
nbout Ap(r) and iimfr), provided only that the e-values nf the two zone bnimdaries are 
m thesen rs not to lie close to the point of transidan. To cany through all the details 
of fitiing mner and outer solutions at a ptjintof transition nevertheless introduces com¬ 
plies Lions. Therefore, any phase transition wilt he excluded for ihe .sake d simplicity* 
In other wottb, it will Ik: assumctl that {dp* 'iift*r^ h cveiy^wluTe rnsilc so that the co- 
rlfidents J(r) alid B{r) are also fitlEte ihrougilDUt Zone III. That ihey are fitiitc in Zone 
LI follows autoniatkaily from the asymptotic y-law that applied In that region: 
dp’^/dp* = 7 “ k 

TKEORV OF 05CrLLATIO\"5 ABOI7T I^IMITING a>srFTOURATIO?f IN ZONT H 

In Zone IT the litmting configuration has a simple anal^-tic diameter. In consequence 
Cbc pcriurliation equations (76) and (77) can be sdvecl at once. McB-sure the strength of 
(he perturbation by a numl^er () (which will turn out to be cumpEeK). Then the denahy 
of the high-^n configuratiDn in Zone II is 


2(y-l} 




17*) 


Here Q* is the complex con jugate ot QP. Also .v “ (4 tpuV3)^^^ r is the same dirn-en- 
sionleas measure of distance which was employed previously, and K is a cbaractemtio 
exponent, now to be found. For this purpo^ note, fimt, that the pressure differs from 
equation (78) only by the addition of one more factor (y — 1); and, second, that the 
miLsa follows from equation (7^) by integration: 


'«*f »*> = 1 +CC^ + 1 )4-complex conjugate]. 


m] 
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FiiULlly, write the equation of small pertiirbalioTts In equation (11) ol hydrostatic equi- 
libriunn in th« form 

Fractional change in ( — dp^idt ) = Fractional change in Ip* -\- P* ] 

+ Fractional change in ( wi*H- — Fractional change in { I — 2fH "/r } . 

Thi^ equation has to be i^tished independently by the terms in (J and by the terms 
in (>'*' It is enough to demand equaliiy of the cocflicients of {) , 1 ^ on both aidi'S ol the 
equation: 

ti-x/23 = ci) + HT-i)/^-h(x+i)-7'^l + *KT-n/T"cx+n]. -aij 

Solving this quadratic equation for X, one finds 

where the positive quantities a and fi are listed in equations (60) and (61). 


DET.^ILS ar tT(tK}? or IHEOJCEM 9 COKTINTJEP: PTmsct ZDSE U TO ZONX t 

The /arw of the departure from the limiting ponfiguratiQii is thus fully fletermined 
in ^fionc IL The i^mplihide and pkit5€ aix also fully tLetemuned in tcntis of the large but 
finite central density pc. In ather words, ik^ ^impk-x ifuattiity Q is Jixtd fry jVifltiig 
pnsetU periurbtdm salulian tmlo iht salaihfs ablaintd by numsrscal iHlegraiwn {f*r olk^- 
mse) in Zone L 

In view of the oscilkUory of the solution in Zone If (X complei), ihe join 

betwren the solutions in the l.w^o aones fe best made by pioiting (Fig. 3) two quantities 
which are so &eli?cted as (1) to have an amplitude of oscillation which is Independent of 
r; (2) to have phas^ which diflfer by and (3) to have the same amplitude of osdlia- 
tion. For one of these quantities it is nalurttl, in the light of equations (7S) and (82)i to 
take thi: *^pressure perLuibation factor*^ 


£(r) 



2(7-1)* 


JrrV‘(r) ~ l] 


f 




= (> exp (In ^) + complex conjugate (CpC> ). 

It U not equally apprqmate to extract the other quantity in the same way out of 
expression (79) for the osdUallons in mass, 


r (7^+47- 4 ) f^Jr) 

L 2(7-1) r 


1 Q[(l^a)-m 


exp(fi3 In j) H-c.c.i 


latl 


because this quantity does not have the desired 90^ phase difference from {(j), However^ 
subtract out of equation (84) the in-phase component and renormalize what is left to 
arrive at the desired quantity, 

-$-H\ - aum 

IWS) 

= (g/f)exp(i^ In i) +G,c. 


YoT 7 « ^ the two oscillating dqiarturcs from the limiiing CDufigiiTation are the '‘pres¬ 
sure perturbation fact or'' 

ff j) - ll4(4Tr^/^*J- j]+c.c., 
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and tht ^'adjustHl mass periurlintion factor" 

dU) = (JT)-'* I l2I3;^UVO“ t| - I14{4rrV> - 11) 

W\ 

X [C4irpfiVJi''*r (Q/i)^^li{^)V’^\n il+c*c. ' 

Fif^urt 3 the behavior of Xht^ I wo osclllfitiocy pt'rtyihatJon faclors evaluated 
in 'table 4 from Boudins rtunierical integratJon for the cgudHions in Zone I. The iiiiegm- 
tion does not go quite far enough to see the full developntent of the limiting behavitjr 
as ejfpectad in Zone II (mutton on a drtlt of fixtjd nioius \Q\ with a phase [^P“ In 
j + fl). The anaJysiiis in Table 5 suggests for |()j a value of the order ol b.I^€,S and for 
i an angle of the order of J radian^ Table 5 presents a tentative deterrmiuLtioii of the 
amplitude |^| and the phase ^ of the osLilkt&ry differmee (Fig. 2) between fl) the 
high-PD density distribution and (2) the limhing density disuibiulon^ as desaibed In 
Zone II by equation (73) with 7 “ The “pressure perturfiatioii fetor^^ f and the 



Fia. 3,—^Tbc Eitd]]iLLor>' difTcrcEbtc lietwBcn a ccn^aiuiattpD ql ImgB eeatrjil nniJ the litmlina 

con figuration d£ inJinite cctifral cl^iEy. Tlic plot it dts^eil to show tlif r-t^tpqn betvL*em. the sulutkii 
in y^Rcl (aUTtoi gtsdlkUon: [wlntitaiezi bom datR in aorlZuiic U (fully devdjoped <HKfllatToik5 

OJ ilc£Crll>Gd by {73] nud [f^J r ciiitlc of hxrd mdiu^ i^eeatmdqn Ihe cd^ in the present dJugmin). 
The cur\^ forint I the ^'preuiifc perturhAtian fiictor'’ eq^ itnel the '^AriJuiUMi |M=r- 
turbutbo ^ of tu|. (35) at 5uccmlve points on iht way n&m the center of the high-pi eogafiflurft- 

lluti to the pdnt where Ihe dEnSity hlB loJIrn. Id oae-hlth the ecntrjil vftlue. In Zone II Eoe cudlbtioii] ia 
described by e poini: mating in th« i f, i?| diagram vn t circle oi raiJjus Q with phiise fr * ^ In i 4- ci»n9l = 
1-717 In + oanst. Values of the quaubty & In expressed in degiHS, are shown fop each 

Mint on the curve let Zane I—even Ihouglt the oicilbtiEm net yet (uHy iievdu]ie 4 l lE llle Mini where 
Bondi’s numcricnl inlegratbn brtults a j^uiLte in imcJng Ihr IranBltiEiEi. to ihs hleal Whnviur In 

Zunr 11. 
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mass pErturbaiidin fact or tt caktilated as deji^ribcd i n Table 4 rrom the 
last four points in BqndJ’s nymericai inttf^r^liun in Zxnte I. 'J'he last digits tjf the numbers 
listed in the table ate utieertain, The ILmiiing form for the osieillaticms (eq. [7^]} b not 
ytt fully developed Ri i = Therefore any conelusio-ns about |0| and 5 have to be 
tentative, pending more extensive integrations. // the last point of Bondi were drojip^i 
—and if the | and values derived from them were eti initiated {last column in Table .S), 
a procedure for which there b no obvious warrant^—then evidimlly one would be led to 
|y = 047 ^ £ s tJ® or n.,^ll radian, for the amplitude and phase character is Lie of the 
oscillations in Zone IL ((>'^0.47 exp i 0..W.) 

ITiia detail for the case of y = S illustrates the fallowing point that applies for every 
y-^’alue in the allowed range from f in 2, The complex amplitude of ihe ^vacillations in 
density p(r} and mass m{r] m Zone II, a^lalivc to (he limiting cDnhgunitLGtip has for each 
y a unique non-iEcro vidue. It is not a drawback for (he pn^seni purpose that we have 
discovered no analytk means to calailate the function (I “ for tvery yl 

TABLE 5 


TKSTATEVX UtlTlLkiiliJATlOy OF THE AM1*L[T1 idE \Q\ AKU IMt PHASER FOR y - A/i 


M m 


D.MIJ 

v.ur 

o.m 

jArcUin [fhjLw'V . 

(■tj.’lftim In j — “uncorPKtcd phaH'^ 
Tcnladv^t pkafic cooTKlioii 

vftlwe nf <?| 

-51 (T 
-67 r 
+ S6.0- 

n 

\7A^ 

O.+ftH 

-11 r 

-iH 6* 

16 ir* 

i> 4711 

+ 7.V= 

- 

17 

I0.i76) 


DOATSERVmONT OF NtHltAUiED '"aEEA IN ElIASlt ^1*ACE'* IN “PROPAGATtOh.” 

OF STATIC nSCILLATlON FROM INTI^EICiJt TO SUJRFACE 

The statur oacitlations which arose in Koue I, and which have now been phowTi to fal¬ 
low a simple analytical law in Zone II, also propagate through Zone lU all the way to 
the surface. There they produce an oscillatory dependence of die equilibrium mass upon 
the logarithm of the central density. Jt is the ultimate objective of this section to prove 
and evaiLiate this ckpendence. For this purpose k is now useful to show' that there exists 
a /oti' for the propagation of the oscillations through Zones 11 atid^ JIL Iliis 

conservation law has to do, not with the oscibatiom ip(r) and Aflf(r) {rcbiLve So the 
limiLing coiihguralion) for a value p^| of the central density, but with a kind of 
^^area ki phase space^* (Irigr 4) determined by tht oscillatiom for fwe values, and pas, 
of the centra! density. This area is given by the determinan( 




A^iMr) Apa*(f) | 
Ami*ir} AtHs*{r)l * 


i^7) 


How does the area alter willi increase of the distance from ihe center of the 

coiifiguntiion? The changes in density and mass for any one soLution indiviihially are 
given, uccorejlng to equations (7h) and (77), by formulae of ihe type 

Ap*{f + Jf) - \ \~A{r)dr]Ap*(r}-\Blr}dr\Am*iri, 

• ia:i 

AmMr+dr) = lAirr^dr]Ap^(.r)+Am* { r). 

Write the right-liand side as a square mairix FiifUltiplied into a column vector. Also note 
that the resulting vector relation applies to tach solution, whence 

/JStp,* Ap,*\ -Atit Apt* \ 

Vaiwi* \4Tr*t/j’ 1 y\J.iwi* Afl(s*/T* 
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Every reladcm of ihc type (89) between square nrntrices inmslatts irrirncdiatety into the 
corrcspuncling retaibn between determinants: or herti 

r + cf r ) = ( J — A dr } r ), ifin 

Rewrite this formula as 

^ F-i-itr 

Oia( r + i'/r)expy dr = Z?i|( r)* C4|} 

Thus amve imniCTliately at the cflHs^rrali&n lauf/tv ^^rwrmiiHsfd arm in fihase spar^f** 
TiTI'KSPKM 10. 

r+J* 


0|^{ f +dr )exp^ A df = i3ij{ r ]esp / A dr - Pii( r ) coaUam . 





Am 




krrip 


OsciI lotions ot 


Eio, of Ihc osdtkjiitiaiit ia deojEEy imcl mass (rtLtrivc la ihc ilmhlag eonExura- 

tion] qt a. fU«J value at as th« ceatriU disnuty it ratted, ihuwiag the kind of “■rca in phm$ wace'' ^ hkh 
Id ipiinned by ihc VEsCfcon dsanzialEHi witk two nearby central dcmitJeJi, p*ain3 pn^ ThecrDSs-hBtjqbeiJ qriat 
h Eo lu ddubleiil (purdJklog^ftiJ to oljliun the qniiDlity cJciilt witli in the text. 


Here the nfrrrnotizatitm fmfitr (Ek&ned in terms of the li nnlinK condign ra tion ^ ptt infixLitc) 
has [he value 

exp J -d f r} d r 

/coefficient of Ap* in eiepre^ioi] for — dAp*/dr oblainert by\ , 

\ taking first variation In ^rOV eq. [11 1 for ^dp* fdf ) ^ 

Herc^^ pp and m {asterisks and subscripts ^ have ijeen omitted fqr simplicity; p ^ pos* 
etc. —) are considered to be known m functions of r for the limiting configtimtioTi. The 
integral does not eaist if the lower bmit is taken to be no. Therdafe, it is reasonable 
to lake the Ipw^ iiiiiit to be some smiuknd point r — n. However^ this procedure intro¬ 
duces an artifidBi element of orbit rarinesdi into the nnrmaJii^tlon fact on For this teason 


_ 1 . 

p + ( m/4wr*) J 
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H is better to add and subtract inside the integrand a lerini + />). It compens&les 
at titc origin the term —^p/{p -f* the only lenn in t^ualion (93) which ewnot 

be integrated explicitly. The integi^ of this new term is In (dp/dn), where » i* the 
number density of baiyous (chaps, viii, be). We arrive in this way at the fotlowing equiva¬ 
lent JtiftKs" for Ike ntirmai-aaiurn ftteinr': 


exp j 


A dr 


-*tnh-4iH-p4 


{dfier>*> d pm* )idf^/ d pm* ) 

( pm*) 


|expjr'’ttf*.* + p-*)-‘-t^®* + f«-*/-lxr’)“»Jfd^-.*/dr>dr (Form 




' pm * — ( ??!»*/4 yr* ) 

r— 2mm* 


( Fomi 2 ) 


i?ili 


Tiw inttrgral in expf>ntTii no coniribiition in Zonti* I and II^ \viitirc the 7 -la%¥ 
equuiion of state has been 1aktt> to appSy^ Write this asymptotic 7 -law in iht form 

^ =lr^{Un^)y 

<«Sj 

— eipnesaion ( 7ft) with Q &et equal to zero ^ 

w^herc L ts sotik* characteristic quarttiiy witit the diinenaians of a length. Sul^itiutc _efiu^“ 
tion (95) into equation (94). Then the canooicml form of the normalization factor in the 
asymptotic y-law region becomes 

exp f - (7 — 1 ) 7 “*[ 2w{y^ + — 

-^■LUlcLHJ'd 

This quantity is finite not only in Zones I and 11 , where equation (96) applies, hut also 
ail the way to the surface* It the dimensions of length. In con^quence the canonical 
^■|tflrnializ£Ni area in phase .space** Fit is dimeHsiufdesif as well as mdepEndent of r* 

In Zones I and It^ w’herc a 7 -law eqimtioEi of state has Itecn laien tn apply+ the nor- 
n^alir^irion factor is proportional to or to in the case 7^1- The conserva¬ 

tion law (92) as it applies in Zone TI, 

I-*-S»^-r>Z?ja( f ) = constant ^ (^ 7 ^ 


can he veritied directly* For this purpo^ one only has to substitute into cquadon (97) 
from equations (7S) and (79) the eitprusabtis for Apu t and Ami, t iu terms of the osdl- 
laiing factore Ql(4rpuViy^^ rh* exp In rjj. All f-dq>endejice mdecd 

disappears from expression (97). Ur referring back to equation (92). one fmtb ihe 
following ^plicii ^xpreSitipn Jftr tkc coTtservai in phase space'* in Ui 

upon ike eenir^ densHm of th^ cmifguraliam -m ifuesHofi: 


Afii 

AlFJi 


Ap- 

Amt 


exp/ 

■I f '^■Laii 


A dr 


Ai-3(3/x)V*(i)(VTj 


.. (-y-l)i+<vv)]0(.y)]i pa*-ln 

^ (5T-4){>' + 4T-4)tW )'''•!*I' 




Now, ai eartier, ^ is given by the expressjon [—(y/ir*) + (H/t) ~ 41'^** Through equa¬ 
tion (518) the quantity wbicb is propagated from the interidr to the surface without 
change has at last lieen sortetl out and cvaUiatcd. 
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JIS'AL STEP iS PROOP OP tJAilPKD OSCILLATIONS^ EFFECT 
ON flvaPACF, Of PEfirURBATlOXS IK INTEJtiOR 

How' do the static oscillations in the interior—'‘osd Hat ions” dehned relative to con¬ 
ditions in the Limiting cwitgnralion—how do these osahatioTts affect the physics at the 
surface? Denote the rna,^^ ol I he lin'kiling configuration by jV«* and denote" by tie 
radius, which by definition is the point where the pressure goes to zero. Consider now 
an eqiiilEbrium configuration of large but linile central density. At its Rurfece, i.e., at the 
place where p vanishes for tl, the radial coordinate k and the mass is if + 

Or back at the point r = i?* we have in this conhgiLratidn 

m*{R^) = Mu.*+AM* - . im 

with pj - 7,8 g/cm^ representing the .Efface density; and (from the equation of hydrO' 
sialic equilibrium) 

^ iiqo> 

The departure from the lEmiting coniiguration at R^ is described by the ^''vector'" 

Ap*= {dp*/dp*},-^p,*M^*AR/[S^{R^-2MM‘}U 

tim 

Am* = AM* - iwR^^ARp,* . 

Now conaicler alongade the one configuration of central density a second config¬ 
uration of central density pw- t^c^ok at the expression for the "area in phase space" as 
defined by the cross-product of two vcciors of the form ( 101 ): 

Api* Ap^* \ fdp*Y^ p*Mm * _ _[ARi AR^ I 

ij»,* JifH,* a, \dp*J 24f»-HA.Wi' 


To nornmlize this espreasion^ multiply by the canonical norma]isation factor (94)^ 
evaluated at the surface, 1'htrt p* = ^\ p* = and (dn/<!p*) is ihc redprocal of the 
baryon masSr ^ (mass* of Fe'* atom). Thus the normali 2 scd '^'area in phase 


space"' is 


Xwpf/ 

I- ^?.n 




?.Gnn nr 


r — 3 fflD 


4 ^ r*fif r 


1 li^x 

1 

rioj) 

J 

Ai/,* 1 ■ 



Equate the two expressions for the narmaU^ed "area in phase space^': equation (98) < 
obtained by working out from the center to the surface; and equation based on 

conditions at the surfaLn. In this way arrive at the equation 

IdJVi* pd* -]n. 


where the constant rs built up out of know'n or evaluable quanlilies. U follow^s from 
^^uation (104) that iht perturhaiions i» cttmikWKS tuny one 

individually urr o/ Me f^wm 

AR^C-ui P,*m sin I (?/ 2}Inf p,*m + 

lieSj 

am = Cif( p^* L *)sin | ( 5/2 ) |n( t*) + 5ij ] ^ 

ipiih ihe t'htira^inr of damped Jmrmonu asditaihrns in the voriabh In OJ t 4 'a.f Ip be prmvd. 






I)E^L\MER-\ljLE INFINITY OF CRITICAL MAiiSES 41 

Tlie anfiplitutic factors Citp Cjn and the phase fact&ni and are. not intlividoally 
detcrminahle from the law of corffierviation of nantaaliBied aim hi phiw space. This law 
alone fi3ce3 only one combination of conalanu, the “vector product” 

+ ( 11 / T) - (i H - IKU'* ) 


Xe35p / 

^ ± 




/4lhiV Ul 


( ffl**/4irr^) — 
if-2mm*} 




Here, as before, the integral gow over the limiiing cpnhgutiitioti, assmneii known. That 
the '"vector prcxluct” (106) docs not vanish for -r lo the allowed range from one to two 
shows that the oseilWinm m dR and AM ore oid qf pk^se* before eKaminiDg the interest¬ 
ing biphcations of thi:i draimslancCt we turn back to the hislory equilibrinm con- 
figurationa to see the meaning of the new osrillation^ in a wider conte^cli 
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MASS AND R.\DrUS OF EQUILIBRIUM 
cfuipter 6 CONTIGURATIONS: 1932-1964 


Thai, the inas* of an uqtaltbriinii tanfigumdon h a ftampeiJ fxriotlic fuTurtion of In 
for larj^e ^ diMs nol seem to liave been nemarkcfl Jicrelofore, li clear onlj^ recently 
that something une3cpectecl WM -shomnj^ tip iti calcutated, curves for Jf" as a functbll of 
centra! density* ftital b the history irf this curve? And what points of principle had 
already come to light as one studied this curve in more and more dclail? 


LASDAU'S PIOSEEaixVG ANAL\T$tS 

In 1W2 Landau gave a general argumefit that a sufficiently large collection of cold 
matter citiinot siwUdn itself agninai gmvitatioiuil collapse. Hi§ argument wits based on 
the idea that dettrons supply the pressure resisiing collapse. The neutron wils not dis¬ 
covered until after Landau had submitted his paper for publication. Howevefp his argu¬ 
ments apply m welt to a neutron gas^ as lo an electron gas. Tbereforet Uitndflu's argu¬ 
ments will be rephrased here so aa to bring oiiL iheLr full generality: Landuu pointed lo 
the known circumstance that with incre^ing the materia! is more strongly com¬ 
pacted. fn consequimce the Fermi ga*, w^hich re^tiata the gravitatioiia] pull, IssquetKed lo a 
higher and higher energy per particle. Lltimaiely, this Femti energy rises to a relativistic 
leveL I'hereiiijsm this energy ceases to depend upon the rest mass of the particlc. k then 
makes no difference in the energy per particle, and therefore no difference in the pressure, 
whether the Fermi gas consisU of electrons (denaitics up lo g/an’) or whether ii 
consists of neutrons (densities g/cm®}- What counts is only the linear dimension 

of ihe region to which ihe panicle is coniined. thi a simpllfiod anal^^-sis one ascribes? to 
the configuralioTi an effective mean detositYp and an effective mdiiLs The linear dimen¬ 
sion of ihc nrgion lo which one particle is confined is then of the order k/A in the case 
of an ideal neutron gas conuunmg .‘I baryons^ almost all of which ftlx neutrons. In the 
case of where the pressure arises from electronSp and where the nuclear composition is 
roughly half neutrons and half proioniSp then the nijni:ber of electrons is only about half 
the baryon number, or ^^4/2* 

The confinement distance gives in order of ma^nUudu the dc Broglie ivavtlength. 
Divide into k to obtain the momentum. Then multiply bye to obtain the Fermi energy 
of compression per particle: 


)( .1/2 )'■* for electrons I " 

In gtometrtBcd units the correspond]iig nuiss-encrgy per fcroiion is 

Af,• fcm) * iG/ {£r/ - ( L* ’/Ji) j [ * 


11 AT) 


where L* » = I fi X cm Is the Planck length (see Table 2)p 
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Hi}V ILIBUM CfWFrCiUTL4Tfi! >NS 

Tht grttviiAilotiBil iriassrCi'fctrfEj' jK-r fmsiiuti is given in order yf magniltide Ly the 
'^i^imidatTl nlflsS*^ oa^ocialcd vviih. one feT7ilion+ 

14# ( = bar^™ raxassjin case of nEJulmn gas, 


^ 2wrtpfotoji+ n&ulrtin)in case of electron gas, 

multiplied by the effective average gravitalEoiial potentkJ, “ G.4iij/Jf- Translating 
this gra%dlation cnerigy^ to geomttri»ed units, one has 


Mq* iem }^ 


1 for ?i’ga5 

2 for ff-gas 



LID?] 


where = 1.2 X is the mass of a liar)^on. espressed in an (see 

Table 2). 

Both the compresiional and the gravitational energy depend m tlie same way upon 
Ry Landau pointed oul. Therefore, the decisive ijuestion is ihe sign of the totalis coefR- 
dent of I/J2. When it is positive^ it will decrease the lataJ encri^y to iniriitse- R. Then the 
de Broglie wavelengths will rncrease. The FErnii energy' will fall into the non-relativiBtic 
region. The energ>' of compression will then fall than i/R, Equilibrium—and an 
equilibrium w'hich is stable—will be obtained at some finite and natural value of R. Not 
so when the totalized coefficient of l/R is negative. Then rollapoe will set in^ Landau 
aigot'd. The criliE^l numbi-r of baryons at which the coefficient of 1/^ changes sign is 
given in order of magnitude by the equatioit 


jL* ’ A *— .4 = 0 for the neutron gets 5 

L*'{.1 / 2 ) *— 2|j,*“ ■» 0 for the electron gas } 


(iie> 


or, overlooking details^ 

cm/ 10-« cm)"-- HP- | 

1.6X 10-s-g-2X I0""g( -if0). 

In this way Landau arrived at a value for ihe tf/ mtUier v'kkk in itdk 

tf of ihe iif Jisr of jnii^^nkuilt. of ?aojj of Ikt. Suu^ Mg-r As revkwell in relrttspcH, 
l^andnu's reasomng Indicites that there should be two sq>arate regimes of colliipse, one 
at densities a little over white-dwLirf densities^ the other a 111 lie abo\^e norniul nudenr 
densities^ 

ft Es inleneftting to extend Landauime ctf reasoning to estimate the effect of a change 
in the constant of prcportiomlily L’ in the formula p* - 1* A 10 per cent incase 
in this constant means a S per cent increase in L itself and a 15 per cent incrcssc! in the 
critical inass and the critical baryon number [eq. fill]). 


TIUl CllA^'BkASEKliAli LIMIT 

The 19JS Chandrasekhar added to Landau's order-of-maimiludc discussion a driaclcd 
analyds of the approach to the first criticaJ pomi predicted by Landau (the point where 
d^JtoH pressure is overwhelmed) lm$ed on the follow'mg assumptions; {!) Xmtonidn 
equation of hydrostatic equilibrium (cq, [43] in ihe limit »*'), (2) cold mailctj 

(.1) pr^ure supplied by ideal degenentle electron gas, and by this gas alone. The Fermi 
energy of ihis eltctron gas starts at non-relariTOtic valus for low compres^ons (p < IOp 
g cm*) and rises to values great compared to for high compress ions, Chandtasekhar 
calculated in detail the equation of state valid thraughout the entire range of Fermi 
energies (eq. t275}-[278] below). (4J The gravitating nrmss assorinted w^ith one electron 
(the Tiiass of the electron itself, plus the mass of the charf'e-neiitrali?iiig proion, and <sf 
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GRAVITATION THKORY AND GRAVITATlClhNAL O^LLAF^ST- 


wy a^compatiyiriig [bouiid| iitiiiLrO’ns) fa takfrn l(j have a ^tandiLFd vaJue ^^i-, unajfecftd 
by i'miprtssim (no retadvistic increase of nrnss; no nudHtr EmnsiTmLationfl; no Enverae 
beta-decay of the type -|- p—^ ri + 

iTiieKraling equation of hydrostatic equilibrium starting first with one cenirat 
tlenHity then with another^ and &□ on^ CSiandrasekhar obLmned a curves from which one 
Can read off for every cenlral density—and therefore for every ^uilihriuni configuration 
—-the mass Af of that configuration* Ttiis Cbaftdra.'ir^h^r rurvt/^fr M rw a fundwu <?/ 
siunvsm miiximum. Instead^ the caltulatE?d 1/ approaches asymptoikaliy a fmEte bound ^ 
the Clmfidriisekhtir limits 

-WckiniSf* “ ( -1[£ / JVrfF P 

as the centnil density increases indefinitely to the point of 'k^eniral mish/' Apart from 
having a wel]-defined numerical coefficienG this result agrees with that of Landau (cq. 

Th^ (kdrm mass dms mt appf^ir m the ^quaHm. The number a.0iS24 U the solu¬ 
tion tjf an eigenvalue problem;* it fa a dimcnsionlcbS malhemalical constant such as 
r or e. When erne takes for the effective mass per electron 


or (5ee chnp. n. 4; rind Table I) 
n lit 

= If 42 X t cm ) = J.65 X 1 cm . lui 

he finds for the rhandiast^khar limit 

A/a..P.- L S a 0 X 1 fF c m == 1.2 f>A/o* , ■' * i 

a little more than the mass of ilm Sun, Ttierc is no oquilibrEiun for a greater mass, 
according to this analysis^ ()f course the Sun and more massive stars are hoi and crior- 
ntously expanded relative to the cold configuraiion considered here and^ therefore^ are 
nowhere near thfa Chatidraik^khar limit. 

THE CCFLIi SEimtOS" STAF OF OPI^XintlMFa ANB VOLJCOFF 

In further puFmant to Landau’s cDnsidemtions^ Oppdnhcimer and Setber point¬ 
ed out that electrons coulil not be compressed to indefinitely high Fermi energy^ as 
contemplated in the approach to the Chandrm-khcir centra! cnash, lii-Steadp they must 
react with protons tn form neutrona. In a fallowing paper^, Oppenheimer and Volkofl 
(tWQ) analyjied numerically Ihe equilibriuiTn configurations of a star built up from an 
ideal nculton gas. For this pur|>o&e they eanploye^l for ihe fir^t time the general-relativity 
equation of hydrosialic equilibrium. For L’quatiun of state of ihc nctJtronji they adapted 
(wiEh appropriate mas^ change) the non-relativEstic-through-relationstic equation of stale 
which Chandraisekhar had derived for ati ideal electron ga-s maintained at obsolute zero 
lemperatuTK. Their results for equilibrium configumiiomi had no cotrciipondFiice wslh 
those of (’’bandrasekhar for an obvious reason. They dealt with different physical condb 
lions and mucl) higher densEiies. 

For ceriittil densities as low as IG'- g/cm" arul less, the calcularwl equilibrium mass 
was under the mass of the Sun., With increase of the central density above 10'" g/cm“ 
the mass of the configuration conilnued to me steadily^ It reached a peak value of 
about 0,? of the mass Afo of the Sun for a central density pa in the neighborhood of 
li0“g,/cm". At higher density the rrtas^ appeared to fal! gradiialJyj approaching a Hmitiitg 

•‘SoluUiiii oi Ibe TjineTjriflen e^iuntiw^ n-f onU^r tt * .1l bir* Chondrasckhiif {1^30). |r. ">&. 'ruJjlif IV- 



FQUTLTB R lUM O JNFI CItraT ^OSS 
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value of Lhe order of 0.4 far infiniie ceniraJ rlensity. Oppenheirtiftr am! VolkofT made 
it plausible tlial the tiftiilibrinm tit jiiahU far all fonfigurations shi^i a/ iht peak u? 0.7 l/o, 
-to** ^5 iini^ iiffd umidhU Jvr fi/i! iht fmfif nmiimi tff htghtf ctfiJral daisUy. Since this 
point corresponds to the second ol lhe two points of in stability estimated by Landau, 
it may be called tlie Latidau4}ppEnhe.imiF-Viilki}{f (LOT I poiitl nf insfubUiiy. 

In ihc term [Kiint of Isistabiljty'’ to designate the maxinium in the curv^j 

for A/* as a function of ccntial densiiyj one has to be careful to distinguish this kind of 
configuration from lhe CoitfignmtLon of *'^ccniml cruinh'^ (p^o = Hhtc is mothing 
sinjcular abool the ilensity distiibuiEon for the critical L(iV configuralioii. llic chatfiC- 
toristic feature is only this, (hat here, Oppenhehner and Volkoff propose, the transition 
rMZEiLirs from (1) conliguraliQns which undergo rj4rf/f?Vw when sul^jecl to an arhilrary 
small perturbation lo (2> configurations which, w^hen penurbod, move further and fur¬ 
ther from equilibrium, in the liSrecLion of firplmian or collapse. 

TNVEHBJB BF.TA-DECAV; A UJin'tRSAL JlQVATiOJJ Oi? STATER 1llE FINAL ftEVTLATION OT THF 
fUtST POINT OF INSTABILITA ^ TIRI I'WH nAKEISUN-WAKANO^ lllLELblR CUaViJS 

What aboiu the ftFsi |.>oint of instability predicted by Landau, the uiic at rkunities 
'^lO" The sequence of configumlions calculated by Chantirasekiiar niarubes all 

the way from low^ central denallies to Itthnitc {‘'rentral crush") ajid yet does not shave 
any such point of instability. Why not? In considering this qiii'Stirjn three of us (H. K. H,, 
M. VV., and J. .A. W'A came to lhe conclusion thai this point of instabilLly ran never 
show up unless the equation of SEalc is physically rea-sonabk, in the sense tfial it n^akes 
proper allowance for the occurrence of reactions of the type 

e~ -h pi bound) —^n ( bound ur free) +j* - 

The problem w*as made well dehned by going tq the idealized Lunit in which (1) all reac¬ 
tions are catalyzed to the absolute end point of thermonuclear evolution, and (2) matter 
is at absolute zero temperature. This double postulate means (hat one does not have 
many ditiervnt equations of ?tate to consider, for different vnaicnab, biEt <Hie uni^frs<il 
f 4 }uaiwn of Halt ftfr edd^ njailrfr. Happily, tlementary considerations of statisti¬ 

cal mechanics and standard data on nuclear timsses together sufficed to determine this 
universal equation of state with acceptable accuracy fur Lhe whole range from p = 7,W 
g.-'cin^ (uncompressed Fe^J up to ^ values approatihing those of Lhe nucleus 10^* 
g/cm^) (1958 work of B. K.ent Harrison] rtisulls rcpOfLrd by B. K. H., M. \\\^ and 
J, A. \W in SEU; detaib. of derivation given for first time in pfesent rejKjrl, chap, x). 
For nuclear and ^pranuckar densities we accepted, for the sake of simplicity, the con¬ 
cept of an ideal cold degenerate gas of eiecirons, pmEons, and neutrons, in beta equi¬ 
librium, but with negiigible particle-paxtkle interactions. \Vc hatl not sttti at lhe lime 
when we reported this work (1958) the results of Schatzman.^ He had adopted the New¬ 
tonian equation of hydrostatic equilibrium, an excellenl approximation for densities of 
^/cm* and Jess. He had follow'ed the early conriderations of van All)ada (1W>, 
1947; sec also BufUidge, Burbidge, Fowler, and HovIe [19571) the the crushing of ek'C- 
trom onto nucki by pressure, Frooi this foundation SchsLtzman calculated a correciion 
formula in Lhe Chandrasekhar analysts. He found that the equilibriiuri im&s m longer 
increases inrlttinitely witli central density (even if more and more slowly toward an 
asymptote) as In the Chandrasekhar rcsulls. Instead., it reached a maiimiLm M ^ 1.29 
A/q at ICC^ The iimainiunt differs from the LHWW maxitnum. Also 

■Srt Schatzjnati (1956), fur a diicuas^on of which we nre iodebird to Fr<]f4ssor Sdaat^an; fi. 
SchAtRnmn m ititl c^tifr wark ul RajilAn (1V49), who kail irisdc &s«implioii& just oppc4itE! Ui 

Lbosc of tto invtrrsc- tHrla-drcay pixc¥iiMH» ihtnz^ JcerfHdji; the Chbndra^khar oqujitkin ai 

Slate) but tor the ^E^neraJ-relfttivity ef|i.untcm v4 hydrtBUik! equiUbnuen. On thcat quite dlf- 

fciTut ^^aenpLiona Ktiplan dsn found a. prak Ln lhe curi>T fur mass ae a fuiioliun of Ctntral Lbo^lly, UuX 
ai ea “ 2.S X 10'^'' if.^C3i3"r ^ “ bt K 10* cm, Af = O.^Turf The Chandrflstkhar Jimitini; nuraa 
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CRAMTAI'ION THKORY AND ORAVlTATtONAL CDLLAPSE 


S4;haUrri&n'£ maximun) maw, al ihun^mVr dtiuilv, [s ^aater tven thari what, (’haji’ 
dj^khur’ji limitiTW fortnula (eq. (1121, [114]) Hivcsfot fui « (^)(nia5S of At in/- 
nilt density; dAmefy, Af* « 1,Z6 Mo- This difference appears to be; tiACeabJc to the 
cirt.'umstftnC'fr that mo^i of SchQtzzEijUk'']^ mimerical calcu.lati(]ii£) aasuiiie an iLveragf 
number (A ) = l& for the doixiixiaiit nudear spedcs. Thephllcsof^y in the present work 
h different. What wilj be the dominant nuclear species is Dotspedhed m advance. Nei¬ 
ther h it dependent upon any special assumpdan about the past history of 



O D.S io 


Fto. 5.—KorHvii'WakanO'Whceler (FrUHiV) caJjtJDpke eJ all eqiiililfdun? con^^uratfdEii of c^oldj 
cat&lyEcd ratter^ HW a^tkon at *Ute, Intcpatms td cteitffll dfisity of 10^^ g/clIl■^ Wi; Inlegra- 
tioiu td B. K. H. Malian (d/jf^ftBatfrnbh'} In imltBiol the irLBs&oj tka $uii, ] X 

E (A/o* * 1-4T4 X cm), dt4s: pfJnli lai chaEigc el HitabLMLy. L fttAads for LaadaUf ‘wbo ^ee- 
dfCted the cxbtuice of die two rncttt importmt of thw Cfilkiil pdots. The KWW curve Jkpm ebsely 
m the range 10“ to 10^"^ g/ciil“ with the 10i9 ccetw ai OfmenbDimcr and Vqlkoi, who fATfe Uic fol ti 
detcnniiic ihe poflitiem of ihe LOV cHdal point (mudel oi Sdattl neuLmu gas}. FioEn bw daoiiUM up te 
g/ctti* ihc HWTf^' tiiivT for agTiGctio ita geaeTiLl run with the curve calculated Chandra- 
■MzkluLria for a Hihatancc deriving in prti^re from an ideal Electron jraa, and with au cS^cctEve mnwi 
per Electroa ^ equal lo ^ of the mi5i Of en Fe^ atum. Bm^evetr ths Chandbi^har curve Bhtvwi 
mjunmumj It apptoachtt an asymptote Ifaa/Mo « J-26aa the caniral deni3ty gr«>et to fanfinity. When one 
alkwa for the emhing of electrorM into combination with □rotonfi (HW cqoaticm of utmte} he arrives 
(IW8) al the LiTWlV mlinalpoinL 3dj£, critkai wdnta ifijcovertfft by Miener and Za^mhky H, 

by Harrison C‘1%4).. The muafeal scok^ show which among the acouftkal normal modes cif oscIiiaikMi 
(purely radial; spbeiicnl gymnieiry} are unitable (toflif wifcj) hjctwern one criricnl point and the neset 
(tliBCUKiimi in text). 
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InAtcftcl^ Ihe prc^seni ireaLmeiii la^isunifa ^ 4 lYULttirJr af pruidplt ihc unique Bird unlvirr- 
sal equation of atat^ of cold, catalyjsifd matler* For tath pressure there is thifu a uTiiquky 
dfflcrtninAj nucifar spedes which is dominant at that pressure (cf. the derivation of the 
KVV ^nation of slate in chapter jc and especially Table 14)* 

This HW equation of state can be inserted into the TOV general relativii]^ equation 
( 11 ) of hydrostatic equilibrium. One of us (Masamt Wakano,* also in 1958) mtegmted 
the resulting difTerenital equatioTL for forty-five valuea of the centroJ density, gciiiu up 
to 10®“ g/cm^ This range baa since been extended (by Harrison in 1964) to tCF 
The earlier Hl-W results and the HW equation of atfite have appeared in print in se\^- 
eral places (Hatrison d al. 1958; Wheeler 1962; Wheeler 1964^ The newdy extended 
results (1964) appear in l^gures 6 j, and 7^ 



Ftfl. ff.— aadSua iks a fuiHriCiDti ef the cefitrftl fw I he oqafiRiFmtinns ^ cata- 

lyicd HimtLer. liUegratidtli tif 10** iE/ci«S M. W*; to 10*“ H. The block Elota denote the 

eriUciL] pointy of -'^i where boiJi Xf* Kiid A Bit- extremal uriib la chii.n|e in of- Thoui^ M * is 

atadonaiy at a milijcal podhl, B li not. the "mribulonal pcicnttiJ^" (I — b 

chansiTig. A blggitr R lUt ont lide -of a. miLximuiD E.Iuu 3 un the other mrano a biKbcf pavIlMtioruil po- 
tealEalpfl bdjidfng, and thrrefofewith reqmrt lo newfhycunripfumEjofiidn the utker 

dde uF tii£ criLkal pubit. See Fig. 5 tw fyrFh<r Lkhtallir 

• lhanta are cxprsised Ed Dr. H. T. MoeJllly and Mrs, E4«^rtlTa Wcymunn of ih? SUfcJT ol the InitfUtEe 
for AdvaacNl HladyV MANIAC for kind coUabaratiem In ihio wiirk. 
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GRAVITATION THKORY AND GRAVITATIONAL COLLAPSE 


TTie Harrisort-Wakartio-Whueler oirvc lor equilibrium as * lunetioii of central 
density (Eig. 5) showed in 1958 for the first time tmik of the tritital points whose cmtence 
had been prediEiied by Landau. At thjj LHWVV^ point the becames unstabie 

against a collapse in which electrons are crushed into union with bar>'<ms. This msta- 
bility occurs at a pobiL well short of the ideal Chandrasekhar limit and for an obvious 
reason* a cold gas which has lost some of its dectrons by inverse beta-reattions cannot 
provide m mudi pressure aa a gits which has all its electrons. When the central density 
mcreases further, this *‘softnes5*^ is rcplacixl by ^’’hardness." The system transforms 
large^ into a neutran gas. A return to atahility takes place. This return to stability is 
mork^ by another critical jioint, at pu ^ 3 X (H\VW\ 1958), Then comes tbe 

LOV critical point X g/eni*)- In l^s Misner and Zapoisky brought to 

tight a further nuxiimum and maximum.* These features also show up on the extended 





I 

tt„T 


FlU, L—t'amuctiEHi between masE. en-d indhu fur Lh£ cutlj]i3:jriuin 0-f Ctikl, CbUlyted 

matter, [ntcgnliona lo l(P*g/cinL M. W.J lu 10"a/cin’p B, ft. H. DbjecU mth llie Kiac oJ nietenrtles iiwi 
plabeti lie BO fur to the left that liey can himil? be tnade ooL ‘Uht wihding-ti[j of tbt curve for 
valuer, first brai^ghi to llEbt by 9. K. H., b proved in chi|i. v to ^prT4:TA) leiiturc ci all UByiT^ptotiaEiiy 
t-bw cquatloRs of stale. CooMfiuehtly there Ar« infmitcly iwy critJeai pomti textrema of Af; Ha^k Mi 
ia diagram). Ac^^ubUcaI modes wh^ch iui$ ^ijoslahle ore usdicaled i»ti the tniiiiciil icale by bbfk notes; 
stable ancfi, by wiule eioIcs. 

* UiociauTlfijnsonAVakiuiii-Wli^ 

* m proof; Tsnnitii has hulepcrLdently found ibis maumum uatl minimum. 
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HWW curve, aloiag wiih still another irunimum al p® J X 10^ g/cm^ iound by Har¬ 
rison in 1%4. 
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THEORY OF THE STABILITY OF 
chapter7 EQUILIBRIUM CONFIGURATIONS 


tilZ ntrWKNCT OF TRF. ACOUSnCAf, MODES OF SPHERICAL SVHMETRY 

Whiii iei tht^ expknatiQn of these strange featiares in the ciir\'e for M its o funciion of 
As the centriti densiiy jntreases, does each fnaKimurti in if mark I he from 

stubllitj* to instability,^ and does citch minimiim algniil the return froin jostability to 
stability? That generaiizatiaii^ like the generalization that adl odd numbers are pdriie, is 
barnc out only by the first few estaiiiples* HWVV already in 195^ re5isortp:l tbstJ the 
LHW'W maximum marks the onset of Instnbitiiyp and thjii the JfWW tninimtiin showg 
the return of stability- a stnbillLy which Oppenheimer and ^'olkofi in 193^ made it 
pl.iiisibk to mnsider as diaapp^aring at iheLOV nmimom. I'o iillow adefinEtivc stabil¬ 
ity analysis, Chandrasekhar i 3 954n, h) and nlso .Misner and Z;^pd1sky (1964) have r^ent' 
ly fonnukued a variational principte' with the help of which one can deiermine the cirru- 
iar frequency^ ai> of the lowest purely radial mode of vibration ol the system (acoustical 
mode; w in radians per unit change in the group-thtjoretkally defined Schwarzschild 
time coordinate /, a coordinate which agrees asymptotically for large r wTlh proper 
Lime}. For this pnrpaise one picks that trial function, |(r} (simplitude of riidial displace¬ 
ment in the oscination), which minimises the e?q)ression^ 


X 


H-fllt + l) - tv 


/’ { \ - 2m* + 

Jt* 


Here we use the iibbreviutions 


II = \~ tm* r «ijSf d/n, 

^ II 

■ ■ St 

fin + n = / ( 1 - 2 ?fl + 4 m* / r 

Jw 


flu? 


HIT) 


MirLationai iirificljiEt^ b iff rived tmirti ffricirg>' in A|}|iciir1ii B, just u Ifac 7'DV 

equAtioiii of JayrirciatBUa; equililJTiiam wa* derived from ajnddertitjoai in chfipw ill. 

* THia oxjPiwiepi hua b^fi Detained ky UJuiR^unBipiif fnsrmu tn in iticll n vay 

thuLcvo^' quAiktEty whiErli Kpfmrtml n given poLtiL r will b? directly crpreEBrfJ In Ecmifi {xf thi: physical 
varmUes al thiU pisini. Thui., vrhwver ftppeafs In hiR f^mnula iw wrllt (3 — jmd wha:- 

tver appMjs we pqt (d- uq. (1 - ^Vr rcpfeitce the prt^re ffnuJknt 

dp*/d^ by + ^*Kw* -h 4iT^^*J/frC-r — 2Fft *)[; Ahd the chEmka.! prtmEJji] by {p* Of 

dp*/d». A-i^iNiprldte (et]|. |14j). Wo undci«uad by the lUnidard iMtyqii muw;lhiLi ^ of the 
miLK lU e, free BHom Fd^ (as m Tahir 2)]. and by the oiunbEr diuiaaLy at hiiryrx^, nnii.U 5 -, whrnr 
ChjLCHlntKk.har apeCuHzrfl WSL y-lnw equutlon of ataEc and wrilrt In Wic -rtf hia tmnH (coETEipnndtEii; la 
If ftbfwej the quantity ^jD, wc repbcE this hy its pm|>fir gentraliMtliifl ip* + « a dp*/ 

■* ii*d*fi*/dtr* The numbering I, Hr Hl-h baa b«n Emplcn'ril 50 Ehal djsc ean. If be wnshes, cl^k 
each trrm aa ta irmnafortnefJ sgalfinl the c^riHfapundlELg Enrm nti the right-ha.nd siilr ol I'handraHekhar^s 
B3. m. 




iiTAlim i'V (U’ KyUlLIDKIUM CaNFItSUILU lONS 
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anij 

IV™ / n — “jif ( -f w*;'f , 

The function which pi'oduceA the low'est value of the (rtuction (116) ts the ^'nnnaiui 
mode" or “lowest mode" of oscillation of ihe sjatem. This known, let one start anew 
minimtainK expression (116). This time, howev'er, demtnd that ihe trial function {{r) be 
orthogonal to (if#*) in the sense 

,fil-2m*/r}-^fHp*+p*Hdp*/'lnHU)h(r)r^^r^0. (itii 


In this case the exlremum i^roblem defines aiioiher fLinction, lhc "swcoml mode," 

Simllitrly one can dehne Jind t.aletilutc liigher modes, one by ooc, until one htis o com- 
pielcsct of modes, Siff), ii(r),.,., C,(r>, .,. , whkh—for convenience—one has multi¬ 
plied by such factors that they arc not only arihogona] but also nomiidued; 


^ j (1 lor Hf ^ t 
1 I for « = IIT ' 

In the spcciftt case of a sphere of iron of nuxleat dhnensions, whore thc tleiwity is 
practically the Same at the center as at the surface, the nirides under discussioti have a 
well-known and slinplc form, 


E(i-) 




— {hr}/3 for small r 
1 r cos jfrr — (Ff )“* sin i r 1 for aii 






112011 


Iplr) - frj- um Ar cffi* - 

Here the wavieniambcr h is sucti as to mifke (he density iiitd pi-trssurc pcrtTjrljHlkms van¬ 
ish nt the surface, r =? R: 

™ h( JT. (w = 1, I, J, . . . )i 

•nil 

C f/p/p)B = consUnI: ji* . 

In tile followinjt we consider the dynamics of the individual nominl modes at a nionumt 
when iht central densfity is increasing. 

For the lowesl moA^, n = 1, the density change ^p(r) falb manotonically from Ap - 
at tiic crater to Ip — 0 at the surface. The material undergoes a simple breathing 
oscillation. The dEspbeement {(fj vanfehcaat r = 0,, by reason of Sytnmelr;% but e\'ery- 
where else is direct ed inward. For the ties I m^ide, n = 2^ the matcrijil mm^es fim'urrf 
between r ^ 0 and r » O.Sftl Rj and outw~aixl froin that mxlfkl surface to r = For 
the mode n = 3 there are iwa nodal spheres w^hich dMdc the two regions where the 
fluid moves inward from the Dne btervening region where it moves outward, Morv gtn- 
erally^ in the nth mode the displacement {(r) liunbhcs al the origin and in addition on 
(^1 t) spherical snrfac^, or \ii a total of n points* 

Wlien the mass of theconflguratian is inertased, the density at the center rises. In (he 
course of this chiingc each normal mode of osdJktion gradually changes in Also the 
amplitude i(f) ceasra to be given by a formula simple as equation (US)* How^ever, eadii 
mode remains dearly identifled. The dtspkcemcnt t(r) has the same number, p?, of zeroes, 
as did the ancestml mfjde from which it derived. The amplitudea for different mod^ 
satisfy the condition (119) oE orthagonalityi Also the quantities Mr* rcm&in in nmnotonic 
sequence, 

CJl= < d^S < ^ ^ (I21S 
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GR.WmVTlDN TSEKuRV A\j> GfLWTlATIOXAL COLLAPSK 


I'll tic Diitiu n. Tht €OTifigura^wn ii stable againii ^rb^itrur)/ sm^ll pt^imbaiifms nf sfhrrictii 

^yntmtfry if aftd ofily if Is p<tsiiivr-^ 

By wav nf E]lu?ilraLion, coni>irier Lhe case ivhtTe cji® is nc^alivc U'all I bus 

the amplitude faclor TnuUiplyiTiR || dqitntis yj:Mjn time mA and al! ihe other w„^'a 
are positive {amplitude factor T>eri<tdic in with period ir). Lei the cictuaJ coiirif^ura- 
tion differ frcirn 1 he veitiilibrium cooffguniiiQn for Lhai. same nuiiihcr of bHn'cutHi, ,1, by 
a smalt inilial sstaliu radial difiplaccmeiit tp(r), Th^n at any kter tmic at which Lhc Email 
amplitude approximation nuikes sense^ the displutraieiit is 

tpi 

f ( Fh n = I, f 47 41) 4 11 f > Losh Dj t ^ t £,, f*) f M ( r ) LOS ^ 

The farsL tent], if il differs from aero at all^ eventually coincs to HionudaSc I he moliu-ti. 
pie incrHksbgly rapid inward flow of matter throu^^houE the entire system becomes mpre 
iniporic’tiit than arty nf the vibralory displiU'emeiKs iissociaied with n = 2, .. This 

is the siliiHtion wticn the '-t'ouricr eciemdtint" {i) of ihe orij^tnal displacement is 
positive; that is^ when the original displacement i(5elf k “pr-t'douiinjntly inw'ard/' 
When the initki displacement u predomfnanily out ward ^ and 4i} is negatK^^ then an 

flow becomes stronjcer and stronger as Lime advances. 

When not onlv but also is negative, then rtiw modes of Tiiotkm grow esseuEhilly 
exponentially with rime. However, the grow Eli erjnstant for lhe hrsi of these modes, a.]. 
e^cceeds the gtowijj constiinl, * 3 , for the second mode {cf. eq. |132|)* Tlierefore, the first 
mode, whrti it has any signiffcaiir amplitude at all to begin with fnon-negHgibJe \iiluc 
of liv, ill), eventually dominate, Thufi ;i sysEvni with bolh tj-i* and fiJa’ nL^ativc can 
be compufed with a pencil standing on lEs tip^ on top of which there is jww/Ai^ pencil 
standing on ifj lip. When an arc light projects onto a screen themoTion of the Ewo-|)encil 
system, two modes of instabilih- show up. In the ilowtr-grtjwlng iutkIp the angle of in- 
clinalion of the upfjcr pencil to ihc vertiral is I.4J titrus as great as ihe angle of inclina- 
tiirn of the lower {icncih and has the same sign. In the other mode the upper fjeneil hiLs 
— 2.10 lEmes the inclination of the lower one 5 and the txivuivnilal growth fntiSEanE is 
2 .bR times larger. This faster grow Eng recode donii nates in the case of the |Hiir of pencils; 
and likewl^ in th^ case of tin equilihriuni disLrihution of uioes in w^hich the two lowest 
acoustical modes of spherical s^mimetry' are both unstable. 

Afisner and ZufKikky 0^}, employing the variarional prlnctplt of Chandrasekhar, 
crilcutpitc 1 he value of for the IcnvtSl acoustical mcKie near the L( IV critical point. They 
find I hat utr changes from positive (stability) to negative (instability) aa Pn increases 
through the characteristic value, ^6 X 30^" g/'cin\ ftSsm'UiUai with this crillcnl point. 
This circumstance mean^ lhat contigtj rat ions arc unstable for values of pu far at least 
sonic disEanev past thi^l poiui. 

Hluit about the furiher critical point marked i/Z in Figure 0^ iocHEt^d Jitiit pa 3 X 
jr/cin"? There, as at the L<)\' critical ihe for Af ns a funclion of flu shows 

a maxinium. In the ntighborhoud of this masimum Alisnur and ZapoSsky again calot- 
laled However, in ibis case they found no change in EJi-e sign of wi* Hi or near Ehc 
maKimum in .1/ = The>' rqxjri that the lowttsl attmsliail mode is unstable 

ihmughtiul this regtun. They quisle one of ui* <J. A. W.) as reasoning that it is not the 
lowest inoile but a murk which becomes unstable at the AIZ criiica] p^jini. \Vc 

shall set shoriiy lhat the third acoustical mode becomes uiusiabk at this poinL 

So much far what has been learneri previously 11 bout the stability of ihc equilibrium 
configurations by calculating I he frequencies of aumsikai modrs^ Now^ for another pre- 
lintiujiry slep toward undersianding stiibiEiiy, tJiLs lime foctLsing attention on fttCFjgy. 

' the famEtUr norurtieritt fihiit jUriEfy this atabltily thrnrem;, htx any ^LicnmAry ni tht Ehenry -nf 
SFiml] departures Jroin iMiailihriuin (wnfli PrtLiJcarf, LLapCKilftCttT, and ^rorse |W;^4. 193?#, 19SI]j tis. 
l^ffnUi; (1958/; Lytllclnn nr GernnimiiA 


Sal ABILITY OF l-gLILIBRlLM CONFICURATIU^^S 
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J^tL'tMJVJCtl OK SOLUnOKS WrrJI KXl-.HtFV EXCESS 

Zei'dovicb (1962) comparefi the cojifigurations ju^l before Ihe LOV maas niaximtitii; 
(p& < pmv ^ 6 X 10“ with tht>K just beyoind thsLl inaKimuni Cpo > mxw)* For 

each ban'on number At less than the peat value Aunvr greater than some umpecr- 
fied lower limii, there are two configunitiDiis. The high-pEFone of these two oonfigtiratJons,. 
as Zel'dQ\n 4 :h can show from the fesults of the numerical integmtions of pppenhclnnrr 
and Volkoffp has a greater niass-ciie^^ than does the low-po arrangetnent. Moreover^ for 
.4 values suffidetitly low In mmparisan with .4iav the high-pa configuratiem even has a 
higher miiss-enjerg\’ than that cotTOSponding to A free bartons. This point can be sum- 
martced and stated with a little more precision in Theorem 12. 

Tmeohem 12. Tkere cjefjf stfluiwns Ifw g^cn^rat-rHulMy c^tnaiian of kydrosiatic equi¬ 
librium which have fjewjj energy relative to dispersed Fe*"* atoms at rest at inhuite 
separation. 

Figure 8 shows niass-energv aS ti function of baryon number (sdn^malJc onlyp in order 
to show all the importanl f-^turcs on one and the s^mie diagram), The hea^y Lne, [eading 



s,—llaffi-mcTE],' as related to haryopi number fichematJe j. slrmgti line: Ftff bnryona in 

ihf iUmdiini form of frei Fc^ atonis inasil ftf FB**Jd Utory tinss' Aa dnlacfid hy Jtcl dovith fmrn 

the auftterLcal rejwiUs of OppcabcLmcr anil Vr>lhoft, Ligkier liwtfr Ai iMjditiffliAlty deducEd here from the 
RW intcratiDoa. S« Fiff. 5 foe Kknd^iinn of cdtiiaJ pdnts. Here ** rfcMlca the limittnft cim&^r*- 
taun of Enioite deal ml deiMJty. The iafinittly many Icvdins to Ruapotal are non shnwn. Wh-en twu 

BKtd« of tlli curve meet jlI a. mdcnilpcMntr ihf configiiratiainB crti Hit lughet lying i?/ ifttsE ftw jeffprrlimve 
+ 0 unstable amilatfca] Ipuffly radial apbcricilt fryn^metny^) when the colifigupU-Dns ott the 

kivcf-b'tng lectiaf W U-n-stahJe acouallcal lism|es. The aJet™ jjivea the tbemiCAl fjpotenLiiiL oi u. 

barv^n anywhErf in iliE inlcrior of the cojifiguraii™^ and at iti iurface (r the foeffl “ 

- 2M’*/R)^. The dtiTereriiw In tbia dope bctwpffl the bsgher^ylnjj c]unfigiEniticffl?i wid ihe lower- 
Eying Coufiguratiocil ne^ir s peini in ike dkif^nm WiMe seidurs meti la directly connorkd with the 
operation m “pumping up ihe cnergj" of ihc lyatejn/* Thii upecution takes plftof in a cycle in which 
adds bara-ona (Lnil then tbem xvav (pointi l^V and LHWWJ nr takes Iheitl away and tbcti adds 
them (MZ and H pointa), Thb '‘pdffimiiis aclinn^^ h the faundatJod fcir an Importnni potnl m>tHi hy 
XeVdovkh: There aic con:^uratjorn wkkh are cHflK(jtwJ:y unatabk i^alnat breakup Into free re** atom# 
even Chough any particle is well boimd Co the configiiratioo iii cvcT>^ liiStonee (chemical t^ 

teiuial hs-p thoji theftandajd value- or a value of the gcnerml-relativEty miitatlonal potcntlaLat the 
surface, [1 - 2JJ w'hJcH In all COKS h 1™ Chan iinEty). Thl* ifntabilily Is auaJyiied more dieeply 

in the teit in lenna at the changing aCmbllity of indivldLial modes of acDuaticil vSbrattan. The lhi« pen¬ 
cil standing dp-to-Cnp ^tnkidliec the ^^itabillity^' of cciuillbritirrt conhiniralkna in the Bector ianduiR Co 
the 11 ckllcaJ pohitl 
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GRAVirATlON AS\} GKAVITVllONAl, nJLLAP^I:; 


from the U\VW tD rhc LOV siriticcil [rointp and from the Lt)\' iKjinl biitk to the IMZ poinG 
h tukeii Vfilh m<riii1i£!ii Lions from ihc paper tif Zerdovirh Cl’962)r' The up 7 >Ef of iJte&e I wo 
h<'*jvy lim-s crosses the strjii^ht line M = corresponding' to ihq ol 

biir^-ons b the form of dispersed Fe^*’ atoms. To the left of this crossbg point the equi¬ 
librium configurations on (hc fLO\'j'OIZ) brunch have excess tfirrgy, 

A conjuration with exeesii energy \b HHstahlr hi primipk agamsta caUecfiir irtins/ftr- 
muHirri in which it dispersEs into free Fe** wtums. lIoWe\Trt as ZeTdovich ^loints out, the 
same configuration iit. ihv sutne lime is siaMa. b another sense, 

TiJb^ORJiM 13. Ev^ry HitfiffgurtiUfm iJ jfoife ugamsi tiny rcmtjfimi iif 

—(Ztiyovkhj see nim Theureni 4 and cq, [l^\ above): llic mLisa-eiiergy (“Injec¬ 
tion cner^^"') needed to create a twirvon at the surface of the conlSguraiion-^r in iis 
interior — is /j+{l — 2AfUti^* is jfcjj- than the energ>^ ji, needtiJ to crest le n barj'on 
of a free Fe** ufotn) far frotn all gravitatjonLii attriLcitr^Es, Ihcrcforc iV casfs energy to 
remove a Wiig/e bar>^an (or a small number of bEin ons) from ihe sj'steni to infintly. 

Zerdovich invites aitenLion to tbt- aiialog>- between the orbits of intlividuid ^i^'ons 
in the mussive systein and the orbits of electrons in the Fertni-Thomas atom model. He 
makt-a ihe analog}' marc lively by imagining the idcalijced siiiiation in which the baryons 
have a practically unlimiied meitn free puilh through the configuration, as do the dec- 
Ifons through iht alom. None of these orbits ever reaches luri r-foordinate hirger than 
R. Every arhi^ is baitfid fri thf srlf-tkimisktU gravUntknisi jirtd of force r>/ j// Ibe xtifier 
parfkies. 

KnvSTKIV OS SOl.lTTIOS'S IMTII BStROY BXCtSS 

11 h imcrcsiing that long ago Einstein H93U] alw> shovetd Lhc tiisicncc of &eifM:t>n- 
sislent solutions with encrg\’ excfjss for a ^ii^lota of particles held Logether by iheir 
mutual grayitationui uLtriTLCtion.* He was coEicerned not directly with gravitationul col- 
la p6t luit wi(h (he SH.’hwHrr4<‘hild aingularily. Is it possible, he a.skcd, to blaild up a field 
containing Such a singutarity ''with the help of uctiud gmyEtuting masses”? He esciuded 
in this ccinnection the incompressible fluid of S-chwjiraschild {cf. Fig. I and usaociated db- 
cusiiofi in the lexl) us giving a spccil of ^ound exceeding the speed of light. Wilh ihis unc 
equation of slate violating caiisaUtv^ Einstein wjls concerned nijoul accepting an^ equa¬ 
tion of state lest in it, tooj “assumption llave been made which contain physical im- 
piKsjbiliiies," Therefor-e he focu^eil attention, on ''a wstean resemhlutg n ^herical star 
cliLSier . . . a great ^tlImfx^^ of snial! gravitating bodies which rtiovc/ircrfv under the influ* 
ence of the field produced by all nf them logelher'—w‘hitt in atomic physics w'nuld be 
cdled a "seif-consistent solution/' lie limited attention to motion in circular orbiti^. He 
showed tIuLl ^^thc Schw^ar^chlld singularity' does not appear for (he reason that the 
mEitter cajitiol be concentrated arbiLrarily/' thus answering the question h? had set 
himself. 

Our interest here in Elmiicin's models arises from a difierent cauftc—tbetr exhibition 
rjf the phetiomtnrjn of energy excess. To bring this effect [nlti viewp it is enough to 
considur his sirnplesi naodet: dal space inside tq — Ir* Schwajzschild g«jmelry frotii 
to m ; and particles in the thin shell between ru — Af and Fo occupy'ing orbits*^ w-ith all 
orlentatlfma of these orbits cquaUv probable, particlefli near the inside of this shell are 
subject to iklmosl no gmvliationaf pull; therefore, ihcir ccntripcEal acceleratipn h very 
smallj consequently they must move with low velocity if they Lire to remain in citcuJa'r 

^ 1 ihi>wi errily I ht anc LOV critiE^i.1 pHnl- Thr litatich. -rm bb curve is shnwn 

HA LchUlds ba-dt to iIm origin, mher tbnn to the HtVW ctitidd pomi indicateJ in the prescat Hk- S. 

■ Ein-stEin cMHdered a sphtnadiy ^ymTnetric artny uJ parlEcfc orbits. The samfl quealirtii ijhf HndirtE 
hns h^ifni exnniiact.l in LhtCasc of a CollctzllDii oE ortiits irf full tpJfiH/ritaf Symiaetr)' b^' Riivclmuckhiiri ii,rvd 
?ham ri^2), Wc ure indidllCiJ Ul Hr, Fh^vtutliUhifri fnr iIlummaLina rfi-icujaN-ian of thescrim fyipcps 
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arbits. Particles at thie outside of the sEell n^ove with the highciil velociti^^ When this 
velocily h a sizable fracrion of fehc ^letd of lift hi, the reLiiivislic cotilri but ions to the 
energy per |>artidc and to the gmvitaLianal attraction become agniiicaiit. This is ihe 
only complicaLion in the problem, Otlierwise a Newtonian analysis would suffice. More- 
over, the Newtonian aiiaJysi;^ shows stJTOe of the main featnres that are of interEst. 

In the Newtonmn ireatniem the gravitatlona-l poleotUl outside is —and 
mside is The gravitational energy is 

i/^grnvptiLtbnai potentbl )d{ mass) = — C{ /i)V2^ 

The totiilissed kinetic energy, according to the virinl theorem, is opposite in sign to the 
[>qtent ini energy' and of half the magnittide. The sum of the kine tic itn<l potent iai ener¬ 
gies can be Imtislalcd Into mnss and added to the mass before nssemhly, to get the 
Schwarzschild masa-cnerg^' as externally* In geonietrized uniis {see Tabic 2) one 

hus for this qusLtiUly the fQmiiita 

Jf* {NewioniaTi approltimalEoTi) (A — (T dr# . 

Uinstciji's result agrees witii this quasi-New Ionian formula for large fa (low velocity 
For generLLl values of rjt, including the case of compact configuratitwis and high vetncilies, 
where rdatitistsc corrections bcccFfnc important, his expre^ion for I he niass-energy is 
given less readily in tennsof re itself than in ttnris of a “radius parameter,” connected 
with rii by the equal ion 

ru= ep-?a)- (Un . U«> 

Here is defined as arc tan 2*^ * radtan — 54*J4T*r When fl la 0; the Schwarz- 

sfhild mdsus r„, of the shell ]ia& its minimum viiluo 

rjfmioimum) = iH082f *4|i|* ). 

The particles movinp' in the outer region of the shell have the majdnium pcrmksibte veloc¬ 
ity, the 5 [setd of light itself. For a htrger one has a con fig ttm lion of a greater fq* When 
fl^apprewches the quantity re to infinity. The speeds of thy particles in their 
orbits become smaller and smaller (New^toniiin limit). In terms of thift radius pafiimclcr 
B the niass-energ_v of the configuration in the general cast is^ 






1 — g) 

(tan ffd— Bo) — (lan — t) ’ 


tliE\ 


Viilues calculated front ctjualion 1.123) arc compared In liable ti with the quasi-Newto¬ 
nian values. Tuble 6 gives the mfuss^fnergy, M*, for a fixed tiomber of imrtides^ A, of 

» Fnsr th^ saM ai campaiitDra l he eiprcMfiioni- Ejnatisin, contaioinE iin aSgtIjrdt parameter in a 
rnllicr cmnpiicHlcd tutVr htCH traru^LitleEl here Enla Eerms of the IfipjaufnetFk. jifljainctef con- 
twcLci:I with f hy the rtUttufl ir « fcoi t A Isa li^nstetn umb canlormal Cctiirdi- 

itJtttff and a coares^HindixiE C4»mliiiate ridSUl rf,. whereaii the quondtj' r (»f f&> m the text h tht iJchwjLre- 
Bchild coordinalE r, dcfifuKl by the dtenmatance that fd& tlErectl>^ wlthiml aay comctkin Jaetof, 

EliBtancc a great prciei, Nntc that r m r^fl -|- 1/ •/Zrji*. In tsmui (>f tha r cmpltn^ed here atiil d?w ■ 
where in the- presrat juticlcj the mettk u-ntlsklc tliiviieEa'fl clnater of jwilkln b 

- ( I - l.WV>)<i^+n -3^VfVO“'^r=+r^Cf/^* + sm* 

acKiiiiBiicu _ {, + + + 

'J'he crjclfident of dr* changes rapullv httt smootlily over the thickness Ir ^?f the ihe]| from I irtsldc to 
11 — OUtBicics (cKtrcjije value [1 — Cl/i>p “ J for ^ r^.jw in taJile 6}, TlirtHiffli the BtLalj-Bii 

of ihk change- anU of ihe atcompanyiftg elianfC in Jiftjticle veincLLtcB—Eurtltsm ii Eed In ihe furank^ 
□r hta riaper^ fontiulhe nffM^rted here in the fl nntatkin. 
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resi mass when Uiese particles iriove in drtrukr orbits coniiniiNj ixi n Lhin sph&ritiii] 
shell loc^Lted at a value ru of the Schwar^chikl coordmaie f. Here M^s* demitesi the 
quasi XewIonian stppnKdmstti&ji for ihe mass (eq, fl25]) and Mg* denotes Einstein^s 
full Ecnctul-reLitJvistic value Ivq. [128]). The truantJly & is the ^‘nidius pararaeter^^ de^ 
lined above. The conrij^uriiMons which, ancoming to Einstein's anak-sis, have excess 
L™rgy (over atlcl above the same numbir of free particles at rest at infLnile separation) 
are itntrltcd ^Ith asterisks for ease of idienijhcatian. 

From the numbers in Table 6 one sees tlutt Kinstein's value for the rnafls-energ>^ of the 
sj-stem agrees closely with the qtiasi-NewIonian value for a cluster of large radius od 
low velocity, as eaqjected. However, for more compact cuflliipirntions, where velocities 
-approach the speed of light, add relatmstk corrections become imjKjttatat, Einstein's 
fomiuia gives results s^'stemacically higher than equal ion (125). For ii sufficiently com¬ 
pact configuration the increase is great enaugh to make the total mnss-energ) jerrtf^rr 

TABLE e 


?VIaSS-ENEHGV, FOR A FtXEJJ NUUS]i}t OF PARTftl.lM, A, OF 
Rest Mass, ju, Moving in Circular ORam at r ^ 
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than that for the same immlier of free partiries at rest at infmilv £;cparalion (last three 
rows at table). Thus ter wwj/ conclude that iht syHtm is ^P^ pritieipt€ MKstdblt ti Ctd- 

lectm rhmji^t kadifigio breakup Yet (he orbfi af my fine pariicleh stable 

mat! pfriurtniitius. The pirtklt is bimnd. Ii catitufi ^si-apr hififiiiy by iisrlj. This 
^‘stability in the sniull and imtability in the iarge'^ k ihusa properly not only of certuin 
of Lhe equlhbnum configuralions of cold, cnlalysir^l mutter^ but at^ of ceruEn of Ein¬ 
stein's dusters of particles. Furthermore, it is a feature of a third kind uf organized sya- 
H "geon/* 

A GEOS A$ A XrilRD F^XAWPLE OF A SOLUTION W|T3r ENERGY EXCESS 

A geon is a collection of electronia^etic radiation, or gravitational r-4d^^^Sion^ or both, 
held together by its own mutual gmvUutional at traction J I'he concept arose directly nut 
of concern about the issue of gra%'itaLional collapse. The high deDSilIes encounlertNl in 
late stages trf coHafise presenuil^ and still present, Essiirs about the equatioii of slate of 
highly compfcsfitid matter. These issues in turn demand for thdr solution information 
about ckmcnlary-particle physics Shat is not avaikhle, fn !o<»king fnr a way to sidestep 
these issues, one naturally recalled that some stars derive their encrg)' almost exf lusively 
from particles; others, from a mixture of rwirticles and radiation. The extreme Ifmcl of a 

^ J. A, Wheeltr, KichOnycr Memorial Lccturei, Voric, JafiiJiar^-, ly5H (iiinpuhtlihiHJ) ; fur ample 
Bphrrkalgeonssw (lfl55>; to rhenniiJ gaiftfi net Bower fiini] WlievSef f these both rfuriJUeJ 

in W heeto 11'>6IJ)5 and for sravitmtifinnJ gmtii \itt Brill and tlurllc 
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system deriving iU rnassMuncrgj' from radiation alone liiettfore &iijggested itself. How¬ 
ever, with no niiittir to pro'^'ide opacity and to dam tip the radiation against eSdaptp 
stability coiiid onh' be mnintaitied by excludiing all photon orbits in whii'b the motion is 
purely mduil or even largely mdiid. This requirement is easily satisfied, [ind a hirye class 
of geons turns out to be open for investigation. 

One of the simplest of these gravitation-eltictromagnetic entities is Lin elemeniari.' 
spherical ge<>n. Here the motion of the photons (apart from aero-point radial iwcilla- 
tEon) is purely langenti^L The eleciromagnelic energy is confined lo a shell of itiitiimal 
thickness located al Some definite distiince K from the center. Iti letltss of the 
energy of the system this distance is R = 2-2S M*. The syslem as a whole is in equi¬ 
librium Etgainst uny change in dimensio-ns. Moreovetp ihv individual photons are well 
bound. Any eswipc h possible only by a physica^-^^plit:*ll tunneling proceaa. The tiuiTiber 
of vibnitiiin periods required fur Kcafje by itiis ntechiiJitam becomes large esysunentially 
fast with incrtiise in the ratio 


_ (roper etrcu mfe rencc yf the Jictive region j 
^ ^ ^ "" 1 Wavelength of the 1 rapped radEatioii) 

Therefore the syiUcrrt CJin be made as stable as one plea^-s agiunst tscape w/ indi^Iuiil 
phoiiiii^ hy making up I he geon out of radiation ol sufficiently short wavelength. 

Slubilli_v against escape of individual photons, yes; •UEihllily against a defur- 

nutiun, leading cither to coUapsc or espludon, no. Consider a slow change in which the 
proper cirLumferenct of the active region changes from 2^1? to 2irii.* The wave* 

nil ruber uf a topical photon (sbinding wave) is aliereti from 




lire mdiat component of the wuvenuntber ('"zero-point Dscilhition^'^ in the thin spherical 
shell) is negiigtble by comparison, lliereiore the energy of tlie individual photons can 
be cjilculaicd directly from The iutn of their energies, ihat is^ the total eketro- 
!Ti 3 ignede maas-energy^ of the system, La Lncreasetl from ils ortginal Villue, E, by the Sunie 
factor of change as niultipliefS fttiiiiA. H becomes (J? d)E. 'fhe gravitalioaiil mass-energy 
of the system aiti be estimated well tnough I .>r the purposes of a qualitative discussKsn 
bv' the quasi-Xcw'iortuin fijitiraximation of e.'quation (124); thus, 

if*:=«-[ nEeciromagjict ic mass-energy) * */ 2 d . • i ' 

LToinbinlng electroinrigTiclic and gravitational contributions, one has for (he lotril mas?.- 
encrgy of the geon in the present approximation the result 

- iER)V2a\ 


This expression peaks at = 1.5 ER. ITie peak value rytiresents the equilibrium mass- 
energy of the %stem. It is connected with the equilibrium radius by the standard 
formula for simple s^jherical geoiiS-, Af * = 1,4/9)a. However, the mass-energy is evidently 
a maxmum at u- = 1.5 ER. There is equilibrium, but it 1$ umtnhle 1'he sys¬ 

tem ia unsUbIc against it collective motion in ivhich the dimensions of the geon ehher 
grow (“svstem running downhill on the outside slope of the potenlial hill low^ard disinte¬ 
gration into fret radiation'll or contract r ruiming dow n the Inner slope of the potential 
hill toward colbips^e"), Tlte analysbi of the equilibrium and its insuhilit)', given her^ in 
terms of quasi-NeW'Ionian reasonings has bacn justified by Brill and Harlle (l^Wvta - r) 
on the btisis of general relativity and first princtplefi. 

* I'lllfi- fi>lli:i'UiEiEf diuiuEfiioi'ni Ie [ulapttld ffionfi ihr I'Stfil Les Huucht^i Itclarcs rif hw-let ^ 1^*4). 
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TlIREt: KLVDS Oir SYSTEM WITH li-NKltGV J^lfCTESfi; A COMl'Al!JSOM AST> COSTKA^T 

The geon frcnii Ein^rein'^ clmier of piirtidea msd fram the equilibrium ion^ 

figurations of told, cataly^wi matter in two rei^pt-cls. eqiiilibriurri for the gean is 

nlways unstable- for Lhc duster and ihe SUr, sfjmeLimes unaLablCp soTnetimes stsible. 
Second, when the geon exploded anti all the energj.' is esttneted from the jurfiducts of 
Tiifihing is Ufl, [n cont^t, itrl ihe duster or (he star be in a ccmllj^ltnilion of 
energy excess. Let it ejcplodt. Again extracl all tlic onerg>' from i.he producta of explosion. 
The energi,' madeavaitible in this way for use is only a sEiudl fr^iction of the total nui&s- 
energy of the original svsi^m. The bulk of that jnass-vnerg;^^ Ls unavaiUhk. It appears 
41S the sum of the massfej of the dispersed pjirlielea, at r-cat and at intlnile sepiLralion. 

Despite these two differences between the gran and the two kinds of pnirticuLite sva- 
tema, there is at the enci jkn even more important pjint of similarity ; AH ihw iyp^s af 
syjieffi possess cmjiguialims ’Ufith Moreover^ iMs t^nfrgy rxcejs irom back 

in swry c^se £a fAf Jir™? imim: to pdrikk^s rir rtH^iaiion {ravtling da^se /<? ar at the speed af 
Sight Neither Biiistein's clusters of pKirtides nor the equilibrium configurations of culi!, 
ci4talyE<?d matter manifest energy excess excepr when the configuration is so compact 
that the yelocsties of a sizable fraclion of the {xirtides are relativistic, ll does not matter 
that in Einstdci^s cluster the fxuticlcs with the highest vdoidiivs are at the outside of 
the configurailoiir whpeas in Ihe cold star the highi^st pressures and greatest Femij ener¬ 
gies and fastest yelofitits are al the center, "nie important point is that ihcst- Axlocilies 
should be rehdivislk. Utnier ihese conditions the pressure-iU-nfily fekiEions for a collec¬ 
tion of l^artides approriniMte those for a colleclion iff jifiotons. That onlv a fraction of 
the piirlides are rcktivisiic in Einstein's duster or in n configuratlorii cif cold, fjtlalv 7 ,t*d 
matter, even for yerj^ high central densityp is responsible for the limtlcd magnitude of 
the energy excess in the&e 1 wo Enstnnees. (Wy a fraction iff either kind of syatein is com¬ 
parable ID a geon. Tlterefore, ll is mitural tluu neilher should show the jjhenommon of 
cnerg\‘ excess in such extreme measure 4 is flues a gconl 

Id-r (irallon has noted in :i jjrivate discussion (December, that there exists in 

principle a way to front a duster wilh rnerf^' fxc-t'sa to n geun with energy exce^^: 
Let the ciuslcr contain as many paniclt^ as iintipartides. Let It be nrr.mgcri, by the 
spacing ol the orbits^ so that a parEick- has a go<icf chance To annihilate an antip;trtkle 
uniy if the two inumcnta are nearly equal in niiignilude and i>ppo.rile in direction, I'hi^ti 
the two iintiihiErition photons will tnivcl pruliTcntially nearly tiingentially. This is the 
diret'Eion of molinn most favoruble for retaining the photons m ihu rtjsuhjng gean. Thus 
u configuration with an energy excess of a few ppr cent ai rnosi will be transformed inln 
a system with ItHT per cent energy excess. 

HARYONS ADOtLU 4.S"0 n.^RYOXS TAKHN A WAV ]\ HKFTATFVD CYTLES TO PL'AIT tlP'* 

TtU-. trKXTR.AL DENSITY .4Nl3 TIIK T.VCT;sS ENERGY TO M.AXmUAl V.Al.tTF-S 

^'Energy esecss'- and acuiistic-al mcxlest a table and urwtiible: What have Lhese ideas 
to do^ Vidth the mlmite number of maxima in The l UCA-^e of equilibrium mass M* a^ a 
function of the ^central density pui An.swer: .As ihe central density in^:re^Ule6 Aklthoui 
limit, £Llarger—-if ncverihclesa resiritled -region of lhc deep inUTior tomea to pressures 
so high, and rcmil energies so great, that condiiions ure effectively relativ^isik or 
‘^geon-like.’* 1’he energy excess of the systeiii iTicreast^ relative to the s^une number of 
baryans m rest at infinite seporarioiL MuW't^ver, this steady augmentation of the energy 
excess and siteady rise of tlie cenlfal ■densitv daeh" ual cunit about b>* siead%' addition of 
baryatis to the syme^m. In steady ikf. frucliimt!} mt-rg}' rxcejs |(A1'* — AjWi^)/,]^i^J atlJ 
fiwe^niraS daitHy arc baih ^'pump^^tJ up" (tmard S St fir iintiiing by ^£n infmte sfrks c?/ 
a^ciliaiary dtangr^ in Skf baryan A. Moreover, at each stage of the pumping 

process the sy.stem d eve lops a higher order of instabElity, 

This concept of “purrspiiig The ctnlnil density iriay he rcAucwcrl appropriately ir 
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broiid Quilinc before one Itims to aiiy dctnil ^iboul the entrg)" chanties iind ihe nrder^ of 
instiLbilhj, 

Any given cycle ol tlie "pump*' consists of two opposite strokes. Tlic jlrsi stnjhf pro- 
a-cd^ to ihc rifjfht in I'lgurc h; that is, proceeds by adding baryons. An example is the 
change from pKiinL HWAV r'suirtlnp coiifiguniiion^* for the second cycle of the jmnip} 
to point LOW Ihc ndded baryoTis jitigment both .1 and AfHowever, the increase in 
if* h Tiol ns griMil ns the increase in J ntullEnlted by ihe nia^^ of a/re# biiryoti. The 
baryonfl are bound. Tlic lighter the bary'Dn binding, iheiowcr is the slope ttM*/dA coni- 
pareif to the free baryon value (dashed^ straight line in Fig. fl). The stroke Sh>p.s 
when the system conics \on critical (ftnuthnuni in i/*), This point marks the 
beginning of a new branch b the Cur^'c for A/* versus ,4 (I' ig- 

Starting from the newly attained critical point + the scctiud iFlrokt; of the punip' proceeds 
lilt left—fir, in I lie eximipSe, from innini IA>\' to ijoint MZ, ah a nf Imrr 

[n ihis stroke ban'OTiS are rcniffrf.d from the systttn. For a given change, 
^A.I, En the bary on numher the mass-energy M* does not drop fls much in thL^ stroke 
4s it rose in tht |ireee*ling stroke. CDnsefjuentiy there is a nei gain in M* and gain in 
the fnictiunai energy excess. 'This net gain h a link analogous to climbing a mountain an 
a ^figjr^g road of a fecial kind. Oil each sector of this rcKul betiding to the right the slope 
is ^iteep and lilt gain in elevation subsianiiaL rin the next sector lo ihc lefl. the r<jad u]y- 
pteirs Icj Ikj aljatidatiEng ils purpose, for it Io*e5 altitude. However the downward slope 
LS modest. From each point on tliLs sector one can still look down on the track previous!}- 


I’overerl and note I lie ga-in[ 

Only hy thift iigziig iroursc can Af* mount la values gr^a/rr than fi,A along a nKidw^i}' 
W'hera evenirht're dM* is less than 'iTiis itnpartatit abseiw-ation one ow=p to 

Zerduvich (t%2), How'ever, he cuntemplated a roadway with only iu^ seniors in it^ 
meeting at the !.•< critiail point. We see from Figure 8 that the actual situation is con- 
sidenibK' more complicated. First, infimidy many must be traversed to uttairk 

the •'sLuiumt''^ where central density is infinite. Second, the ^.'artiest xigisags ffu# devadon 
rather than giiitnng it. The reas<]ii Is ampk. The urst zigwig has to do with configura¬ 
tions of densities cottsidembiy less than nuclear densities. Here ekclrons provide ihe 
dominLiLing Contribulion to the pressure. Tlie binding Is only tai>desl. la other words, 
the effective masss per liaryon in the system, is less than the ^^stfUidarri mass 

of a ban.-oiip*' a* kcc Table 2), only by an energy of an electronic order of magnituck 
(see tables in .Appendix A for details). Ln contrast, iht next uphill segmEnl rHW\\' lo 
LOVj carries the sj^stem to specific energies, Af'/.d, which (1) arc and (2) arc 
Sowtr hy an energy' of a inii'ktff order of magn Etude. Thk ener^- lowering is reascmstble 
because a aubsta-nlial port of the system has now become oner gltitlt nucleus. Only in the 
outer region are individual Fe^' nuclei to be seen. 


Theorem 14 . Th^ binding d the Wf critkoi poini is hmding ’u^kich cun he 

ackia'fd—uceurding to the /fir equulwfi cf siate —I'rt any equitibriuM c^nfigurnilfm of 
ntld, ndalytieti matiet hdd together by tnen mutual gravifatwii. 

By the w'ordbg of this theorem we. exclude any sysicm which is undergoing griiviia- 
tifinikl i:o|lupse, for it is not in equilibrium. Figure 8 shows qualitatively the superior bind¬ 
ing at ihu the LtiV ctilical fwinL. Jlowc%'er, il is not obvious from that diagram that the 
binding at the LOV switchback is greater than that at the earlier LllWW switchback. 
The electronic order of magnitude at the binding at that earlier critical point had to be 
l^'^4ggcratt.-^l in the draw-ing En urdvr lluit il should even Im; vkibk! The most reliable 
indicalion uf the binding is to be seen in the tables in Appendix A, giving bo Eh .^f*/.4pg 
and f£, ^ There the content of Theorem 14 is obvious.* 

' Jf Qnc ciiLiTiI[LC 2 not {tveruga cnci^y prr porLkl# IhuI the prr filJt itddal p\irt(di, Qt ihi? 

ilLuinlity ohc Jiodi UM it r^aclie* ltd mShinium value of U-Mt t \t%tlfi brryi»f4 ihs LC\’ 

s-wiLchhark, expected. 'I'h^ ininEmuTn vakf can be rc^d tithfr ( I) from the ublcs in .ApfurniJiK A or 
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Orict iht system hjis became iriVSehLijilly ntitlear b tb.irdCtcr, with niirleiir stiffness 
iind ihc corresponding ability Lo be worked upon by the pump, then each pair of back- 
.ind-forth strnkea does at Last steadily ntise up the average mass-enerjiv per bitnon, 
ntt limiting value Is reached oniy after an infitiiie number of stroJccs. At this 
timil the Ceotral density is infinite and the Calculated (H\V equation of state) ratio of 
mass to mass before iissemblv is = l.fVtS, fThe caleuLafed tin^itlng vaJueof jk, 

dM*/iiA fa 11 -2 X U.Rill'- tim,) 

STABILIEATIOM ftKQUIkfcLD Ti} KJlAC'JJ UNiaTAitLt Cf 

Al] but two of the “strokesof the pump** {on^ln in [M, J ] duigrani lo LHWW nUisiniutTip 
ritui lIWWminimtitTi to LOV rtiri through configura lions for which thccquiiib- 

riujn is unslabtf. For the leftward strokes HWW ^ J.EfWW and MZ LOV' Ihe inatabib 
ity Ls a_s simpEe its that of a ladder siandmg on end without stjpporl.. One Citn imagine stcon- 
trnml which arl iiitiaUy stabilizes the system at this othorwisc unstable position of cquiSib- 
Hum, .Aroren\ner^ Insofar as this stabiltsfier maintiiJiiis the ^'slem exactly at the equilibrium 
pnint, ii does not have lo supply any ^tabfiiyJng fora. Only perturbations intnxlLiced 
froiti ouis-ide hii\x to Ik? resisted. The smaHer they arc, the smaller the demand imposed 
on the stabilizer. Therefore it is appropriate lo consider the ideal limit in which the stahi- 
lizer (1) con be neglected its a mass-carrjdng system in comparison with the configuration 
which it srabihzets but (2) convcrls iinstabk eutiilibrium lo suible equilibrium. Sitnilrtrlv 
at higher modes of stabilil^' one sees no obstiicle in principle to an arrangement in w'hicli 
one traverses lf// the zig^uigs of the (M, h 4) dtagrani. One slowly adds baryons to approach 
crilEcad point and takes them away to get to the next critical i>uinl. Without the 
stabilizer,, the instability of the a^'Stem in the course of the kiter strokes of the pump ia 
to be compared with that of a tegtirnce of ladders standing one on lop of another. The 
final limiting configuration (pn = ®) is in efiecE reached by a tower rjf infijiifely many 
ladders w'hich^ without the stabiiizerj would teeter in an infinitely precarious equilibrium. 

THJi mUPLED RAI LS OF CELAN'GE OF AKD .4(^) 

'rurn novr f roni the meaning and measure of energy excess to the nmlheniutics of mass- 
energy and its bearing on I he stability of the acou^lita l modes. 

Tuli^hkh !5r Tfw jjttuj-rurrgy a/ ati tii^mlibrium i^n i^diabtitic 

itddUitm iff ^amuvd of btityt^m ai a rak Kiirn by /Ac ffrrmuta 

dM*/dA=^,*[\-2M*/Ri I . 11 

This theorem is a direct consequence of Theorem 4 and equation (27) (sec also cq. 
I54j). The word ^'equilihrium^^ is of course understood here in the legalistic sense of fhai 
term: the malter is assumed to be cold^ so that there is no energy flow lo the outside; 
and catalyzed, so that oil Lbennonuclear reactions have gone to the absolute end point 
appropriate to the given pressure iuid lemperalyre (0* K)* 'Fhe wiorfl ‘^irtiabHtic'* im- 
phes that Ihe removal or addition id a particle is lo he carried out sr? slnwly that rise sya^ 
tern i.rjinaformssmoulhly from ihe slate of equilibrium appropriate to .1 baryons lu that 


{21 by rrcallitig thit fme d.\f*;dA ^ (1 — 2.t/“ tucajii redshiftunh'fhus^nn 
a graph sbowiriK ibe pair nf values (rW^, R} for till crujillbctum Ci:?n&HU.ni1iciria (Fig;. 7 transposed to a 
soile), draw a -ilraiKbil liruc ihroiiffh ihe onjpn vaSll the. tatg^^^t shsp, ,1/*, M = tylinl, whJds will 
make CpntauL with the- carve. This iiodnC of langency lies lielu'cen the LOV nmrimum and I hi? mtni;- 
mum. I1w sliine lkT the Ijite V6 0.346, whence U, I Lm * (1-2 X 0.146)'/* — 0.S42. Thus an ai.lLtft!| 

iiuD alum zuJJs ^ iki DcnE dE Its mii^ Lo Lhe avsteai, Lbur lo per fri^liiiteil away. CPFl'^ 

trait thowr rxfjTr™t-tf riumtairs with thiwc for addiLiuns to Schwiirzschhld's crlllcal ma^ of a rtuid with the 
impossihlc prapeny nf incnmpiVJSiilality : 3-J Cent 6f tlutnic mjuti added, fi7 per rent radialrd away 
{ttj. IS4JL 



STABTLn’Y CJF liQUTlJBRrU^l CONFKIURA t loNS 


hi 


appropriate; to (.1 + 1) b[in'on;^^ with no hcatini^ or other litpuriure from e:qtjilif>riiifn 
along the way^ and wilh an idEitiijEed stabiluser used where appropriate. 

rm^OBEM Id. M* Hfid amiUbrium tmfiguraihns rc^ck Ihcir maxima maf mninm ai 
idrntical ^ valuer ^^^criticai paixits^^). 

‘ITtat and rfpi^ v^hh at idi^ntical points foStows from (he hniEeness of 

the chemical potential on the right-hand ride of equatiun (132) (Zcrrlovich 1%2). 

INFINITf; OTMlvN-filONAT. CONFIGUBATION SrACt: AND mUTE.lL STAJaiLITV 

In the first-order change of central density from pq., f,rjt “ to Pn.tt^t + j Apn there 
is no first-order change in nifLsa-energv or in baryon nimiberH However^ there is a first- 
order shift m ihcr petsition of the mattrial^ 

ir {£(■}= |dr(dt> p9)/dpn I ApD-i dlil 

Here the '‘particle laber* a tells how many batons arc stirrotmdcd by the thin spherical 
shell of malEer under consideration (0 < a < -^1), and r{a) gi%'eg the Schwarzschiid Co- 
ordimtle of this she!!. Xot only Ihls Sfwial diftplacement Aj-(a) hut also ever>' small dts- 
placcnmnt from a spet:!^!^ coniiguralioti may be rej^arded as a contra variant vec¬ 
tor for, todays a “-tangent vector^) in the infinite dimensional can figuration spaice, Thi^ 
parLieJe label a tiistinguisheft one cpmpEjneiH of this vector from another* The quantily 
3/* {(Dr a Ibccd nuinbt-r uf baryans, .1) is a function of fw.isition in this configuration 
space^ The gradie^ii of M*^ otherwise knowm as the first viiriationai derivative^ IM*/ 
ir(4)f is 4 cava riant vuctor (or a “one-form")* 11 is so defined that its scalar product with 
the dtspiacement vector give's the first-order change in 

[calculated to first order in I r I fl 1H eq 4 3t 1) =/[ r(a) | 5r{e)</a . rN4> 

Here the integrathm over a tahes [he place of the siimTriation over indices ihat is so 
famlltELr when one evaluates the scalar prfjctuct S of two vectors in a finilc-dinten- 
sional f^pace. 

TiiEOkL-iM 17. Ail eqitdihrifinj cmrfigurafifrn pf3;;sesses a dmtackrixik af **vibraiit??f' 
ti/ u'ri> frciiuiHcy = 0} and antywlKn cLM'/d^n « 0; Ikat pnh a mtimi 
ptiin(. ike dis/darrmf-ni I'w tftis tkaracfiirisik nuidt is givm by f/ie special 

menl i JdJ) ussecialed udth /Ac iRCnase of Ike demiiy -u/ ilk rew^-cf. 

Discussina and pfoaf ^—A system is said to possess a mode of motion of zero frequency 
w'hcn, starting from a con hgu rat loti nf equilEbrium, it Is carried by sv first-order di^hLce- 
nient to anotJier equilibriiim configuration. The absence of forces both at the beginning 
and at the end nf the first-order displacement means that no work is done in the dlspluce- 
ment, even to second orrler. Therefore no cncrK>‘ stored up or set free such as is needed 
to drive the displacement. An example out of mechanics m a two-dim ensiotial splice mav 
not be out of place to illustrate the qualitative situalian In infiniLe-dimensional Coordt- 
Hritc Space. ITte jiolnt 4r ^ i\y fl is a point of equilibrium for Ehe mntion of a particle 
under the influence of the potential 1' ■: fj/2).r^ + beca-uSC all componenis of 

the force^ = —jx, F^ = —ky^ vanish at this point. ITie same is not so after this 
ft[>ccial dLspbeemcr^t: (x, y) from ro (Aj, h)\ I'he new point (Ai-, 0) is not 

in gpjicral a point of tquilibriunt. liow'cvctt In the special cstse in which j is st:ro (!' = 
Jfey®/2J the new point is a point of equilibrium^ though removed by a fiist-order displace¬ 
ment (Ai;, (1) frusn the i^rEitimil paint of equilibrium. Tn this case the equations of motiun 
permit tt motion of the type xfO =■ ;fe+ (^^zero frequency lEmit" of cos + 
sin mi). In the example all Ciimpimmis of the farce A'linish at the new^ point as nt 
the old pfiint* However^ lUi all displaiemcnts from the original point lead to an ac- 


bl 
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ceE)iiil^lf= a<?tond [wjitii; unly liisjjliiccincnu Icrjulitt;; in n iniirticulur tltrcr- 

tk^n I^IplU to whi^'h Eire L'quiSibrium poJiiia. The s-iiujiiioQ 9-imiJar in the 

inhnite-dimemEannl svs^tem. 

All ‘^izonifuJiteiiLa-' [0 < < .-f) of the force —viniish for uny cqinlihriurn 

configitran-TJrt. However* when lie system is subjected to an urbitnin' snmll ursi-order 
displacement it is carried to u coiLbgur;ition for which all components of Lhe force 

or nmy vftpish. When they do vftnkh, ihc mw tionrignntUon, like 
tht old one, b \in cq;UiUbriiitii conrigumtiou far \ hu tiujfibfr of baryons^ J . In tlii:^ 
eiise the force vnnislies lit the beginning iind al lie end of the diEpIiicemEnl to first order. 
Therefore, tlie work vanishes to second ortler, Coiwquenlly the [lispiutpmeill is 

n chitr^ctertslic mrj<ie of iht syatcni of zero frequency. Bui this aJluinion of htn'inji <ite 
cquilihriNm timJipfTaitunJfTr A fi^ar miffiha- thr jairtf 

tiiimbrF of -fruryynj is ordinarily imfossibli. This one cun see from nn irw^citan of ihe 
chart of iht ixjuilibrium tonliRunLlLotia (sec Fig. S). < Sr equiYatirnlly one tan note (1) 
that the one moliaLonk incrtiising parstmeler pu catalogues all equitibrium configura- 
dons, each with, its own bar>'on number arid (2) that the derivative if-l/ tfpih differs from 
ificro everywliere except at a crilkal pointy so thal (3.) nearby equilibrium tonfiaurarians 
contain differirfit tiumbers of ban ons—escepl at a critical pHaint. So only at a critical I30int 
does Lheru exist a dispLicement ikKt3)( = die Ar\a\ cjf eq. [L^3|) which Kuries the system 
fripin an equilibrium coniigunirion to u nearby equilibriutn of the s^inie Ixiryon number— 
ihc ncces^ry and sufficient condition for a mode of Kcto frequencyp as was to be proved. 

Tm- CONTRASTING STABILITY Or TB£ TWO BILANCIIT« OF M^{A) 

For a. Ijaryon number A a little less tiuu a muKimuin in .■=1(^1]) ora little more thnn a 
minimum in I here arc iwo branches in the curve for w’hich meet at the 

relevant cdtical point. fJn one of these bninchea near the critacal point the maisS'encrgy 
U higher than it is on the other bninch f,if“ being compared for the mo branches for 
idetsfical .1 vtdnes}. 

Tiiforfm is. Tktii mfnlc'whkk (to^ ™ —a.- = 0} oi tht t^rifiml 

point ii itxddc (ti;^ > 0) on Ifts l^nL^r branch «j«J nnstaldc (a^ > on the upper branek. 

Proof ,—The how and why of this relntioiiBhip appears more clearly in Figure 9 ihaii in 
any one formula which one CHit easily wriic do^vn. Ihe dniwing and ihc follow'ing 
analyTsis apply to the Case where the criitail point is a rnaKintum of vl(pfl); it is easily 
modified Eo apply Eo the converse case of a minimum, Denote the maximum by A^^i. 
pick a vttitte of A only a very little less than For ihis baiyon number there are two 
iienrH.-riiical cquillbriuni cottfigumlions. Denote the one w^iLh with the higher itias!^- 
energy by G; Erie other, by E. Denore by r(rt^ JT) and r(£^^ G) the Sctawar^hild coordi- 
mites of the successive fmiyon '"shells" fi) < u < A) in tlie I wo equilibrium states. Then 

A[a) = r [a, G) — r[a^E} tias) 

is the diaplaceniEnL which csirrica the lowTr-energj^ cnnhguraLion* E^ to the higher-energy^ 
one, G, l^t the successive sbiges in this dis[»lacenient be tiesignalcd by u (lariijnetcr .i: 
which nins ftoTii B{^u " to L(^a " p«); thus, 

5 r( ff ) = ajA( <t ) r 

Write the ni:tss-energy of thn s.vs(em in (he course of this dispLicement in the form 

= -.V,,* )/( ;t). 

Then the d^iv^ih'e must s^nkh at ,tr “ (J and at jr — 1, beciiuse both points are 

equilibrium pointj;. Tlie longest‘Order expression which vLinisbes at -t = 0 and x = I ran 
be wrillen in the form 


dfixi 'ilx^ tkx{ i — yJi 
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IVhere k is some consiaot. Ibtegruling, we have 

/{j) =. i(3ji-2j') + c , ciw' 

where e is unol^her eqristant. These two conslaDts are fixed bv the requireniCQt that 
/(O) = 0 Lind/CD - U thus, 

AfCsr) 2je*J. (i*9i 

This result presupposes that the difference A^t — A. is sufficieiitly small that one enn 
neglect terms in x of the fourth and higher orders'Ctintitinu behavior near nontml 
criltcul poinl")i Dn this understanding the second derivative of the ettergv' is 

l^K^f*^x)/dx^= Mx), 

[KKUtive on the lower bntnch (jf =* !> at £), corresponding loatability, and negative on the 
ui^r branch (jr = 1 at C), implying instability-, as was lo be proved. 


T]tF.nfi£:u 19, The di^erence in mms-ettergy bcitewn taw tramhex a/ the curve M* - 
M*(A) which tnetl at a given aormal eriiieal point if by ihtformulti 

At* ( hiEber pn value) — M* (lower pa value} = 5 (-i wu — i***' 

m the limil where A ts elate lo a maxirntm, Acrit 



Flti. 9 . —MaM-eitcFRj J/* oa S funetkn nf lurv-cn nanthor aa<i cnmpaclkin in the ndgitlMirh^ af a 
ccilkn] |t«iat, danwini; the relation between equilfbriam cmfigtmtinps and pnn-eqinbMum 

03 ilfijNntkiDfr (rctttikiElckT the contemfa)!. Tfl* 4 JiJra?n. U achertuatM: Thai oBe degftt rri 

ciUrd ccmjputtiiw, mtl plotted ji& central lUnmty pi, aWW Eti principle be rtpbctdfii only one could ™ » 
lingUMbeet ni pnpet) by nn infiiiitc oumber of ucgieeft of fTwacira, In the nrighbunioud uj any dot 
ilcRKCft of frtidom me mont nmtitnilly {3d1kceiv«il ta Ebn ampWtudtt «£ ihe fUitmcl aconalic itMKlfil d the 
Bv^lcm. Of these uifinilely aia/iy tonflitllPfttion cofirditiiilisB^ however, onty oJsb li iJUpM^PiL near the 
point: the rjiit which c*rrks the Bj-item in the ^curerAl dJpKlicm from M to C?, At the s™e time 
it finxi die rt-ntml denaity (d- cq. The aygleoi B,t Q (and at K, ^v J) iihj/hhw iigsuMl llm jumi? 

of deforimithm; ttt £ (and at Dy C^ ilj it is fteWfl aguiist ibiadefurmatiffli. Evidently an ctjuilihrium la un- 
alablJf nr liable oBablBt thffl mode aiHxirrtittg aa like coofigumliDiH in quefetJfin be* on the op^r -Df l^ftr 
branch of the Jtf’MJ-curve—''upper'' or "lows" beinR dafined In CM* of BLEnbisiiity by vfhtth 0 ^ hiflber 
whm JAe tm ^ JAn tiisp (projwticiFi; of p^nl F of cfliHoiir diagram onlo (be M ^ A 
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GRAVITATION IHnORY AND GILWTTATIONAI, COLLAPSE 


Here the ouistaDt ^ his the ^tiluc 

5 - { - - 2/ J ") 'H t - 

In this formula the primes denote derivati\'es with respect to the cemml (iensitv evalu¬ 
ated at the critical ijoldt; thus. A" ^ 

Proof, Expand k in a Taylor aeries atraitl the point thrnijph terms of the 

third order: 

= -4 dri»+ i '-I "{/to — /tetlli * + i -I f Po — /TeHt )‘ + - .. - n«t 

Furthemnore use the relalEon 

lar - (1 - lAf'^/R) d A 

to evaluate Af * to the same order in terms of the coedicients in the expansion of *4; 
M* - J/+ i (I - A'^( pt - )s + [ { 1 ^ 

il+Bi) 


TABLE 7 

ClIAXGE IS RstllllS NtAK A CrIUCAI. POIST AS CtUTltfelUN- FCIR THK ttKI^TIVE STABIUTV 
OF THt FiluK-pt, ASH Lon'-n BRANCUtX ttt' TllK FUNCTION ,V»(vf) SEAR THAT PoiST 




hflW-^ BilAM-CM 


•1 PkAi;iT]| 








£XAIfcflXB 
(Fifiii- $~l| 

rSjfcTVim Of 
CunCAL Pnmr 



Crilifil 

Mudr 


CritaJ , 
Mmi? 

In Af* 

1 necjtEasiiiii' 
\lncreMtng 

L<Fw^r 

UiHUblf 

Hfc^er 

UDHtal)!? 

SlAbie 

LHAVWjLOV 

NqtCW? 

Minimum In .If* 

/ J^crriQisiiig 

UncWBiliK 

Lower 

tTpi^tftbW 

Stable 

T^tr 

Sl&bJc 

Utiitlblc 

HWW 

MZ 


Here, for cam|>itctncss, is denoted hy the symbol M. Solve equation (1+4) for 

(/m — |*wii) in temis of J, 

± J"7.4.4 

SubstitUTe this expresaion for (pj ^ porit) into equation (146) to obtain Xf* us afuDclion 
of A, as desired; 

J/- (.1 ) = -F ( 1 - 2if„u*/fU.H )' "P.• ( i “ -1 «i*) 

T C 1 - ( - 2/d"}■/=( A )' * .i«> 

+ terms of second and higher ortler in ( darH ^ *1}, 

Thia expaosion completes the proof of the theorem. 

CHANGES LM STABILITY niAONOBKD 8V CBANCxES IX RAmUS 

From equation (|4S) one sees that, near any maxinium in .^‘{piii) at which the radius 
of the configumtion is deerfofins, the hiik-po bntneh (4- sign in eq. Il4']t) has the 
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kigfiff nmss-eiHrngj' for si A* Coiiclusions of this t\T3e about, cnvrgy, ulso nbout 

^(ability f>f the criticiil ucoij£t.ieiil mixici are Fptlled out in detaj) tn Tablr 7 not only for 
tt maximum ici fto whicb eq. fl48l oipplitis) bul also for a miniTnum. These mn- 

cTuaions cjan btr d-edticed nio^t easily by notmg that near a maximum In for 

aniple, the branch of ArgAer energy^ must have the slope, \IM*/dA — ^,.*(1 — ZAf */ 
/{)i^ = ^'injection energy^(in ortkr lo mad the bwer brimeh ai ihc critical pointt) 
ami must therefore have the lower R vnluc. The ^'crirted mode** is that one among the 
purely radial modes (modes of spherical sy^mmtirj ) for which t/ = — ii“ vanishes at the 
given criticdl point. 

FJXAL StTBVEV OF Tllli LtLAJ^CrkS IJi STABUi.ITV 

The foregoing analysis gives the took unambiguously to say which acoustical mode b 
changing stability ai whidi critical point throughoul the tunt^c M* = (Fig. 10). 



Fio. 10.—of the cjitcuImj fTi?qLica£;v, loiiaTtr pf tht cxpciTicntlal gr^wth eiin^tunt, a* 
funetJon* ijf the density for the hliweri mode* at purely rttdbf sn<l spheocttlly s™mctric 

tioa of equilibiriiim CfmhgurAlkfns eif eotd, eaLttJ>-zcii Jniitler. The diapTMm la puielj- scbrcmiitic i.ttd hiLi no 
computfttiorift] bMit. Onk dicpcLnip of e^nge of itatiility dolj} have JkcUially hwn calc’ulaait. llie 
direclkin of chanjcc dE slMbaULy lit each nf these iMinls Es coniplttdy nieteTcnmed, hof^revEr, by tllE am.- 
Hdentions simimiiriifefl \n Tahle T. 

Stan at spheres little enough that the increment pa — In the central ^density Is 
small compared to the normal density of iron. Tn this duntaio of stzjcs the rise m the cen¬ 
tral density goes AS the square of the radius, 

Pi^ Pw^ ^ idp/dp)pa^ {dp/dp}{2^/ pvJ^R- . riw 

\Vt shall use Pointare's term '“stabilit\^ parstmeteri' to represent the quantity which in 
the rtgitne of stability is the square of the clrculuj frequencyp ajud in the regime of 
instability is the uegatlve square of the exponential growth constanip —t}. The stability 
parameters of all the modes are positive for litUe spheres and givens According to equa* 
tion {121), for the present klealiz^Ltion of /Aitu rigidityi Uy the relation 

or (from cq, [14% and in geomeiriaied units) 

id,* - 


Li soil 
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(yfi 

The Ml q! the stiibLlJty parameters wilt] ceiUral densily continues sis the mass of itic 
sphere goes up, slihough I he simple btw [15i}) ceases to hold T^ hen the cenlral rlenstly is 
comparable lo twice the tlensitj' of iron or more, Eventu^illy tile LIIWW crilica! point 
h reach-cd. Theorem 17 states ±nr one of the modes changes stability at this pcjinl. 
Equation (122), on the ordering of the tncwlos^ Si'iys that miist he the first quantity to 
change sign, W.:Lkaiio’'3 cakiilations (see Fig. 61 show that R t!j Llecrertsing at this poini. 
Table 7 show's that the mode in question, ft = 1, is changing from stability to instability 
—as is also obvious from the fact that this mode was stable to begin withl 

Ar elementaty' proi>crty of ihirinode jj = 1 provides the simplest way to sec that this 
Ls the nUMic which dominates the changes, not only at this critical pointy but uLhi nt the 
next tw'Q (HWAV and LO\') critical poijil3. h^ this siniple breathing mode ihc medium 
moves inward everywhete—abo ut the surface—when the central density rist'S. Jn ac¬ 
cordance with this feature of the dominjitl^ mode (the myflt thiiE ^Jianges stability) 
mdiru is dc^ fusing tis fh^ dmsfiy tiscs tif Etieh if nr y/ ihefirsi ihruf rrHirtfl 

In agrtumeitt with ihb duiRiiosis, ono conhrms from Tabic 7 that the dotninating mode 
changes from unstable to stable at the HWAV minimum (mutter mished to a siubstantlal 
fraction of nuclear density and cofisequenlly more ri^id that! previously) and—for ^he 
last time—from siidjlg to unstable aL the \JW moximuin (grab'llat[unai fonts Itnidly 
dtjmirijiul ■even over nuclear rigidity}. 

Thill the mode u = 2 is duminanE at the MXniininiultl am be checked from 'Fable 7, 
but am be seen still more directly from ^id^^tird movt-ment of the radius wit!i [nercaik: cpf 
the ctninil density at this point. This is one of the mo^t oiitstaarting elementary fcalures 
associated with the motion in themod^ w = 2 (cf. disciiss-ion following I til]), 

The higher modea hecome uii3lable one by one at the higher critical f>ciints, critiail 
pointis which appnnuvh moreover more and more closely the standard irjlwidng A/i/Aj 
of equation (6.3). These and other principfil fealures of She stiihility parameters are 
sketched out in Figure 10. 

qUANTITATiyE ANALYSIS OF kA'I'L OF HV St.AaiLlTY \T fKtTtr.U, ENIJNT 

In a more nearly mmpleie analysts one WQuIri cvtiluale quanlitatively the rate of 
chjingcof I he relevant w-ith pv a!> this stability parameter cJianges sign. Fur this pur¬ 
pose une rcprE:3enL5 the kinetic energy in a slow depHrtnrc front t^quilibritatn in the Form 
of an tntegraJ, 

(XineLic: enerKy) = / JI r (a }/ft(]'^iia -jsii 

Ja 

[see Appendis B for ihc function/[a] and its derivation) ^ Furthermore, one root eni plates 
a pericjijic ^uiriation of fir with the lime (Schwaraschild time ccRurdinaie, defined group- 
thtorelicully^ and normalized to iigree asymptotically wdlb proper lime at infinityO with 
[ircular frequency w, in which the kinetic Eticrgj- agrees on the time :L\erage wiih the 
potential energy’, Ihb agreement gives an equation for the stability panimelef, 

H (Foteriial enerigr, exprcasal os a funclioltal of she second order in 5 r | a | ) 

=- ^^ -.(J W] 

/ f{a)[Br(a)Vda 
Jii 

Let fir(fl) be a. dbphtcenient which goes a small fraction jc of the way from the niitiimimi 
E in Figure 9 to iht tnuxiniium £J, so that the concept of b^fcmirjnif: o£i*;illjitions makes 
sense, 11ien the poientiai energy^ in the nunieraior of (152) 5s given^ nccoiding to equa¬ 
tions and (142)^ by the expression 

(Pulenliat energy) = (Afc?* f Jp,u 


||5J) 
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The di^bcement in (he deTiominatijr of equation (152) is given hy equations (1.^6), 
{l3S), (1.^.1), and (147) in (he form 


= a?A{ a) = x{ Pti — Paid f la, pgj/^ps 

= 2x11-2/A] {a, p,}/dp,- 


1191? 


The ampHUHkp x, of the dcrpuirlure from equilibrium cancels out of the fmtd ex|)r^non 
for ELS expected; Eindp with a little reduction, the exprEssion for the r<?le\'jint stability 
parameter Uromer 


«lJn 






(i»$> 


Hert; tlitf c(tns(iirit has ihe dimciisiDns of iind the value 





Li3a^ 


All the quaniities needed to evalimte K Can be found from a few integr4ttion9 of the equa¬ 
tions rc»fhydfi;]«talLiie<|ul!iliriuni near the critical point. The lenn in the atEibilily pamtne- 
(tr {pa — >vjisi replaced by (/!j? — ISrHtJ in deriving equation (IBS) to 

bring out as dicarly tts posaibk Lhiit it h the chEtnge of the raJius near the crilicaJ point 
which governs the Btability or instahility of the dominant iicouslictil mode. 


PRESENT STABlLtr^ ANALYSIS COadJ'ARED AND CONTRASTED wmi ONE Tit AT MAKES 
PETAILED CALCEIAXIONS OF FREQUENOIiS 

It will be noted that no knowledge of the fcJnclic-cntr^v term in the denominator ol 
equation flS6) w.as required in any of the foregoing a^signm^rnts of spedfic rr^odes lo 
S|K:t*ifnL" critEail points. Nor was iiny actuai nnmerkiii evaluation of Irequendes ever 
ticfdtd, whether by use of ChwlidniWkhaf’s viirintional jmndple or otherw'lse. Gnly if 
one wants to know more than the FjfiT/eiJ'f of the suibitity on each branch of the curve 
Af *( J ) [see I'lgf S) and asks f[>r it^ailrd Tulufs of the 0^* or aA is it ticcessan^ to resort to 
equation i'156) (for thcr domifiallt near a critical pennt) or to equation (116) (for 

any mode at any It is no iicddent that the iUialysiB turned out thfe way. Any detailed 
calLiiktioii of frequency got** back to jm examirtation of evolution of the dynamica with 
But thi? central feature of the foregoing study of the masa-eneq^j-^ of stationary con- 
hgurations was that it did not look at any variiilion wiih time, Therehire there was no 
wity for inertia to show qj>— nor any w^ay for the iniTlia-piDportional denominaior of 
equation (]16) or equation (156) to make an appearance. Appendix B shows haw one 
can extend the first-order variatiotlat ansilysss of chapter iai to give the energ\' to second 
order to provide an alternative foundation for the sLibilUy aaEdysis of the presen I sec¬ 
tion. It aist> derivL-s thu kinetic energy denominator of 4K]uaticin (152) and traces the for- 
rehuUjn bel wetn these potemitLl and kinetk energj' terms and the nmneratof and de- 
noniin.iiur of rhanclrasekhar's varialiomd expression for (*r, 

Wirv MORE MODES DECOMT: UNSTABEE AS THE CENTRAt PENSrtV RLSES 

It is the [irincipal findiEig oI ilais chapter that more and more modes bccoruie unstakble 
the centra] density rises higher and higher. Win ? One can state the situation qualita- 
lively in these terms, l-or any given high central density po* there is an inner rtgian of 
extension ^ (pa*) ^ (see Fig. 2) which is teetering on the verge of collap^. An acous¬ 
tical mode of high oinler tu-is mmy aUernating mm$ oF density increase and density 
decrease injitric ihis criuciil region, Thertforc, it hits no effective louplinK to the decisive 
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degree qf freedonia Tq excite this mode is lu eadte ^ vibradqu, no-l to promote a col- 
la^ I On the olher h^nd^ to exdre an aeousticd mesde btw order h to make a 
incT-ease ih^aa^hoiti the mlical region^ Etnd la biitiate cDllupse; hence the instability of 
the acDusticaJ modes of lower order* The demarcatioTi between unstable modes (low n) 
and stable modes (high n} therefore cornea al thaL order u at which the location of the 
innermost nodal sphere in the vibration 6rst penetrates well into the critical sphere, of 
ntdius 
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chapter 8 NO ESOAPE FROM COLLAPSE 


FOUR RE.ASONS FOE C^:^NS1DEK1NG CONFItJUitATION'S OF UNIFORM DEKBITY 

[n sin equilibrium coufiijuriiuon: yf hiph ceotml density, the cmtniL critical 
region p of estensiou voluniie and •dojtiifljitesi the 

disciiaaion of ihe stability. The uscOli^tionii in iTiJWS mid tmier tadius are only a minor 
accompaniment to this ceniral devclo|}mcrit. l"or this rt^ason one would like to see ihe key 
factor in the instability brought out from under the complicating covering of the outer 
UviRS and into the light of djiy* This is one reason for focusing ttUcntion noM' on muss- 
l!kl* for a fixed number of httryanif A f^r spbcrkol configuraitons tJi whick tke deasUy 
ii untform fhnmgho$d^ tmd in ukith o¥ily (kis density is i^justabk^ For small A values 
(-1 ^ Kl^’) U]c ciiergj- will be iQuod to posses n m;udinum for a particuhir density (de¬ 
pendent upon A l)aiid to fall off bo|h for higher compaciions l^rit\ntaiioDal contnitiiunS) 
and for more disper^ fonflgltrations (ex|}lusian [) Thus the instability basic to a high- 
Pu ^tp4ilibfium tonllguration will become appiiiEmt from examining energy fur a family of 
HCFfl^equiUbrium configurations. 

'Fhere are three other reasi>ns for investigating the tntirg}' of unifomi configurations* 
(I) Fotlurge A values^ correispundiug in order of magnitude to the banon of the 

Sun (j*l ^ 10^^) fc ihe energy of uniform configiirations, as a funcLioli of the degree □! 
campaction, is found to have mininui and fitw maxima. The configinations associated 
with these exireina correspond reasonably well, both in density and in radius, to equi¬ 
librium cantlgumtionsof maximal or mininiAt ma^,as given by the det^ilurl sululiuti uf the 
equations of hydrostatic equilibriuni in ihe same range d massed for the same equation 
of state. Thus the “umfortri m^xler" predicts the main features of the dwarf star and the 
neutron star predicting—or even being able to predict—the rfj-t of the InJlnUe 

sequence of higher and relatively unimportant critical points. (2) Vur the uniform models 
as for no other nsodel, one <^an sort out and separate cleanly from each other those fea- 
tures o| the calculation of crirical mass which have to do with long-nuige forces (graviu- 
Lbn and gcncraj reblivity) and those which have to do with short-rangt forces (equation 
uf state). In this way one can at a glance (rf. the ^^slide rule'' below) the effect of 
changes in the equation of slate upon the stability. (J) Finally, meat, irnportanl. of all, 
this -sei^aration of lac tots in stability for nniftirm conhgu tat ions u Howls one to see and to 
prove that Jifl equuiion u/ siaU ctmpndible mih cuusulUy and wiih sfabUiiy of malleT agaimi 
mkreseopk eollnpie cm sate d system fftm hamng u totifiguraihn wMdi is umiable agninsi 
eoliecHit gratHalhnd edlapse. 

SKF-IKATIOK OF LONG- .^J5D SMORT-kANrUC FORCES; TJTE '“SLTn-E RULE'' 

The separation of long- and short-rang!? effects Is essential to the following analyaEs, 
It 13 accompEished by focusng in the study of ahort-range forces \^'>on the logarithm of 
the numter density of baiy ons, log uriiMm the tmalysis of the long-range forces, upon 
the logarithm of the proper volume, log V. However either of these quantities individual¬ 
ly is changed in squeezing or expatidittg an .d-bruyon ^'steni, iheir keeps always the 
fixed value 


log #1 + log V = log ft — log *l ^ const . 
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EqiuLtian 057) iinks two ver^' different kinds of qiiuntily: having la do with the 
mEcroiscopii: physics of the systcfn; and T, having to do with miicrostopic phj skst the 
fitlinK ai iht gecrmeirs' inside the system to the geometry' out&ide. In addition to these 
two iBagnitodeE, ao different in kind, eniployird in anaiyxtng the equation of sliUc and 
tlie grpivitHtional forees, resj^ectivelyp another mugiiitude wiil make its appearance in 
biiih the mkroscopit and the matroscopie phy^siesr Ike logmithin of the density ^(g/on") 
□r #i*(an“^) = of inass-energ>'. This quantity raeLiaurSp nji the one himd, the 

derisity of mstirMnergy stored up by reason of work done apinst the ahart-mnge forres. 
(’In the Dther hand^ it governs the curvature of geometry inside the volume W There- 
fore it detennines (together with T) the gsometry that will join on the outside. Tims 
ffnally It fixeg the ttups-energy Af * of the system as U will be sen^ by an outside ob¬ 
server who measures the period of a pUinct or the defleclion of a light ray. 

In Mimmary, the microsEiopic physics will be con Lamed in a graph of log p* as a func- 
tion of log iL Tlie tniiLTCiscopic physics will appear on a chart where again ihe ordinate is 
log but the abscissa is — log I' (htltr to Ire recognized oS identical with log n — log J). 
On this chart will appear contour lines for many differEnt values of jV*, With the help of 
these contour lines one can read off the ninss-ener^g)' associated with any given pair of 
values {log lo^ I )■ "The mficrptrsitiH^i of the (log log fi)-cstfnr onto the fwji/ffsrrj of 
the (log p*^ lag D or (log log B--log A )"plane calls for a horirjjntal transposition of the 
(log p*p lt)g j#)“Cijrve by a distance {‘‘slidL'-fule'^operation) equal tn log A , where .1 is the 
yLrci/ of baryimi under consideration, Ticked out by the curve of the equaiiun of 

slate in this way will be all those pairs of values (log lug Vy^ that is to saVp ait ihosf 
uni/arnt corijigi^iUim^ whkh p^tstess ikk tiumb^r of iaiyaiw. Moreover, onie can 

immediately read off for each configunuion fran the apprfjpriate contour line The 
energy of that configuration. In this way it will be possible to verify that fhr mt^ss-'mergy 
sinks dtywn (tyimfd (^^gravUiiiknal coUapse^^\ ulopg Mis out-ptimmttrr family of 
^guToiwm 0f ^xr4 A-valuf as (ht a}mpm:kon inatasss k u fimfe Hmiihig ^ut .' 

Soraudi for the operation of the ^'ilide rule"' in broad outline. 'ITtc rest riF this section 
deals with the construction of that |iart of ^hc ^^siide ride*' which has tt> do rsclusivvly 
with the long-range forces—^^ihat ]S„ the Contour diagram for A/* as a fiMClloti of p* and 
Also taken up ac the end of ihis section is ibt operation of the slide rule Jind (heCon¬ 
clusions drawm from it about gravitaLional collapse. Here the trealmenl draW's on those 
features of the equui ion rjf state (other half of "^slidr rule^') which are developed in more 
detail in chapters ijt ami x. 

VOLUME-pENECrfY ItElATtUN rOk UKITOMM CONPltiUtL^TJOKS OF 
, SPKrrFTiiD tOTAL M.ISS^FKEktiV 

TtiKoktM 20^ £i^ry momfniarUy shiic and and spherically symmfirir con^ 

^figuraiioffr of a M* is ckoraeierittd by a pair of fulues (p*, V) ’which lU oh ibe 

rnFrY- of Fif^urc IL 

Here /i*(oii’‘*) = (C/c^) p (g/cra*') is the density of moss-cnerg}' in the local Lorentz 
frame (Uingent ffat spacej And V (on^) ts the propr volume. 

Discussion and proof .—Hie Oonfiguration is being viewed at n moment of Lime sym¬ 
metry (d. Hieorems 1 and 2)+ The mass factor m*{f) which appears in the radial part of 
the Tnetrlc U given by the elementar)^ integral 

m*lf}= f'p*4rTt^dr = (4itp*/3}r\ ti^a) 

'^U 

inside the Configuration, and by M* at the surface atid outside^ Continuity at the surface 
being of course demanded. The d-geometry has the Schwarzschild form 

Jj* « {1 - 2.Vf* > ) r=(tf(3* + sin^ 
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out^dei iknd msi^la the form 

d£^^il-Eitp*r^/3)-^dr^+ fHd$^+dn^ 

Oiic recognizes ih^t the geometry inf^idc is Ltmt of Fricdmuim (that is, a section of a 
closed spherical universe al the phase of maKiniuin txpciTisiorL) either from (he eletoeniafv 
fact iho-t density means curvainre and ynibmi density (plus spheried s>-iiiTiietr> f) 
means unifortil curvature, or from the following mathematics^ Define (he length a by 
the equildDn 

a* ■ J/I 5 trjs* - tiesj 


I 

u 


US 

3 


moME stoB gcAcci 



Firi, tl.—Itcklkra between dcivsily fi* snd fiToper volnnie Vtot ffinmeiitdrEly t-Utik afld hr>mrtg^j«i0Ui 
and ipitiicslly iymnwtrk ccmfisuim|ian& of a given oiBs&^ciiergy Af* The lower doidied 

line reprwati iherclAlJEm V * between tenuity and wnTnrae when the corva Lute &i ipa&t is neji- 

Ugible (matter occiipying onlv n-tmAll sector of the FnednuumA-^here; upper illuatratio^i \n ins^bThe 
tipper line corr^sponaa to the pppoeile Umitltig caw, where the vntuien o:E the euxupicd rc^an dlls 

out almost the enUret)' of the Friedmaini (wwer illuatration m Ensert^. Lta (hia oik one r*R^g- 

nixfiB that the radiua ef curvature Is Ako the vdIuiub cd a J-^aphere iv 2 p^ £rttrtiua)yiliiLis ene 

has apprOKimn Uly (ne^ccling the mbalng volimicl F =* mi^pendpM nf M** 'I'he angfccH 

niarkod here and there crti the ettrve give tiw value of the h>™rtphcticnl angle at the boundary of 
the regiem occupied by the matter in $et^ted configtixatiojns. Further detafli are given m the 

Introduce the "hyper^hcried angle" x through the equation 

r * a sin X * 

I'heo the metric (160) Inside takes thu standard form oT the J-gEometrj' on the surface 
of a hypersiihere, 

d A* » a"[rfx^H" shi" + (i&jj 

and a Fepn-Ssni^ (he riuiim of this 3-sphcre. The ]iQiiit x ^ 0 mprtsaents (he center of the 

configuration. 

The insert in Figure 11 shows schema ikaUr the job between the spherical gecmietn' 
Inside and the Schwarzachild gcomedri^ outside for seletTrcd coses. In each case the mass 
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as E4?!ised exltmally (M*} has Taken to have the same vtiluen Thu? one find the same 
SchwarjtfwchUrt geometry' makes an appearance in iiH the CM^mplcs. WhaL differs from 
example to csjimpk b the plac^ where the join is nuidc «o the spherical geometry^ insMe, 
When thisplnce is far out (bL^ i!) the density inside is snuiJE^ and where il is dose in the 
density irtside is lurge. The point of join^ as described in terms of the geometry inside, 
h loftttcd at a certab value, x = x^.. of the hyE.>ei^]jhcrii;al angle, AU values of xfl are 
possible^ Irom small xa (^nutll sector out of ^ big 3-sphcre; upper insert in Fig, It) 
through X 9 = t/ 2 (configunititon of masimuni density) to ^ closer and doser to x 
[nearly complete universe of huge radius and iow density i moss as sensed outside still 
Af •). The diagrams are meant to emphii?i^c that the geometry^ is the Imporunt con¬ 
cept, not the cooMlinatts in terms of which that geometry is expressed. In this respect 
one thinks of the theory of operator rings, where the laws cd combi nation and ccunmuta' 
Lion of the operators delemisne everything, and I he pan leu lar matrices b terms of which 
one repiesenta fhose operators arc irTeSc^'sut, The r-coordinate has^ moreover, the disad¬ 
vantage that it cottcl!a.ls from -view" in many of the eKaniples {txamiiiles wilh x« ^ ^/2) 
that there urc ^ points which have one and I Ise 3ame sel of vnlitcs ir, ifi). If one is to 
use any cfxvrdinates—and the insert show that cocjrdinales reaUy arc not necessary— 
then the coordinates (Xt are to be preferred Inside the configuration, 

In summary, the principal properlles of a configurrilitm of iimfonn density p* 
are 

0 ™ {mdius of curvature) = f 3/f^jrp* i 

if — (l/2F){priopcr drcumfercTiGe} = (sb xn * ^<*^5 

-tf* " (mass-energy) = C4 t^"/J)/J^ = (43r^*/i)(3/8jrp* H"* sin" xo; 


V 


™ (proper volunie) = 



sin 




2r{xij-siii X[^ctre Xn)(gencral xfl) 
f 4ir/J )xn'Csn^l Xq) 
ir’fhalf of .^“Sphere) 

2 


^ir^(complete 3-sphereJ 


i I HI i 


flf interest here are not configurations of a givco rfew.Tify, however, bui of a given 
cjwfpy .If*. Thefufore, equation (Id-l) for p* in terms of M*; also express V in 

terms of thu^^ 

log p * = — 2 log 3f * + log I (3/ 3 2 i-) sin* xa 1 1 =1**^ 

and 

log « — log A " —log 1" » — 3 log M*" 

log[ (1 / 1)sin" Xn/ { xrr — sin Xs i-OS x?) ]. 

For fixed let Xi be increirsed gradually from <l to ir. Then p* and F nm through a 
cnni'e^ the curve show^n b Figure 11. This completes the proof of Tlieoretn l(i. 

fine catl deduce ulmust all of the iinportiirtt features of Figure ! 1 without Htiy ticliillert 
caltulation by focusing attention on the I wo limiting cases (1) where the mailer occu¬ 
pies only a veiy smdl fracriort of ther .Vsphervand (2) where it occupies almost gll of the 
J-sphere, as showm by the two dashed lines in Figure 11 and the accom|winy ing dlsettssion 
in (he caption. Oiher key |>oints on the curve are described in Table 8 and stated b 
'rheorems 21 and 22. Table S sumniarbcs the limiting of special ilniplidty in the 
rebitiDn between density and volume for momentarily static and spherical!) siTiiinetrii 




Kii ESCAI^E FR<JM CLILL^VPSE 


73 

conti|i;urdtiaiis of unitonn ditisity, when the totnl niass-cnerg}^ has some specified value 
if'p The mirabers id Ehe second row of the table aie found by solving the iransqendental 
equatioD x = Un X |1 ~ i x]- TTic quantity p*V which h Iwied in \ht last column 
represents theimtss-encrg}^ vvhu h theM-stem u^auld have hnd^ had it been dispersed inlo 
small piirtSfe each perhaps abouc to decompress eicplosively^ but nevertheless momen- 
tikrily static at the originnlly choaen density p*. For Ihe collecied con figure don I he total 
mrLss-energy (as it will, e,g,, lie observed from outside) has in ettse the ■^'nluc M*j. 
How much less this ts than the number in the last column shows how important is the 
negative mass-energ^r' gravitational interaction of the matter with itiell^ 

Thicouj’IU 21. Nit momeotoxiEy static and spherieally ^mmiDtric and homogeneous 
object of mass .If* (cm) can have a vtdumc hsJt (hm 

= CI6S> 

Cfjmm^L —lliis is slightly less than half the volume of a hypcisphcre which has esact- 
ly the chanicterisLic Schwarzscbild radius 2M* (cf. Table R nr the insert in Fig. 11). 


TABLE S 

THE Relation betwckn Uensiti' ano Stolume for mohentapila' static, Sphlrecallv 

SYMMETRIC CONFtGURATlONS 0 (f-“ Usin'DENSITY 


SpfclAl F«R.!uirfl 

tr 


V 

pH' 

Very nmnlL sccltir ot sphere. . 
Mininmcq F. . 

Mucimun] p'*. . *.., 

N’eftrly elated yiiivertc . . 

» 0 TI+“ 

#/a 

Slmil] 

Smal] 

?0 7 Jl” 

7 g ei .w *3 
^Iw^h'E wpyf^ 

ymM* 
2 . 36 Jf* 


ThivOBEM 22. .Vfl momentarily sEtOrtic nirid sphericalty 5\TTimietric and homogeneous 
object of mass-encrg>' can have a detmiy p* (cm'*) = p (g/'em^) greater 

ihan 

= tS/3JTr a«] 

Cimmrni. -This mazdmum occurs when the matter filkout csactly half af the Fried¬ 
mann J-3phere_ 

THE. SLIDE BLT_E, ITS tlSE* AND THE fXITIRr'RET^'nCSN DF THE RFfmCTS 

Now for the KtTiVltadonal pan of the promised "slide. nile'^E It nppcEirs in Figure 12, 
constructed in an obvious U'ay out of many single curv^es like the cur\'e shown in Fgure 
IL This consEfuctiDn ends the present analysis of The long-range foirts. 

Xest, imagine oti ngure 12 the other half of the slide rule^ the sliding 

half, fxit it consist of a ^eet of glass on which is engraved in black the equation of state^ 
Lei the form of a single cur\^e for the density of p\ sts a function of iho num¬ 

ber density [if barj on^, n (with log scales emploved for both puaiitiiie?s)^ For low values 
of n one is dcialing with dispCFsed grannies of F^\ In this regime ,ia* is given by 

w'here ^p* is the standard mass f>cr banon (see Table 2; ^ of the mitss of an atom of 
Fc^). Ax modes! compressions ^* is a bitle gr^io' than by reason of the masa equiv- 
alenl of the work of compression. For very high values of n, on any aa>-mploliC >-law^ 
equation of state, the denaty yf moss-titlcn^' IS given by an expression of the form 


aril 












r 






FJJ&n t2.^C^nt{Hu cLUigrain g[vkig imisiSKtr^j ni a flmElbn df ifeiuHj and t>n/niffif ior iphcriciaU^' 
^'tnmetrit cDfiftpiifttionB of unifuFTm (lenMitj? At of Ume symmetry {rieitliw im]>kiAkni rw ti- 

pU^nm ytl. undcr^y). dcdupd aKlyjiiT^y Iram Rcncnl rclidvity fr™ L|ie Ecntm^ pripc^ule 

CTTiDCElmf^ ^Hcc- curvnbirc with density of Ensss^cnci^'p ^ 16*^ihck^iailenl dJ f-Dtin oJ 
r^klinti iSoRtwetiflg dsnMty fi* of ffw&ft-fl-cie^gy with numhwr n cd l»r>^ 0 Rs |wr cm" (or with pftwitt pk 
UniU; for vrdiline, cm” totsl nqinb^ of bo^'ops, JL^ divided by the amnUcrof hsiyEnnspcrcm'j fj^J j Jar 
reciprucai ijf votumc cm”^f for dccAd:^' of tt]il£fr'encr]g>'p =» with G/^ * 

0.T42 K IfJ"* ctn/gj for nuitUp =- mass crmtuurmrc tfruwiv at l-dh intwYiis 

Outor 10*'^ « L^W)te.g. , betwcco M* * IDA cm and ^ * « 10^ cm there appear CDtilonts bdotlgmi^ lo 
the following Dinsfl vnluea (with “ innaifi of Sun ^ 1.987 X g)? 


V 




VOLUME len^J 

^0^ ^ ^ 


10 * 


OftllFOflM KMSITV 

l^crm Of a-SPnEP£ 


tWiiJW' 


ITfg? 


4 ( 

1 CMBIX]*' 

s JIIXIO" 

B OOTS 

4 1..^__ 

l.lflOK 10* 

1 0tf7X |fl« 

mai 

4 j _ 

1 10* 

I tj- X io-* 

taji 

4 

? « XlIJ* 

EOMXim* 

SJl' 

S 0 - - . i - - - - ; 

1 o«M 10- 

I.M1K 

P.S?i 


The rcipori wh^rt the mattar is located ocscnnics. a wtion of a Ji-;^hcte. It cxtcnils fram hHpei6fihEiiizs.| 
angle X ^ 0 cHil to the vidne of i; iiulkaicd by the llliproprkte diahpil line in I he (#•*, ri/A J -plane!. Fell 
skmall vttluw of x departure frnfli HitneBa k AlmmK negMirfhk, Then rmc has yery nearly p* * M*/ 
volume * M^n/A (llrtughl line of unit alngjt?: in lius log-lng dtagnun). However^ lor any ^ven indue of 
the volunkc (qir of a/d) there b A imixiiniiBr rt^aimlWf ip/ ihi den,’Hiy, given by a* ™ 

^n/Apf* [coui^hLdoa indermitely near to clostd universe^ x majn Wii as smi from r>utslik3. 

Hence the upE>crniost straight line uith Its slope ] in Ehe tog-iug diagraJn. It 9epamTi;& ailt^Wahlc idiin^ 
figurations from configuratiocis incompatible vnlh Einstein's standard genrnil remlidty. Tf one deurci 
to Increase aJl M* Labels in the dLagram by the factor 11?^, be should multiply all p*" Ubeb by tCr» imd 
all (pi/HJ-vftluef by 10'^. 
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wh^e L h it qu^mtlly i^ilh tht diTiiErnsions-of a kiigth. the astTuptotk exponent 7 
must be thi le^s ikan utiUy if iDiitter iit not to colinpse Eilready on a microscopic 
quite apart from, any ^raTiialwiidily induced collapi^. On I he other hnnd, 7 CUn be fw 
^reokr ihijn i without viobitm^ ttiu&iility (ebap. is), ll highly compressed material be¬ 
haves as an ideal P'ermi gas, then 7 has the asjTnploiic value of 

Whh no more than these simple features of the equation of state to draw ujx»n, what 
condnsinna can one reach as he sets the glass slider into place above Figure 12? Let sonae 
dcliliiie disj-ilaiiiefnent lug .4 be selected bciwecD the log n scale on the ^der and the 
(log ^i-tog _-i) scale Qn Figure ! L Follow the trace made on Figure 13 bv the equation of 
state, in thU w'.iy olfiiiitt Ike n$ois-rmrjfy *?/ t^try smgle mymenlarily static imd sphtiricall)- 
Symmetric cmfif^uealum uf uniform dettsity li'A^cA ftoiiluim ihr fixed number vf harwus, A. 

Look fsrst at the low p* end of the curve for the equation of state. There the curv^e 
degenerates to the straight tine (170) with unit slope in the (log p*, log ?j)-pl»ne. Hut 
also the conLoun^ of Figun: 12 dcgcticnile in Ehis SLime tow p* limit to sLr^dght tines» 
again with iiniL slope. Therefore the lower portion of the curve for the equation of state 
coincides with one and only one M* contour: the contour jI/"* = This result inr 
the mas.^-eticfg^v of A widely dispensed baryons h hardly surprising. It nttrely serv^cs to 
check the operation of the slide rule. 

For modest compressions, that is^ for somewhat higher p" values on the curve for the 
ixjuaiion of state, aljowance must, be made for two effects: 1 1) the p* values lie slighlly 
higher ihan the straight lint ^j*rf {eonipre.ssional encrgjOl (2) the M* totitours tilso 
bend upward (see Fig. 12) Jis compared to ideal straight lines of unit slope on the log- 

log diagriimCgravitatiiirud energ_vj- According to whether grjLvitaiLion;d or compression^ 
merg)- dominates^ Lhe curve for the equation ol slate is now slowly switching to contours 
of lower or higher mass-energii' M *. Ail this is as it should be. If we were concerned solely 
with the non-rcktivistic domain, w e could find a simpler graphical means to bring this 
story' into evidence. Ilow^evtr, we wish 10 go all the way from non-rektivistk to rcki- 
tivdsitic compressions, and therefore use the diagram in its present form. For example^ 
employing the Handfican-Wheekr equation of state on ibe "slider" part of the slide rule^ 
wt construct cutw-es for nisiiSH^nergy as a function ol compression for thr&c sc.lei.’ttd 
choices of the baryon number .1, as shown in Figure IJ. In mat diagram one can see at 
once the appriiiiinia.tp cocrespondcnce betw'ecn the predictions of the timform model and 
the detail^ inLcgrations of the accurate general relativity equation of hydrosEalk equi- 
Librium, as depicted in Figures 5-7^ 

MKTISUOU?; SEQUENCE Ol^ CONriCUIUTlON'S W ITB J-I^CEU A ULT 
UA.^^-KNKaOY GOISCi TG JU-IRO 

Now follow the cuire^e for the equation of Stale to higher and higher densities, as il is 
traced on the imaginary glass slider we have placed over Figure 12. Recognise that it 
can never have a &lo|.>e less, than unity on the logdog diagram; otherwise matter would 
collapse ijpotiuneously. kecogake, on the uther himd, that the limit for gravitaliunul 
collapse (ihe upper border of the contour diagram in Fig, 12; xu = maUer curving 
up spate into a closed universe) has li log-log slope of only Uvo-thirds. Therefore ihe 
cur\^e for the equation of slate cannol help but cross ihia border. Here the sequence of 
configurations of A harv'ons (.‘1 fixed) comes to a decisive end with if* = 0, Thus one 
esublLdie^i in t3ie most direct way possible the important Theorem 2.L 

Tueorilij 23. Frovideti ikai malfrr dnea md luidfr^a cottupsc af ike Piicrosfvpic tevrl aT any 
ahige fl/ e^^mprrAnan^ ifsett—regardless af ail tdlier features of Ike etinafion af siaie—there 
each fixed aj hsiryttasi A a amtimi^us sequence of configtirtilufns leaHug la 

a *''graviUilwnai{y collapsed cotifigHniiiOfi" in U'hiek the muss-enerf^y M* as sensed 
exkriiiilly vs sera. 
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CiRAVlTATlON" T1 lEORV AND CaRA\lTATtONAL tl>r.UAPSi: 


B Akifll- fc TO LmLAPSE tjT A SUPMASOLAft iL4Sa5 


In Figure 12 there is *in ridge'' running dov^nhill from the lower Itft-hiind 

side of the diagram to the upper right. Theorem 23 states there jsa tontmuous sequence 



from the details of how the crussing 


takes pliice. To be more concreltp considtr a few sjX'tial rases. In one case the barj on 
titiinber ts so grea t (some poia crs of Lcn greater than the bart on number of the Suit) that 
the entire sequence of eontiguratians is traversed while the matter Is still at low' density* 
The matter has ihe form of dost all the way to the collai>si: limit. In this case there h 
no pressure at any Stage of ihii waj% The equation of state ki'Hsps the form /j* *■ 
through the entirtj sequence. The "‘curv'e^’ on the glass slide of the stide rule reduces 
throughout its att^iimibk- kngth to a ninfighl line with a logarithtnic slope oI unity* 
Project this line onto FEgure 12 ^ the stationary part of the slide rukp and follow that line 
from low' densities to the critical density^ of a completely colhipsed cimfigurarioiL The 
contours which art cut Jilong the way ha\*e succes-siveK' lower and lowTr niasa-energies^ 



Piq/cin^) 


FtG. 13.—Ma£«-etier£y as B«n3«d Mtemiillyp as a fuacii<m of ftrnMty a, fur mfliiKa eerily ?tAtic 

And ^btrlcttny syEnmetne cjnfij^unUionj nf Uni/wm The cprve^ were dcLermincd by itse qf ibc 

"frtiderukc'^ of-chop, viil , i^rlLb Hg. 1 2 canttfluting OAe-lialf oE Lhc aUde ruJe ,.BJiri the EitV ilt^UBliua qf lUlir 
of chop. icoiMituliug thi; olhcfp iLod ao AntLird cumpDLnlEnn vhiitftoevcf r«e|utr^, Par d < 

(5 X 10** repre^ntAtivf) iherr jubI one Tmnunum in the £tirv«; Ipc IP*' 

(7.4 X 10** MprcsentAdve) there art two mLaimji And twft crushinf far ^ > .^11*1 ^ 10*’ 

(2 X lO*=^n!prcMntatiiT), the raaHE-€nei^' curve It monotooic dccPHtainE Can equilibrium c<5-n%iinitiDns; 
EolIapBc mevitable). Fur >DDmpdriMja wii£ the UEdfnrm modeh ofne b^a ia Fe^- 3> 6, ajui 7 the re^ldLi oI! 
namfricil Intcgrntiaru ai the Kenen&L lelativiiy cqUAtroo oF hyUrrstfitic erj^aiUbTiuiB einplo>'iiig tbt &Aine 
Muation of italt. Those eqaiUbrium COCfisuratpyii^ kauc WJiHetd densstieii mdicated hefe hy ctrcled dels. 
Tntusclulticss of the uniform nic>dcl 19 evident fram th-c dampaiucAi. r.da4ram prrpiir^ by KitJ S. Tin^rne. 

dropping modotomcally to If* = 0, This result is reasonable. The effective energy'of She 
graYitaiKonal tleJil becomes more and mare negative. There is no energy' of compressioR 
on hand even to mako a try' at compciisaling thifl ni^tive quantity^ 

ft Is easy to gi^-e espresMons in tnis case of dust for the density and mass-energy at 
each stage of the conlraction in terms of the value of the mnsSp Mu’*^ w'hen the dust is 
inhnitely dispersed. The proper volume expresses itself tis the ratio Af^*/p*, On the 
other hand, the proper volume is also gtvtn by equation (165) in lerma of the density and 
the hypersiiherical anglcp jtn [shown in Fig* 12). Equaling the iw'o ex|ircssions for T, one 
enn for the density, finding 


^*=( 17/12 jtffl - sin yn erw x..) ^ 
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The density increases cxsntbuoLisly through the sequence of ennhguralions to a finite 
limit at the final calkpsed state {xt = 

{I'naxirriymJ = t 2 7ir/1 inji 

The mass falls steadily to aero fqr the same sequence of configuratiouis; 

1/*/Mu* = 1 sin* x^/ ( Xfl“ siTi Xd Xfl) general xo 

= 1 for small x&t dispersed dust) 

lITt!- 

“ — *0,42 4 fQrx»=’''/2 

JT 

■ 0 fur xij* ■ (‘"cqdlapse^*) ♦ 

Some illustrative values have been calculated from equation {17JJ and are collected in 
Table 9. This table gives the density, ppntK, for a cloud of dust in the collapsed configuni- 

TABLE 9 

DEN'&TTV OF A E>C^T CXOUP AT CW-LiPSE AS FUNCTION OF 
MA^i^ BEPOKL A^^SEMBLV 


I 





10*^ . 

i.9S7Xi^ 

1 474X10^' 

3Jisxitr“ 

4 IIXIU-^ 

10" _ ■ 

\mjxm 

1 474X 

3.05X10 « 

4 llXltr* 

101“ .. 

I WSiXItF 

1.474X Ifl'* 

3.05X50-*’ 

4 11X10-’ 

0.41X10*. 

1.274X10^ 

0 tWSXJO'* 

7 42X10^ 

1 


tion os a function of the mass of the cloud before assembly (the table La based on erj, 
[173l« raasimiiin deosiry where concept of *^diist'^ makes sense is tijten to be ] g/cm , 
as indicated by lust row im table). In every the mass as sensed is inde^itelv 

close Lo zero. Frum Lhese numbers one seta, as V\llliam Fowkf has also pointed out on 
numerous occasioni^ that object conEainmg as man)' har^'ons as a gahixy 
Af q) in a state of gmviutiomil collapse is still at a density Sower lhan the detijiity of air^ 
where any rsislancc of matter to being compressed tan have nothing to do with the 
situation] 

The lower the number of baryons, (he higher the density at which Ehe mass-energy of 
gravitational interaction first becomes importaiiL 'Hius as one shifts his attention 
from a galaxy' to a star, the critical density goes from less than that of nir to the order 
of magnitude of nuclear deisitiea. In this donuun mafis-energy no Urnger decreases 
monotonically for configurations of a given .4 as the compaction is increased—although 
ultimately this univensal behavior does dominafe [Theorem 23)* But first the s|,iechdi 
features of the equation of state nmte theniselv^ felt. Thus, when thy ntimbcf of 
baryons is 0.74 X lOj^ (or the mass Mi before compaction is 0.62 Mo) and one follcrws 
the line of the equation of state upw’ard through the contour diagnim of Figure 13, he 
finds (Rg. 13) thjit the total masa-energy Af* decreases through the sequence of con- 
figuraiions to a shallow minimum (shallow on a tiudmr scale of energiesJ) at g/W"; 

reaches a maximum aL ^10^^ g,- cm*; reaches a deeper minimum at gy’em*; goes 

through a final majdjnum a! tir'd thereafter decreases nionotonically lii 

= 0 at ihe configumiEon uf colhipsc. 

CrtlLLAP^li IlARlgI>:W R>s SUPSTTEI-LAlt SYSTEMS 

Now let the number of bary'ons be veiy small [kilugrams or tons) compared lo the 
baryon content of a star, Tien the sequence of configurations has a fantastically shallow 
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fiRA\TT,\TT< >X THEORY AND DRAMTATTDNAL COLLAPSE 


mminiijm. ’Jliis dip jneasiircs Lhe ^riiviiatiocml fjutcniiiil merg>^ of liitracLion of the iron 
oiioms in this sphere of evmdjiy dsmtrnsions. The eorr^ondini' density ig nej^Kgibly 
higher than the si^nd^ird density of Fc^h Further progress along the sequence of eno- 
hgnrations lakes one to higher and higher densIticH. Mott and more work la done idong 
the way against corapreasionaJ forces. Deo&liies are still too low for gravitation to give 
any help, until ai last one ciimes to very high densities. Here one is Qnally traversing the 
'"energy ridge" in FJgiin: 12. The denafdes are so extrenit thalil is rea^WUe to ask for 
an account of the traversal in terms of iho simple as\'inptoiic -f-law equalion of stale 
(I7l). In this qise one can tntce the variation of density and energy across the ridge to 
the configuration c)f collapse by way of equHlions like (172) and except for the 
change in the equation of state: 

i (3 7/12 8 t ) “ san 3 c, cos x,)/A] , 1175 ^ 

P * = /--^ [ ( 2 7 T / I 2 8 ) A ] ^ , f 1 7 6 - 

jVf* = t3/32T}V^i[(l28r/2 7)^^M/{ jcQ—sin xd cos arc?) sin* xtt * 

These cx^uatiDns reduce for y ^ 1 (^“'diist*^) to the results previously given. The cicse ^ = 
^ IB particularly interesting because it correspimds to the case of an ideiil Ftrmi gsis cort!!- 



Fig. 14.—PettmllallriirrKir against gravitallonalcolJftpM! rorc^niigaraticms ol unilirnn dlmaliy. Here-4 

£i kcpl ibeed, |l ia tnkca ta be Diudi Bma llrr tn ckndcr of imtgnitudc tli4n EO^'^. Cwj^^ently the 

14 wrikH -cme mui^t ga tttfortp-nrvitati.ntui! ?lgiu£j!:i.i]k is raormoiis. Tkc cH.lpdAt|Dii^ 

Mime tkai a >-biw eqiwtipn lif 4 t*te *ppUet Liv tkts bSsh deffrtityrcgLTO^ with y « j smU wEtlv thccctiiLiint 
i3{ prnpartlLiiuIity oppr-Dpriatr tq on idcikl Fermi Tbr abscusa m the diagram IS# ftnipk tneASUre of 
the degree ul trottia^tkn cf thr ccmO^ratlan. It k ikc mcfiiu of cmvatiire of the FnedmAon leeometry 
(J-iphcre} inside the ftccepled by the itutiter. It k ^vtn Iti lefraa of the draiity eq. (JT5) by tie 

equulioa d ^ The axvgks marked □□ the Ciirve murk ihe extent ef the ideal cempicte 

occui»«l by the mcitEeT (cf. iaKTt in Fig. 12). Fw lijw cempat:tion, low deBaity, and hi^ radius of cunm- 
luroj arciitfr sud l^JitcF deputuTes from the kj^l ^ - J equatieet (jf Jlllte A« ta beesqmted. Tbwt dc- 
parlLLtes set la the saaser cm tbe liukSTun, the: tugher is the .4 vkliir (diur^^ fiptiM at ypiMTr righj^i For 
nvoTt detftj] to this region for wy high A viluei sst F%. 13. Tie unit in the dljignLmii ^ 

I* - I .Ulfi X 10"*'^cTnj Bnuivxi3cril to2477 X X lOi^ergor ihfe »r fm by 0 44i7 

li^s qf c^mvenliliflal etcplulkve. At Lhe miyiimtirn Cil Lde ^urve Ihe mas^ciirrgy k . 4 V> -- 

X Itr* g; tbe hyperapherical angle x Hibtenckd by the 94:;^ennk] cotEectb^n of nultcr atfiteamlcf 
il bS.lTiS''j ihe t^ius of narvalure is t.l416 4^ X em; and the ikasity it 

4 *J*2.24X FPg/cmA 
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pressed IQ densill^s so gr^L ihat the Fermi energy' is birge compared to the rest energy 
of the particles. In this case the cbiu^acterfetic length L in the equakioti of state (L71) 
has the vnlae eq, (36], chap, is. m4 Table 2) 

{ 1.524i*-2.46XlO-“em, U7S> 

independent af the rest mass of the fermion, ii3 is to be expected. 

Figure 14 shows in (bis case, 7 “ the potential bamer against gra’^dtatioiml coF 
liijjse. Figure iS shows selected configurations before and after the|.>nssage of the barrier 



Fio. tS.--C^Klmc^^y fm f«ir eDFrftgurationi of uiiiforni clpnHt>\ wh cnaUiiomj^ th? fRme nyitiber al 
boryei'a^ -4, lu^d dij^cring tmly En degree af ccmpaclkin. 'IIlc trflkzuLAtiDna vssume p m prqportJooiLl to 
(ceLIeedc itLilE] vifitic ILaik af idrai F«rMi gaA). Thi regiati df ynifdimi cyrvmtytr wherr tkr mattiir 
IfHMted jain» on ftmiwihly iti fv<ir>' case to the cKtiufar Scbwajsschikd ffcaiHetiy^ Hnwevtr, Xh^ #nwj bs^ 
ucutjcd with the Schwnrirachild gcciortiy d]£rrE from to tsse Bs «hoWn En ri:|. 14. In the co^ whent 

the matieirfasis blmiKit nfT frcri^ ihE ium.iuni^lEig npuce xht mw ai lensed % im ettemoL ohaenTr 

ii ulmosl JWTOr Points m the tj-ntcid sorfsce in the. dfjwiDg have sgaihciiicc; otf, none. The vurfiice tui* 
tymmrtr^' wflfa ic^xct tc rolBUouaBbcat the weIEcaI bus. It IsiboWD here if imbedded ki b Eufli^at^ 
«^c of higher dlmcniiii^i; hei^e the t-ndi in the diagram (the tvXm dimeMif>n hjivitig aoihEn^ whai- 
tci do vnth tnne). The donsity of dot;? indiELStes qualitatively the dessity of nuLtter. This mftttef it 
depicted fur tBie r>f re^rirsealBlJdd^ ut uctrup^'fag a emt In the purely mBthetiuilicaJ space uf oclc hjEher 
dlmoisiirin. In rcaiity it Es to bo conceived m caSfined to & 3-spb«e; thsii ts, to the "'lurttw” in the rllii- 
j(TBm. Contrast the pTcscnl Kcuence, Eo which .4 is fixed end M* vBiics. vriLh the sequence in the insert iif 
11, where .1/* la tiled bEiu A Vsriei. 

SLimmit, Table 10 siiminarijtes prindpal features of ibe barrier against gravitational 
coElapse of sdeeted subsielbir masses as calojlated from equations (175)-(l7S)p which 
a^Bume im ideal Fermi gaa id the limit ol densitiea ver>=' high in comparison with ftticlear 
densilv, l^hc mass-euerg>' at the summit increases as or, relative to the inili^ mass, 
as Thus the suppiemertlary euergy which nuist be supplied goes to zero as A 

approaches values small compared to sieflar magnitudes. 

I'he table is confined to a limited range of densities {bsl row). When the density falls 
to nuclear values or l«^ complications set in, in the equation of state. These consequences 
have already been examined (Figs. 5-7 and eiip. big. 13), On thfc other band, the very 
concept of equation of state becomes questionable when the radius of curvature of space 
appmaches the Compfon wstvelength, 4 X 10^^ cm. 'fhe density required to produce such 
a curvaliirc is cm“* or to KV* g/cm*. If any good reason is oiscovered to 

think that the equation of slate of an ideal Fermi gas makes sense at still higher densi¬ 
ties, then one can consider seriously the compaction of smaller rtiass^ to the point where 
gravitaliottal collapse sets in. 
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mi TTcciiKOLfHiiiCAi^^v to put ts enough enehcv 

TO PUSH A SUBSTELLAR MASS OVER THE BARRIER 

To takf a. sphere qf the ^iUleat nm&s Ibt^d m Table It* und lo Fitise it slowly lo tht 
summit of the colkpse harrier (densily cnerig\' iTicreascd '^lO'^-fold, by the 

work of comprcsstQn) is^ ai erourse^ possible in principle. Plnce ihe sphere at the center 
of a configuration of cold matter qf mass it little less than ihe mass oi the Sun. Go 
through the oi>emiionof “pumping up” the central density lo higher and higher values. 
Take the cold star through successive cyxles in whJeh one adLihaLticall}' adds and giib- 
tnicts tMuyaas^ aa described in the preceding chapter, I'hen I he goal wWl (>e achieved. 
The instability of the star as a whole as ;Lnaly;f;ed in chapter vii traces back lo the 
teetering on the sutiiifnit of the barrier as discussed here. 

In discussion Dr. Richard Eden rsused the quesliciii whetlier there is not ssonte more 
nearly practied means to aup]>ly the enetg^v ncaitxl to crush a Umilcd amuiint of matter. 

TABLE lU 


BARRIER AGAE.^ST CtJLLAPSE FOR lUCAL FERMI CAS IS HltiU-DRNSJTV LIMIT 


Mrtw Ijtffijft-comiJftctkin . , .. . 

1 «OXIVs 1 


9 7tiX9ai"« 

Mas^^-enrray aI §uiitm[1. nf harder 

aiiotnal CfjUaitfte. . 

J^uivaljQi^L Eli tkLs energy in lanh af cdd- 

t MXW'p 

t 03X10**1 

1 92XI[P( 


ven LLnna i ejCploiivD... 

2,ftiXlCF'T 

■1 12 X10“ T 

4 12XWT 

Fftcinr by which ^nrrjqv pequinrcl lo iHg - 




j^r grayiUiLkiiuLl coluLpse ejcucIs ojiy 
possible □utpui In^ti Ihal lewcticiti! 
^ ^vtn aiwinaiiiig UMJ per cent ehtd«icy- 

i 

' 7,74X»Jt 

^.22X1^^ 

1.97X10* 

Schn arf^ckllil rALlJjLt«iD[dma,Ef of com-; 
poctnl coufi^mdun al ti>p Itouder 

; 3,JlXlO-»cm 

cm 

3, sax lO-* cm 

RaUiils a! carvQti4j«- oE the FritdmiLiiii 




gmmclrr' WiLliin ihc coaUgurBlitm . . 

1 2,5flXlO‘“cffl 

4 01X10"^ cm 

4.0lXl0~*em 

Denyty ut nvu^^energy in it, in gnim- 




elrizM gnlta .... 

1.79X10" cm-* 

7.42X10'* cm^ 

7.42Xl0‘cm^ 

Dnuiiy Al tjauder Mimmll in conVcii- 




Uunal uniu. ■ ■ - . 

2.1«XI0i“j!/cm* 

liyn g/cm" 

ItP" fl/cm* 


Tn response it was suggested that in principle the nmCter could be prop>clled inw^ard in 
pieces with such speeds and such limea of dispatch that all came together in a veri' aanall 
spjiCc at a very high dtnMty. For this puiposCp how^evefT ea^h panicle baa to W supplied 
with an energv' times its ow’n rest energy[ (This factor increases^ moreover^ it one 
esiftnipqlates the considerations of Table 10 to smaller masses, where the densities at 
the summit are higher, und the concept of an ^uation of state is questionahJe), One 
llnds himself (.tying lo imagine a machine which b a( the same lime a coinbintUion of ac¬ 
celerators of pre^'iDualy unimagined size, a focusing device heller than any electron 
luicroscqpep and a rcsfdver of time supeirior to ihal of any nanosecond counter. Then 
one turns from this design prublcm and louks at the total energy requirement (FEg. 16). 
.At this point one becomes an the more convbccd that h is bej oud the bounds of technol- 
t>gy to drive matter over the Collapse harrier elL a density of order of 10^'' g.'cni*r One 
will not look for grav^tfitionsd collapse in nrusses like tho^o lifted in Table It). At stdliir 
nijusses^ yes^ at the tcv'el of clcmchlarj* pnrticlesp maybe; but not in belwcen. 

It is worth emphasizing that the requiremenl of g of mass-energy equivalent {or 

tons of TNT efiuIvaleTii) to get to the top of the barrier at ^ g/cm® density 
is indrpenfitnf n/ the dehih of (ke of sta/e. *rhe rtjjsoning goes tn the following 

steps: (1) ihc ver}' cuDcepl of equation of State connat be trusted w^hen the radius of 
curvature of space Is compEirable lo or less than the Compion wavelengih, Gn this nc- 
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coiMt this tsMigth sets ^ nriturul \imyl to tKe exlensioia of a barrier-snrmoimtiDg Configura¬ 
tion alwut which one can tulk clusskalty. (2) In addition il does not make sense in terras 
of dcvicen conceivahk today to campact great amounts ai matter into a domain orders 
of magnitude smaller than a Compton wavelength, ^ = A. me. (3) This dimension for the 
ri^ius of curvature nf space inside the configuratian determines a density 10^* g./on" 
via the equation (3 /St ■> ( 4) A density uf ihi^ rnagniiudc multiplied by a vol¬ 

ume of this L^xtension tcjgether dtlcrraine a mass-energy' 

M* (cm} - - (X/ 8) or M{g ) - t eVO(X/ R) - 10^'' ^ . [J^«? 

Thb result Ls independent of whether the 7 in any asymptotic 7-lftw equation of state has 
the value of I (as for mdialhn or an extreme relativHstic Fenni gasj or the niaKimuTn 
value of Zj at which the speed of sound becomes equal to the speed of light« Let us adopt 
7 = 2 mstead of 7 = fi Let us repent the cakuhttiona in the first column of Table KJp 
Keej^ fixed Ihe dtrisilyai Ihesummit ol the barrier, 1’hrri the at the barrier 



Fio, 16. — ^Tlic ctElHrulty with ^pavitatipruil coltapte ae-jui eriet^y source at x terrtriJ r[ii3 Level. 'Die dul- 
put from the toon tons, aH^uaiing; ihc liJliiting emciency iif 3EI0 |wr cmiI ctMaveraiEMa of Lhe cclkpped 
niattcrinLncn£rf;>-„iS£«]ulvi1nil loJ >C IO^ mcsmlananf high tapLodivt. tlrwevcT^ to gtt iliis Bnengy out, 
DSC bus to the irnii, Pc^r thffi purpose it must he cotnprt^3fl«ct mt& X T#gk4t with diniefisloTis ef lhe 

nfiier of the CtiEmjtoo w^nvctengih^or—albwJni tor m^-eneriy put in dLpinjj comniftw^—to a density 
oi ibf Older oE id*" g/cm*. The «iefg>' Turjuined far tkUs ncdviLtiafn process Ls “--Itr limes &b much, as the 
enei^v wbkrh mie can hor^ to eatracL Irom the ItiOO ioni wllh tOO per ttnl collapse E Moreover h tbe tiulor- 
Ina ot th-eenmikactkiii bfar beyood tbe^irtyilty of technohiKy, even apart friara the di£5cnld(Sof locali?:- 
abililv iksaodalrri with the eicLiukn. prLoijple. rurtlierniQrc^ coo vertiun of Liie Lirtelic eOeri^' ol CumpaX:- 
ticMi Ltitu heat and radiation iM-fore the critical concliliut Is reached (lof> of ^tentuiL hafritr xgairi^t 
gravitanDiml coUa^Me) would spot] the fJCfSAlhLlity of compkting LheautivadDa. Even if tallnrinjf were 

perfect and these (Ikermal made nc^llipble, tue LoUil eruri^' of activatkinr if supplied tiy ther- 

mutiiLCletir ci^nhustlon of Jcuteriurrii would require an amount of thii fuet which— hy a nu-mcticalcoincL- 
dence^-’happens to be llle same Xithc entiredcutedura canl-ent of the ocean, "-2 X Eons, 'rheaenup- 
bCTE BASume an e^iuatinn nf estate which asymptotically fur high rk-njltiefi reuls p ^ conataiit with 
y ^ A change in y aLEera ihc 1600-ton figure but lea^-fti UEicLmnged the ^2 X 10" cm and 3he «-t0" 
jf/cm* juid 2 X fEI^* tim* of H (dkw.'uiftnin in Ifixt). 
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suTiiinit ii ilsci altered by lees thiin a facrtor 2. The only iitiportunt rhatif^c occurs in ihe 
trumber aj bufyimK ifilQ which lliml energy flf ct>inpriiSsiDn is fed. The matter now being 
0S9.ume<l harder Lt> compress, a stnaller munber of particles is required to SiOp up (he 
requisite eiicrg>\ Accord]ngfyp ihc calculated mass frc/wasKTiibly will be rcducisl—and 
r-^uced very much below 16(M) tom if the asymptotic valius of y is dose to 2. The tech¬ 
nical difRcuIties of going over the barrier- -energy' and compaciion—are unchiinged. 

TtlE JtABKILK FALLS AT HUm AWQ LOW ,4 AND DAS A MAKlMtrM AT tNTEJtlTKPrAT?: -4 

Th^ harrier ugalnst collapse is zero for conhguniiiom of cold^ catalyzed matter con- 
t jiming 0 ^ many bary'ons aa the Sun or more. The barrier comes into bemj^ smd 
when Che bar^’on number drops lo 0.4 of the bajymn rmmber of the Sun lhwI a little less. 
At some lesser (faction of the hary^on number at the Sun the barrier hm its greaiesL 
yuiue. When the baryon number drops to the flubstcllai values of Table 10, the barrier 
ia already iii:i:reu$ing wiih baryon number^ Why not dras-tically extrapolate this law of 
decrease below the barymn numbers of Table 10 [tnd look hHI conbgurationa contairting 
only a hLindful, or even two or three, bar>^QiiS? First, beiauae the very concept qf equa¬ 
tion of stale loses all meaning at Lhe rele\^ant densttiefi. Second—even if one neverthe¬ 
less goes on using an equation of stAle—because iiLHy cdculalEon of Lhc ''barrier-' hy 
classical general reiari\diy puts It al dimctisions far below the Compton wavelength of 
fl bary^oUi so that the concept of the barrier also loses any meaning. If, despite these 
powerftil ivamingSp one still gots ahead to calcukile tl(C ''hirrier" for A - 2 or 3, he gets 
from Figure 14 a height nf the order of 

C^cVCr^-'lO-^g or 10»erg or ](P"eV 

—not an energy soon Itkely to be attained in any Farlh-buttnd acceletntor I 

It w'Quld be wrong to end this chapter without a word of caution aboul the nature of 
the energy analysts mside here. Taking a fised number of baiy'ons, we have compared 
the energy of di^cffnt conliguratlons all at the one momejit of time symiuclrys. rather 
than the energy' of onr configuration at different times.. ITic questions of dynamics have 
yet to be examined (chap. si), liul iin?t il h approprkte to go into the equation of state, 
on which so much has dt-pendeti in the foregoing aniilysia of static comlgurEtion.s, \»*^h 
equilibrium and otherwise. 

Out of all the foregoing anah’sis of si a tic con hgural ions two numbers and two conciu- 
sions stand out. One number is a critical ban^on number^ --fRrii-, miirleing the limit of 
configututiotis with stability. Its precise value deiK-nds upoi^ the details of the equation 
of state at den&ities near and a lictk above nuclear dtatsirie^. Its gmend order of magni¬ 
tude is Tarit A-fo/ni 2 X 10“ X 10“” Ify'^ The other is a numlier^ 
A less Jifetisciv dc^cd, below which the ideas of ebsgical phystes no longer make 

sense in imiilyzmg coLlap^, and where even the coat’epi of "collapi barrier'^ Is not the 
besLw^ay to describe thesitualion. If 7 " ^ is the appropriate exponent in an asjTnptqiic 
7-law 61 E.0 ihc equation of state at densities veiy high compared to nuclear density, 
I hen ihis l)iir>'oti number is cukukted (Table Ulj Tu be of I tic order of magnitude of 
b X 10* g/3,6X g10“. Changes in 7 in the allowable region 
dionge A^i^i^matAy by a motJesr number of powers of ]0, In lenus of these two numbers 
the two conclusions are these; 

Tin'-cmF-H 34. jVu C 0 lJ^ c^iiaiysed conjiguraiion tf/ A ffarymj: k iiablr tigainsi gru^itiiiiGnnl 
coiliipst A exceeds A^rriu 

TiFfFX)KEM 25. A sysiem of A bary&Ms^ wiik A > A^ms^iMm Imi A < c^aslnjitied fo uni¬ 
form damiy posiesxs at ieast me Citifjined rmfiguraSion of equfiihrijm ’i^'hkk is 
unst^Ne against graviMumtl crdkipse. 

Tlicse two staLen^ents togerher e?f3uiust (he castes to which one can apply cLasskal 
physics. 


EQUATION OF STATE OF COLD, 
chapUr 9 CATALYZED MATTER 


Tilt ESJJ FOIST Of THEKMON'UCLEAR EVOUJTION 

WhuL is sliitc of lowest cnerK>' of & svatem of A barj'ons? This question has 
motivated aU of the foregoing aniilysis. Some of the configuratiDTis caitaider^ were cdh- 
(iguraiiops of equilibriuDi. Others were not^ but were CKajrnimxl bcaiuse they threw li^ht 
on the ihtfory of cquiEibriumr Bm all of the configurationa were static—at least mometi- 
taril}'—because in the last atiatysis the question raised has to do with a concept sn- 
irinsicalty static: the jTno/ energj' state of an .4-bar>-on ^slcm, 

"Thh concept of fmsiil energy state is so cEntnd to the diiiusslon that it i& appropriately 

S ciled due in a little detailr The idea has aJrsidy becqfme well established in cnemicMl 
errtindyTiiimics^ though not without struggles at the time many decades s.gii when it 
vcM first introduced. That one could analyze the posstbilitits for a reaction by comparing 
the free energies of the initial artd final states, without study or evtn knowledge of the 
perhaps dozens of inlerraediate stages, Was in ihe end A prindple too powedy to tie 
overlooked. Jn the study of many impartjint problems this principle short-circuited im¬ 
mense complexities of chemical-rcaction-rate theor>% Those complexities are called to 
mind again aS one looks with admitalbn At the complicAtionfl being unravpled step by 
step today in the theon' of thermanuclcar reactions in stars,"^ Cle&rly there is no sub¬ 
stitute for this undertaking insofar as one is concerned with understanding the evolution 
of actual stars, in the actually available time scale. However, one is permitted 1o ask 
other quessinns^ too; and among them this question of pHndpIc: Granted mdefinitely 
long lime, ant! Endefinitely effective means tq catalyze thermonuck'ar reactions, and 

f janted csaclly A hydrogen atoms to start with, what will be the final output of energy 
rgm the system? 

I [I terms of the energy' principle, one translates this question to the form; What h the 
difference between the energy of the initial stule and the energy- of the finiil state? lliis 
formulation leads directly to the issue in this section? Wh\ii tr the final state of matter? 
Here wt speak of nfiatter Ets one epneei^'es of it within the framework uf standard nuclear 
physics; that is to say, looking apart (until chap* iri) fcom the issues opeued up b>^ gravi¬ 
tational coUapse. 

In asking for the final state of jin J-binyon system, finst shaqien the questionj by 
defining niort clearly what U tneant by m “-f-bar>^Dn system** 

i^VMUKTnV AGAIN^ A —^ 

Whtn we deal with iin .I^bary-on system, we understand the number A to have sign 
as well EUi magnitude^ Thus a negative 4 implies a s^'stem built out of antiproton.s and 
antinctitmus. Wc ucctpt the observed sjuntnctry between antipurdcles and particles as 


* For i recifatcfiiEtip«hefta4Vc TtVHjWnSW ui^l Summoio (t^).S m alauSkbwmrasdiild 

(IPSft); fturbSdfjer tforbidpier f-nwlcr F-or thr Ulm pcoca£ btt Garnota^ 

fljid ^nt)nher|7 (19411. 
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implying complete synumctry bclwccn B>steii3s with positiw .1 and systcciii with nega- 

live A when A is vE;ry liLir^c:_ 

tLEcTkJcAL MF.UraAUTV 

We shall sibo undersUiDd the ttftn 'ban-on'' to imply dectrici] neutmlity; that is, a 
ban on is cither a neutron^ or u proton-plus-electron, or any hyperon derived from a n^ii- 
Lron by biny of the standard transformations of elementEtry-pariicle phy^cs, accomnjuiitd 
hy wliatever electronic inuQitic or mesk satellite b required for conswiency with IJbc taw 
of TOitServ'ation of charge. 

Is such eleclricuil neutrality realh- niaiaiaJner] when pravitational fields are as ]n>wer^ 
ful, 

IT-^(7 X in-«cmV^^5ct^=)n,4X 10^^ g )/f isr cm 

as (hey are calculated lo lie in a neutron sUr? This gravitational jujll h foneentrated al¬ 
most exclusively uiKjn the nuclei. However in the outer reaches of the 5tar the material 
is held up pracliplty enrirety by the pressure of the electrons. Will not the prolans and 
electrons be entirely sepamted fnjtri each other by the countervailing aetiiin of these 
two forces? No! KudkJi^hinjg (I952J has pointed nut that the sfiir will be cndowctl with 
^ ekctnc fieiil that points radially outward. I( transmits to the protons the sustaining 
influence of the electron pressure. This field b greatest in the ouiemiost region of the 
object, Tliere an entire Ke*" nucleus has to be siist^ined by the eiiiSltc forces coming 
from something of the order of onlv one elct lrtm per alonip responsible for lattice bind¬ 
ing. Even In that extreme ca*? I he ciikulaLod clcc-tric fields 

E ^ »ff, g/e ^ 6000 V, cm 

is negligible both in its direct effects and in its contrahutton to the enerp^y dcnsiiy of the 
SiVStem. That the electrical potential at the center of the neutron star is of the order of 
(6fKK3 V'cmlflO* cm) V is oo Source of concern; physics has to do after nil with 

fields, not ri^it^ntiab! Therefore electrical neutridity will b^: assumed in id! unalysisof the 
Uk'A nuclear physics^ 

UKFl.MTtCJN itv NT-UraiN-p NTK-IJTRAr.nV 

N'ot only eltclricul fi=eutrnlity but also '^neutrino neLiiralitx” will be taken to he tn- 
idudtd in the term "final state of an .l-haryon sysitin."' In other wonis, the system wnll 
be taken to be labile wilh res[>cct to the emission of neutrinos or anllDeutrinos^ whether 
this system is m isolalcti baryon^ or a nucleus^ or a collection of baryons its gre^it as a 
ncidmn star. There eibt of course some beta-decay processes which have very^ long halt- 
livcs. Of whatever length the half-life of any such process may be, the term “final state” 
win he taken to imply thal all beta-transformations have gone to completion. Examined 
more clostlyp this assumption consists of twn parts. First,, it ladtly lakes space itself to 
be '^lieutrino-neutrat”i setxmd^ il ^issumes thi; system to in neutrino equilibrium with 
space, We shalJ explicitly adopt fhi: idealismtion in which the neutrino field pervuiding 
all space Lh tjkkcn to be in ihcrmodj'namk oqinJihrium at absolute aero lemperalnre and 
to have a Fermi energy of zero. Weinberg and ZeFtlmdch (l%2) have cKEimined 

some of the physical consequences fqr heta-decuy processes which havt very low energy 
release if this Fermi energy is not equal to r.jero---lhat iSj if Lhe universe conlains a sur¬ 
plus of neutrinos of one kind—bot. no effort a to detect such effects have succeeded,® 
Howc\TrT the iibsorpticin «f neutriniiES from a plutonium plant has been detected (Reines 
and Cowan 1959; Cowman, lioined, Jiarrlson„ Kruse, Jind -^ferTuire |9Sb; Carter, 

* Prgfcs^jr 1.. Ikindly Mm-municiced pencaiolly in June, Lbp null re#aSu le *1ale oFesjrtr]- 

lapnlg caTTL-nJ un n! the Univ^oiUy of rndiani dntgneij to ilctect lurti rlTceif. 


EOUATIf^N ur STAIE nF DiLCi, CXliWA/.KU MATTER 


85 


Heines^ W'ji^ner^ and Wynisui Tberefore^ wc kno-v that cffccls such as W cbher^ 

lists dis^iJJAwi OiiuifU be eicajii^ af one Kurniunds the -^^l-harynn systeni under stud> 
wiih m ideal niembniist; imiiemieable to tieulrinos nnd artificialiy pump^ up the. Ftrmi 
energy- of this rndiatlon lo Home substtintia] level. In this wny^ afeordidg as one pumps 
in neutiinos or antineuLrinos, one ciui in prindplE push the beta‘Equilibrium! of nuclear 
maUer in thedifiction nl proUms or JJy Invisible mettus a inost visible chunge 

tan thus be prodinzed in Something So Substanitai as a Solid sphere of Fc^. Aloneoverj, 
just as one can produce on Earth temperatures of 10^ ° K.. for short times in substantial 
LU'Uoufits Ell nuitter, so in n star collapsing from p ^ 10^ gyeni* lu p 10^' g/cm* via 
inverse beta-processes of the type 

t-+ p^n+p , ^sBJi 

one hits lor a time sui effective change in the Fermi energy of the neutrino sea over a still 
larger anioimt of material, ft is quite beyond present lechnology to achieve such effects 
on liarlh. Xeverthtlcss, the vcty' oorLceivalailily of chaiiKing the Fermi energy of the oeu* 
trino sea reminds one anew of a point of principle: To specify the stale of themio- 
dvnamical equiiibrimn of matter il is not enough to give the temperature und the pres^ 
sure. One must al«o st>edfy the Fernd energy E, of she neutrino sea/ AVc are interested 
here in an .1 -baryon system which is not itself undergoing collapse or the tied rofi-capiure 
reaction fl8i), and which also is far away from any other sy^Stem that might Undergo 
colla])lie, 'nierefore, we shall Jkasume ifero density both for neutrinos and for itnlineu- 
trinas in Ehc space ^vhcrc the . Idiaryon system ts located;or mure hriertVpa /.m Femii 
energy, E, = 0, VVe specih' in addition thtiL the - l-bary'on 5\^slcm is in bcta-eqiLilibri'LEnl 
with 11 surrounding spstcc of this kind* AVe gnmmarb^e the two ideas of (1) zero tempera¬ 
ture Sind energy for ihe ticutrinsjs of spjicc, ntid (2) bcta-cqudlbrium with this spacc^ in 
the one ternir neutrino-ncuLml system."'' 

In the present state of ignorance about the ultimate constitution of elementary par¬ 
ticles, it is nccc.-iSaiy Ui lie open to the po^ibiliiy of some error concealed in the concept 
of a ncutrino-neutml systLTit. Not the slightt&l indiotiidii has ever h^n fE>uod that a 
proton is unstable with respect to such a complete iinagEnary transformation as 

p '—* II S’*! 

Nor is llip.rc an>- reason whatsoever to believe ihal such a process ever d^.n^sor ever mighi 
take place. Nevertheless^ uny ctisciission which deals with an issue so funcbinicnial 
a?i graviutioEial tolEajMie has lo be open so the possibility ihjtt the law of barynn con- 
servalion may fasl under mu'h comlttionii of cxiremc density- Moreover, if Ibe k^w of 
baty'on conservation fails at all, then there Ls Some finite non-jcro probability that a 
han'on will break down sponlaneousty in a special kind of radioactive transformation in 
which neutrino eniwton Ls Einly one of the many conceivable ouicomea. In ibis event 
baryons admit two quin? different Xypt^ of neutrino tran^ontuil iotiS: btta-dtfaVi where; 
1 he rate is reasdnahlc and the concept of cquilibnum m^tkes sense; and barj'on disintegra¬ 
tion, with 11 tr-.LnsjEiutntion inhibited, not bt- any Eipproacb to thermodynamical equi- 
llbrimTi, but by the fantasiicsmiillnejiiinf ihe.sfK)ntane(>u&transfoniiulion rau-itself*One 
is reminded of a slick of dynamite. It can be wanned up. iL can then be allowed to cool 
down inlo appafeni ihcrmodyniimkc equilibrium with its surroundings. It gives up its 
heat. Yet while giving buck this energy it keep^ hidden I he much greater stockpile of 
energy lalcnt within it. Do clemciUary^ (Ktrticlcs have a hidden internal store of f%tu- 
analogous Lo the m^r^y cuiiceaktl in the dynamilc? \\'bnLever the answer to this 
question, we shall o^'eriook ihia possibility here and shall assume that the concept of ‘^a 
neutrino-neutr;d .l-baryon sysU-m^^ in its eleniEnlary formulation makes sense, 

* Fnr furlhcT detail,sec,c..g.r tVhffcIcr pp. 1-6. 
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Tej uisd Ike term “iwul rino-ticutral'^ doea nol imply lint the intern ijivw (iff no ncii- 
trifios or imtirLeutrinos. On the contrary, as pres^urea are raised, and elcctroos are 
crushed into cpmbinatiaii vrith protons according to the reaction (lS3)p nentnoos are 
neregsarily emitted. As a pcniioti of matter deep In a star is iniiginEd to be squeezed 
from nne presaure, pu to a higher prestore^ jh, the rate at which that Collection of 
baryons gives off neutrinos depends tijiion the rate at which the pressure is raised. If 
the pressure change is very fast, the beta-decay will lag far behind. In consequEnce the 
density' wdl come to its equLtihriiim wlue only after some deky,. Morei>ver, the energy' 
excess in the inverse beta-decay will be subst^tial. ConsequenllVj I he neutrinos theni- 
selves will away a significant part of the work of compresaton. Erniiiiiily, m a riipid 
defompression^ the ant incut rinos given off will cam- away' appreciable energy, l"he 
existence af a rale<DtinecLed energy^ excess in bcta-cfecay afferu the denslty-pressiiru! 
reliition in a cycle of comprtfiaEon and decompression after thif manner of other hjMereals 
phenomena (Fig, IT). Howev'er, in the present considerations of changes.from tine nenr- 



-— PRESSUFtE —^ 

Fu;. I7.--Eiiiji]jljriyin betwetn iirtssure iind dimity enrapojtd utkl canlrtulcid Tclatian 

when ch^geii occur in rapidly th^t neurrtruj Ami pnKCfiCi of catrgy diMlpAtUm b«[»rtiE In^iiLtLnt 
{ h^'^tcripja-ciir vt I s 


equilibriLini cimrigurution lo antMher, the time available for the transfonnation will be 
taken to be very long. Accordingly a vtry’ slight energy excess in the reaction will 
be sufficient lo guarantee that the ratio of neiitrons to pmtnns keeps in gtq? with the 
changing pressure. In such slow changes it La appropriate to neglect any output of 
in the form of neutrinos or anti neutrinos, imponant though one knows ncutrtno processes 
to be in the case of rail’d changes/ Naturally the net MWfwfefr of neutriuois emitted fe 
independent of the rate^ and is completely hxed by the initml and fmal condltiom. 

A kfit idea implicit in the motion of the “fimal state of an .I-bary'on s>'Stcm” k sEcro 
cxdtation: no heal, no lattice vibration, no electronic: excitation, no nuclear excitation. 
In other words, we idealize the matter as being at the absolute zero of lempcraturc, T ^ 
(I, and endowed w'ith zero entropy, ^ = 0. All of the foregoing id eras together sum- 
in the phrase ^\’otd matter, catalyzed lo the end point of thermonucl-ear evolu¬ 
tion/^ 

rJfE l-ISAL ST^-VITE Wffn.V A rii SMALn 

It rriity be useful lo specify still more concretely the fimi state ol an .I-baryon system 
in the case when .-I is small, even at the expense pf looking at old chapters out of elenien- 
tar>’ nuclear phy'sica! Not only nuclear physics enlerfr, however. After nuclear forces 

* Opftinww md J^chanbcTH tWl b ff^ a wcrnl rc*, e.g., Chiu I I^Ot l . 
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havt had ihiAr say, elecironii; binding, cjr dietniakl forces, come on the scene; and then 
finaliy gra^Htalmnikl forces have to Ik Ct}nsi<kfi-d^tf they have any effect * llie magni- 
mdes of ihe contributions from these three kinds ot intemetians difl«r by many powtra 
of ten. Therefore it may smn at Erst sight quite out of place even to look at all three 
energies together at the Settle lime. Howtxer, 1 he energies ihttl ^re 50 nearly negligible 
when A is small eventually come to dominate when A Ls ThercJorc, it helps in 

Seeing the situation aa a whole to look at some of the relevant numbera for all three tori' 
Iribulions even in Ihe ^nah A donifliri. 

For .1 values less than aboui nuclear forces are^ most fully salisfied by putting all 
of ihe tKiryons into a single nucleus. There are only two exc^iions lo this rule, one at 
.[ * S, the olhcr at A = For tlic noniitil case {with .-1 < QtJj then, the solutian of the 
problem is simple: (U t)ne looks tip in a lable of nuclear masses that nucleur species with 
the given A wMch has the lowest mass » I, e.g., u hydrogen atom ml her than a 

nets Iron). {3j Hie nuclear eburge ne^w being hxed, one looks up the lowest electron state 
of an atom coniaining this tiumb&r of electrons for hydrogen), (3) One looks up 

ihe nuclear spin and magnelic moment. He Coiiples the nucleus lo the elect runic system 
in such a tv ay as lo achieve the li\perline stale of lowi^E; energ)' (F ■ 1 for JI)- llm is 
the absolutely luw^-tsi slate of the J-har>'oii syaiem. 

AN AaiPF- ON J — 5, - I = 3, AND- FLDfmiATlONS IN DKOMlLTIeV 

The two speckl cases deserAT same disciis^on because ol the interesting p>bts of 
prindplc which they rsiise. Hie kswtsi state of the _-l = 5 ^'stem consists of a helium 
atom and a hydrogen atom. Nuclear forces being Siiiiated, one might think of electroiitic 
binding its conung next on tiu; list in detcnniniDg the answer lo ihe original question; 
[iVia^ is ike tiis^ukly iaufi^si siattt- i}J the S-bary-on sysicm? Jn other words, one 

might be templed Lo ask frst the binding of the iwo atonis in the lowest electronic stale 
of ihe HeH molecule. But in this ay'Slcm the van der Waals force Is loo weak, ajsd falls off 
with di^ance Coo rupidly, to give any bound state at alL* It Would be a mistake to con¬ 
clude that there Is therefore no bound aiaie^ The correct conclusion w'ould seem lo be 
that there k binding, a fantastically weak binding, but neverthdeaa a binding. Tljis 
binding is producer!, not by Lhe van der Waois potential al all^for il falls off with dl&* 
tance too liLSt lo have any slgiuficant volume average—but by the gnivitatiotial inter¬ 
act ion of Lhe two aioms. To dclemiim; the lUAxr radius and the energy of the bound 
suite, apply the elementafy quantum mechanics of the hydrt}gen atom. Replace the 
electron notss by the reduced mass of the H and He; 

= miMf/i frti + iHi) 

Rirplace ihc roubmb-couphng consliint by the gT:ivitEitionDl-coupling cnnstanl 
Thus find 

(Bohr radius) " (m J—=' 1-1 X ln-^cm= 1.2X 10* t. — yr 
aivl 

( Binding energy) ™ m e*/2 I A-) ^ 

- 3.2X iy“'*gcmVsec'- 2.0X It)"" eV . 

I VoT the GsUnuitiaai of vaji dcr Wiiab fomc^AJid ol ibc ciiUcmt itrcnKlI] needed to pr-oduoe one bound 
Btule in other siluutiuhA, ut, e.g... Eiham 1^55}; Kt 4isi.us»jViai ol \ht law uf Inll^aCI of the 
van dfr WmaIh Ewe al dislanoa by WhiMJer CniJiiiir and Foldir tTs^ipnir 

^^tponuiy Uerjax^n (1060^, and LlfsidLi (1954 uid 195.^11, 





(iBLWlTATfOX TOFiiRY .\SD GRAMT VTTONAL COLLAPSE 


The energy (1871 is {(to small lo he inten^ting in its but It is very inleresi' 

Eng for ibe poinl of principle which iL ntises. The gra^italional iieki is nn aspect of 
geometry, according to EiiisieiTi’s fheor\% Thh ge<>n>em', like all fields, according to the 
qu4mti4fn prim-iple, iisusi unfienjo characteristic fluctuations. A aimplc estimate sho^^s 
liut the magftifuds of fiuciuaiwns in the effective gravitational potential in sl region 
of extension L fsee^ e.g. , Wheeler llWi2], pp. 77 ff,)—big ar small —is af ihft s^tme ttnUr 
ihtt sMc fittkmiitl rre^ifjl this some by a fiortide of fh( 

mass, 

M* * (fic/Gy'*~ 2.2 X 10 g . 

In other words^ the static gravitational po tent tal created by the If-e iitam al the location 
of the H atom, and supposedly responsible for the binding energi,' (187)., is acEuiJiy 
Riniiller in a ratio 

= 6.4 X in - i*g/2 J X ni-*g--- 

than 'rhertfore it is nut at all dear whether the calculation flS7) of 

the binding energy has any ffieaprrp^^. This itoml of principle is not important for any cal- 
ctilalion of the energy t:jf the -I = 5 ^ stem, How'ever, it does recall—along with the 
lower limit m Tabic 111 Lo the mjisscs for which the dassk'al idea of u collapM barriirr 
makes sense—the many ways in which the quantum printiple finds if self linked up 
with Ldementajy'-pjLrticle physics and general relnthity w'hen one discusses gra^nLi- 
liujiLd eollsip^. 

The situation for .1 ^ S (final state two heUiini citomsl is su similiir to that fur J ■ 3 
that it does not require a special dLECU!asion.H 

■“ralile 11 SLirmnariise^i the energetics in tlie low A region, up to .J = lOfl^ (=18 hV'“). 
It lists ihe lowx^st state only for sdected A values in the range \ lu ItMiS. Als^i gb-en in 
each case for comparison with the lowest energy" state is an alternative energy state, 
sdcclcd for ii5 general interest or for its illustrative value. At A values up tn 1008, and 
even at .1 v\i]ui^ greater by many powere uf lb, forces completely domirmte the 

binding. Apart from the eiicepliunal casd .4 “ 5 and .4 “ 8, where the slate (>f lowest 
energy consists of nuclei bound together fantastically weakly by gravitaEion, the low¬ 
est slate for .4 lesc> than ub<mt coredgts of a single nucleus. For larger ri values the pre¬ 
ferred partiiion is two nudd; for still larger A, thret nuclei^ and isuon, Tlie values of 
nudeair imisses, molecular binding energies, and solid-slate cohesive energies used in the 
r[jnstrUir:lirjn of the table were taken from (Iray (!'>S7)* According to the numbers given 
Ehere^ Xi^ is csdculaEtd to have a fiacking fraction —8.SS X m com|iared lo 
—8.45 X for however, it is aSSunud here and in the discussion of the te.xt, 
that Fe^ is actually the nucleus with the ti|hlesl binding. The packing fniction tabu- 
liUeil htrrv h dtlined by Ma (in mass units, on the (F scale) = (1 -h/) .1, with / = 
fmmr lrvLt Hh/-b*iij.ljfa.l ^/eoluaLvfl ^/pmdtJitliiiuJ' Fnergv rtka&cs arc calculak'i;! from AE ^ 
mMeVAAf. 

ITtc rrilnimum in tlie packing fraction truire ocairt near A = 56. It will be assumed 
here and hereafter to occur exactly at ,4 = 56. In other words, require that nuxlest 
amounEs of matter (grams or kilugraniSi gravitational energies still negligible 1} l>c ere- 
aleti out of empty space in the cheapest possible way. Let only a specified supply of 
tdeclronnign^ik:. or other non-nuLterbd energy be ^vatLible, Then the greatesE number of 
bary ons compaiEble with this supply of energy will l>c ereaterj l>y employ!ng a nclr of 
transformationa ecjuivuicnl Id eHc reaction 

(Energy)—* (Fc^) + fanti-Fe^), 

If the matter is subik:qtiently w,ant til in sonie other form, such as hydrogen or o^-ygen, 
additional ener^' must be supplied. Thus the basic uniE of niass-energj" per bacy^on is 
the fiUiintity referred to earlier in the texi^ 

Mf - of Fe atom J - F 65*1 X 10 “ g , 


TABLK II 

1.«WEST KN'ERCV StATK .4-IIARYOh' SYSTEM I'OR .A < JOOS 


A 

5Ute 

Ah* Up* 


/pUMm^ 

/mis./tfitf t 

/ipn, mw 1 

ilK (B.l:tEnt*tk*-^lOTrtil) 

1. . 


-\-mA XI0-* 







ff* 

+89,9 XHJ-* 


-- - 



0 7fl MeV (^-dHTay) 

1. 


+7s^.ft Xtft * 



! 

- 4XI0-" 

IjsWUtkl 


imt 

+H.1 4 X10-‘ 

-3411X10 ■'* 


- 8 X m *" 


i 44 MeV 

4-+_»... 


+ n (^xxo-* 




- lOXIfT- 

Idnwiifil 


(H'h 

+73,9 XJ0-* 

- liOXlO"'' 


- 17 xin-** 

- 4XIQ-* 

23 SMcVOuucii) 

$.. .. 

rHr^U 

+ JWIXIO-^ 



- t 4X10 

- loxir- 

[.iyKtsl 


He* 

-h 

.-- = 

^ - - ’ - ..-' 


- IOXI0-* 

0.10 MeV msaionl 

lb . .. 

tyf 

n cwxifr* 




- jaxio - 

ijawml 


(r)ii 

■hKO.9 xio-* 



- 1 axin-** 

---. 

134 MeV 

40.. .. 


- b i3X10-' 




- bixin-- 

LdllFCil 


K* 

- 5.S7XIO-* 

-.^. .. ., 

..., . - , . 

.... ....... 

- 61 XJ 0 -* 

1 SMcVilili^y} 

56 . 

V\^ 

^ 43X1(1^ 



. 

- 77X111^ 

LfOiml 



4-^1 4 X10-* 

'-240X10-”' 

'-6 3 X10-” 


- ■ ■ 

468 MeV (furilnal 

m, 


- T.a^xir* 




- gHxiir* 

fjDWCft 


(A-?, 

- b.22x10“' 

- iixLr”' 


i^O xior^ 

- 61X10-* 

7,7 MeV (fuBluci} 

W . 


- 7 6l Xir^ 

^ sxio-*^S 


- 250 XIO^" 

~ bsxiir* 

U>V¥9l 



- 7 43X10-* 



...-- . 

=^106X10-* 

t.S.MtVcrriBsfwnl 

ion,. 

iT^\i 

- H 45XJr‘ 


-1 X10-“| 

- 520 XIO'^* 

- T/xitr*** 



Kp'" 

^ 0 ^^0X10-^ 



, . ..... . 

- 165 X 10 ^ 

llH MeV (J-fi5s!<]n1 

m . 

V^S^h 

- !i 40X10 " 

• r I- n !r V a r r — -f 

-A X 10**4 

700 KIO*"^ 

- SflXlO-"" 

LEMTI^t 


Sn“*SnJ* 

- S.OiiXlU"* 


-1 X10'»'| 

- m X 

^128X10-** 

75 MeV (2x2-fVikaM) 


t™ 

5 40X10 * 




-204X10^ 

306 MeV 

i(m ... 

if^U 

- S.45X1U-* 


-■» XKTKi 

-jooft xin-“ 

77X10-* 

LoViral 


(0‘-)u 

+ 2 71X10“* 

- i5Xl« " 

-D q^XIOri' 

- 9?0 

- 35X10* 

I 1050(1 MeV £n!*pr*!igemeiit} 


"/■uhid-« cAToil^ted fnwi tix €i |iHuii i&n [0MLM ipf [a lkL'«£/HKi[^!l K iIml el vifwrin- 

liaTk'jfx X ^ niavErl |d ilJUttLc nun udLis^ sEiitniiM' X |ri — 3.-i 

In ciBTcct ap^raqdinmld^ for innnifiJM-E banJ^ ipMA tnJdfl^r A nE et irteNli.'Ukt H 

kiaiiteff]/^iium «f iJic Jilun or dhIccuIc Eh kEMtu nun tantCMj. 

t/r^. u Id cq. Ivt HeH n-fid Htp! for iqnilEin vlit tnaki of ■ 

DEutTOD pj tAjijffndk CJ: fei illitocnk invJt^uk»iron/^A. *t£?/^?qriuiy[VL + Uf)rf^ 


Anti Iqv KyitEHU r-onnuDinc -V ilonu or nntieciila al niui numbiT A fE4fTI 
(*■ Ln* 

I Gnvluikitul etsxmf IntffHit i nudni ukubitfi Iepib iremliPl ^EfprtuiiuJwai at 
intdw phy ^list iltoffnciKy el tbe DMdeiHnMeV ^— >=liuif■ 

kit «■ EP z H f -riJs X — UM ^'«. 

I iJ^mnEn atinulf' vbni EUMxtujTr pl^/iksi ltfuIuE irunal KvmibME in Gn# 4 l'H-7]. 




































GRAVITATION TIfKORV A>rn CILWITATION^VL COLLAPSE 


yo 

Olhcr niaiiwa are grt^ter than .-Jji* bj- n packiii|; fructHin factorThis factor i* similftr 
in its definition and uise to the familiw packing factor/ used with the O'" or t'* masa 

Af - f 1 + /) = -I ( Mom/ 16){ I + /J, mt) 

with one exception^/ is from a little bejond O’* to a little short of wher^ 

/' isjwsitive (or all hinds of matter other than fV®, and zero only for Fe®®, Hcmweri the 
familmr quantity / is liateil In Table 31 of its welUratabliiihed status iti the 

literature. 

TTTE FEOTNTE of SOLLOPa IS TIIF: OVTB-i^l,T. PACKING FRACTION 

WTien CKcceck about the stritc of Iovl'sssl ener^- is not one nuclcits but two. For 
^renter .4^ it b profituble ter di^nide the syaisn into roarsy distinti nuclei, provided that 
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Fig. la.—liOweit etiw^v iHate ut A l.m.ryon i>'Uiism fc»F .4 < 350, ftbowing tfte Approitth im the puzking 
rwthm flf pure Fe*“, 


the m[i5s numbers uf the individual niidel do not depart widely from 56, The= greatest 
stability is achieved for A values which are integral multiplea, A = n-56i of the oplimum 
number. When A differs fniim such a value, then the itidividuii] nuclei tanuot all have 
mass number 56. However, the dtparfurej from 56 in the pieces of the s^item (^'fluctna- 
tiona’-) will be smaller and smaller as the total bar}'DD number .<1 rkea above 56 by more 
and more powers of 10, Thus one h led to the limit in which the system is aliUDSt enlirely 
solid Fc“; only a few inclusions of other nuclei are needed to maJ^e Ufi the dMerence be¬ 
tween the actual A value and an integral multiple of 56, 

The approach to the limit of pure bon (Fig* 18} can be analysed sefni-<|uantitativc!y. 
Reprewni the j^acking fraction in the neighborhood of the mtnimum by a smijoth para¬ 
bolic cutTi'e of the form 

/ = .-I.Un)" , 

where 4* ia ihc mnss number of«. piece an4 the viUuea of the consuinta adoptcel here are 
/-i.= -8 45X10-". 4„i„ = 50 /, = 2*7X10-". 
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f'f^C.VrlllN tiV SIATE tJF COLD. CATALYZED ^3ATTEB 9t 


I-ft .1 rcl.Jl'c^nl: the Joul mjisa numbiT. L«t u l>u Lhi: iiuisiIjit ol stp^ratc: ttuclti liUd whith 
it is moat profit abti; to divide th^ ay stem (or bEiryon flumbt^ra a liltk less thLin .U E A 
be such that ii haa jost become equdly favorable energetii'ally Eo divMe the aystiiTn 
imo {n + 1) ]wi&: thus^ 


f Packings fractinn for 
divi^vion into 
MTiass number . 


tinn for \ 
part^ of j ( 


PacIcEnn^ fraction for drvision Ento( w + 1 ) 
parts i>f niHss nimiber Ajf= / ( a + 1) 


)■ 


f .'t /») — , IjuJn — J mi, — .1 / { W + 1 ) j 

This tontliiioH locnlca ihc ^tullopfi in Figure IS os hull wav bcLwcun ininiiiiLL. The indi¬ 
vidual nuclei huve nuLss niinibers 




when A is divided inlo » [tfifts; iind 

. 1 ,- - 1 / 2 hJ, ii«> 

when A is divided iiiLo (w + 1) piirls. Evidcnily the Composition iipitwriclies cWr and 
ctoser (0 l’e*“ jis » (sind ,4) hecomes larger and Urgert So does the intckiiiK fruclion, ITic 
p.icking fmetiun at the scallop pe:tk is 

^*i^/pii« + /l/(«+J)* ■ 


JJtW TYPE OF PERiaUICTtV J^Ofe A Of ORDER OF K 3 ^ AND ItOKK 

AecotdinR lo this broad the packini fraction far the aptimuin structure of 

ihe T-bar>on system will show scaitop-shaped pattern of Fijpjre with iht nla^t- 
t ude the rises abovT/f,j,i poifsg inversely as the squnre of .4. In actiiallty this ideali^d 
pntLem will not hold exactly at the pwalts of the se^dlops, owing to the snMiW fliictualbit 
of the packing fntctions of actual nuclei about the gencrjil trend indicated by tht para¬ 
bolic fommla ‘(192). For ibis rtasort there wiU be a sea tiering ^ one changes A gnidu.'kllv 
in tht ueighborhofHl of a scalloped peak^ simtetimes divkion inlo poparts being favored, 
sometlines into ii + 1. Consequently the scalJopcd shaped pattern will be well denned 
only if the number of parti, H, 15 not too large. As the number of parts gels larger and 
krger the ske of this region of Eluctiiatians get^ larger imd krger compared to the 
whole w‘idth of one scallop, A.! = At the Sitnic time, the ske of Ihe fluctuations 
of the picking fraction throughout a scalJop zone ceases any longer to fall off with Lhe 
hm whidi one can deduce fratn the fafcgoing stnaJysk^ 

/( A ) ^/o.fc. + P|{ .1 )/^lM''intenTiediatc A <i«s 

wLerc t'i{A } is a function which is periodic in .1 w ith peruiri A_1 «= = 56. l^stl"4Jd^ 

the particularities of the packing fractions of the very few’ nucld which he closest to Die 
bottom of the packing fmetion '"curve" dominate the whole discussion from this pomi 
onward. The packing fraction for the Sj-^tem no longer follows equation (197) but in¬ 
stead varies according lo the formula 

+ )/ri(*%rge 

Here Pjt. 1) is a new periodic function of A ^ again w'ilh periDil ^.-1 ®» A m\\n = 56. In ihus- 
trsUion of ibis argument, consider Table 12 for the optimuin w^ay to put A baryons into 


Q2 GRAVITATTON THeJRY AND GRAVlTATiC)x\A|. CULl.APSt: 

individual nuclei when A is around rWW. The tnhle la ftchematic omiy, No pretense is 
made to 3i5ivin|f sufEdentEy precise data on packing fraetions to pick the criLical few 
nuclei near the boLtoni of the packing frajction curve; hence the numbers ^'57/^ “50^** 
^^64/^ ^ regarded as illustrative onh'. The conclusioti to be drawn from the 

table h UfiafFtcted by this uncerldnly. The optinnum partition of A = {5bn + AA) 
bstrjons into separate nitdei follows this pattern to A ^ 10* or more; (1) (w — n^) 
nuclei of he“, [ 2 ) a patl em which is a coTiipiicatpd function rjf d.l -bul a periodic func¬ 
tion of ^A, with period AA = A^ij^. 

As illuslniled in Table 3 2^ the sequence of nuclei reijcats itself cycle after o clfi. Only 
at ihc be^mung and riid of each ci dcdoes one have absolutely ]>ure EliseVi here in 
the cycle there is a scattering of other nuclei. In consequence the packing fraciion variif^ 
with A as tndicated by equation {19S)» The “impurity'* nuclei are always limited in 
number to a handful Thenefore^ iks A becomes krger—U'", IEJ», Itl**, etc.—it becomes 

TABLE 12 


Oj='TlfHlJJa Vartiticpn Clf‘ A ISAJtVOXS 
INTO Individual Nuci^ei 

FtJR .1 S&UUO (ScniiM ATIC) 


CiHtiniencerncnl of a period; 


A ^ 3fi£XH.I.. m ... 

tlHMIXSTi 

SortiH 

^mxso, 1 X 51 


ixm 

5600.1 . . 

1X59 

5ffC«K4 . 

*mx 5 (K \xm 

. 

tXtil 

.Srtiofi. .. 

*mx 5 fi, 3Kh2 

.%fi4X17. 

99SXS6, 1X57. 1 Xi.2 

M 4 X)^ . 

!J9sx5o, mm 

Etc. .... .... 


i\ new perijjd 


A = Mxm . 

ItXri X 56 

5605T. ..... _ 

KMM)X5ft» IX5T 

H *. _ ,. ___ 

HW0X56, 1 KSS 

Etc..... ____, .__ 





more and more appropriate to regard the composition; of matter of minilirium tncrgv 
content as assentiiUly 100 per cent pure Fe*^ 


TTFE LO^G-THAKGE FORCES BEGIN TO AFFKCr LOCAL CXtNOTTIONfi 
W'llEN A ^ ID*” (''COMPRE^IO.n'I 

For the . Uvjdues conslderijd so far, Ilucle^lr energies are of course eni.nmTdUsh larger 
in order of magniludici than energies of electronic binding. The electromc or ''chemEcal'^ 
t-nergicii in turn are of enormouslv larger order of magnitiiric than the energies of gravita¬ 
tional cohesion. However, the electronic energies have n saturation character whereas 
the gravitational tnergy mounts with the number of attracting nuclmns. The .I-value 
eventually comes at which these gra^Ttational energies are of the s^ame order of magni¬ 
tude as chemical energies. How great is thk chemical energy; and how high must A be 
to make thegmvitatioiutl energy equally large? The picking fni cl ion aAScKHiitisi with the 
solid body forces fn hV“ is 


rp 


kcal/mo[e)(4-lfiX 10'*ereAcjJ) 

(aS.ySg/moleXS.ywX His^crg/g) " 


110*1 
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K^UATION OF STATE tJF CATALW-Ell MA tTEH 

The {rrnvilutioniil encr^- of u sphere of onifonn density, mass 3/, Jind rudius Ji is 

-iiiiAr-/S}, <too‘ 

Divide hy Me" Lci obtain the cnrrespon.dJtt^ijackitii’ frattion. Abo express ihe .J-rlepenfl* 
cni tenns directly in Iftrtiis of j1 ; thus, 

.If - A ft. , !«'i 

and 

R = fAf / ( 4»p/ i ) I ^ (3.4 iit/ 4 fp > ‘" * '2"« 

In this way find 
/.«.= -|(f7Ar f'fi) = 

- - tLWifi n*74 2 X 10 “cm R) [(7,*( r, cm=H 1.05^) X I 
= _ l.tjcjX ■ , 

T’he RravitiLtional packing juj Ciiltulaled from equation (21J3) Incomes tjf the same order 
as tht L^ohesive [Xicking for 

A - 2,Sn X 1 

A/-4J4X l^l«g- (Mm^oi Emh}/liA , tJO+J 

R = X 10" tm = (Radius of I':^rth3/2.74. 

For vzduEr?. of the Uaryon Runibor of thii? order nnd more, ^avila.(iotia1 pressures m[ul‘ckc 
niutter Lo signiliCarLlly more than nonnal dtn5i(y. 

At A ^ |()“ is a dcdsi^'i] poxni. Here the force of gfaviUlion bepas to cantnbLiSe as 
much lo the energy ns do the ekslic foixts; ^nd when _1 reaches fbe graviutioiud 

forces cDntribule ns much Jis do nuclear fortes.. Moreover, the gravEtfllional forces ioiro- 
dtice a long-range elcmetll into rhe energy ailalyj*Es which is completely different m chtir- 
acier from the short-range influence of ihc nuclear and^ckstic_ forces. The two binds of 
forces have to l;c treated for practical pUT|>osai in entirely differenl ways. The s^hort- 
range forces are dcscribefi bv an equation erf stale connecting the local dctfyhy wUh the 
local fresiure aa induced by^the bng-range forces. long-range forces are trealed by 
the general relaliWty equadon of hydrostatic equilibriuni. The foundations of that 
Einstcinian equation and its cnnsequcnciis have already been examined. Nbw* the jKiini 
has come to analyze the founda lions of the idea of an equal Eon of state (this chapter) and 
the details of the dem^ation of the HW equation of state (chap. v). 

WR>\^K IN WMlirU FLOW OF FAR VOSS AND ffLfJW OF EXFRGV OOTH VAmSJt 

We arrive at tht idea of an equation of slate by dividing up an .f-baryon system (whls 
f^ry laqge) into parts. Each pHrl is small enough so that conditions dp not change 
sigciificanlly lhrough its interior (change in densiIy/density « 1). Al llic same tinie the 
parts are targe enough lo contain many baiV'ons, and lo allow one to define a numtber 
density of baiy^ons and an energy density, as follows. 

If shotfks were running back and forth through the interior^ and radial ion were stream¬ 
ing through I he matter at an energv- dcTtsily L^mijiarable to that of ihe tnaller itself^ the 
motions could be so chaotic thai there would be no imlural reference system with respect 
to which to deHcribe the matter In a simple way. However, atteniion has tacen focused 
here on a particular question: What is the ground state of an .rf-baiy^on system when -4 is 
targe? The sj stem is cIcciHcally neutral. Ji is neuLrino-nculntl!; all beta-decay has come 
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tri it^s end point. And ihe aysttni is absolute zero lErnnperalura> {injdinwd with jtcrrj 
entropy. To demuriifi thiU the sy&tcni be in the hnal state aa so defined (not possibk for 
1 > itifii ^ is not to require that velocities in the syslein shnll be zero. At hi^h 
pnrssurc the Fermi energy niuy he in iht rthitivislic demmo^ and the individtiaL par¬ 
ticles may be movii^; at nearly the spf^d of ligbl. However, the hypothesis that the 
.l -bEir^ on system is in iis lowest state docs imply Theorem 26. 

Tiieorkm 16. in Me system Mere exUt any rcffl^ii'e maiiims oui ttf whUk mr 

mn eaerjjy. Gtheruise the system could be brought in to i\ stikte of still lower 

energy'! 

From Theorem 2a foibws Theorem 27, 

TJt^iolEicM 27^ For ^ack porSwn of ike medium and /yr rack mimieni of (here exuix, cj 
nuftirol frame ttvM reaped ie liMiVA lo ike mdifr in iknl rr^’rr'iit tji tifui 

flme: na^und in ike sense ihaf with mpeci io this frame ikejl^tw of fraryeTRj and thejlmif 
of cntTf^y boSk mnisk a/ tiiai place, and al ikal tme. 

Wc think of an idealized hollow tube which has been thrust Ihrough the materiai at 
the given point. It serves as the shaft in which a small-scale laKice work of clocks and 
ineaauiing rtxia can rise freely. ITiiit reference systinn comes to momenlaiy^ rest with 
respect Id the fwrtion of tnsiUcr tinder study eui^ then falls buck toward the cenlcr of 
attraction, In this local Lorentz reference framt at the Mtminjl of its flight there is a 
well-defined meaning to speaking of the proper volume of the specified nearb)' region, as 
Well sis of the nutitbcr of ban ons in it. The quoiJciit of these two quantity dcfmo the 
number density 

(Number of Imryons per unit of volume) = n , taosj 

This quantity varies smoothly with position throughout any ^stem which wiO be oF 
interest here. Afoneover, grunted the mw of conservaiion of baryoni, one concludes that 
the quantity 

A ™ If rf {proper volume) 

has a well-defined viilue f^jr lltc system, tnde|>enrJent of iJTOL'r 

TJIIl tr.SttrERiAL CljAiLVt.TKJl O^ Trf>: EOUATION OF STATK 

The division of the ipystcni into parts has as its consequence that unt atn astril>c to 
each part not only a nomher of barv'ons u d {proj>er vohime^ but alsn an antount of masa- 
energj^ 

rf (mass-energy ) — fid i proE.Jef volume). faet? 

Thkhrem Thedemiiy fi of ma.'is-e.nefgy of etAd^caialy^ mailer defned by ^{luaiion 

depends only oH ike- nnmber densiiy of baryons, n, according to a HiiftWfli ffiHPp 

p = p ( fl! }. aosj 

If this were not so, otherw ise identical subsystenisi, dA , of the seme total system (or of 
different total s>^stemsj, w^heo confined to the Same clement of proper volume 
svouki have differenl mass-eneq^ics. But there is no knowm conservatbn law which 
ivouk! forbid the Iransformation from the state of higher energy^ to the stale of low^er 
energy. The law of conseryation of number is atltotnatically satisfied by the trEins- 

formation: dA —Iniibd and ritial stutiift arc clpctricully neutral and rteyirinc]- 
neutral. Therefortt with enough time, the transformation must place. In this way 
one arrives at the unique cDithguration of lowest energy, zero temperature^ and zero 
entropy—and the unique equation of state (2TJS). 
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I’kESSnHE BUT KO BITb^ARINCr STHF.SS 

'Hie title of rcascming excluded ( he existence of dienr in the system. JiUiigiiU' tht 
opposiic. CoiKcive of the . Lharyon as rigidp asi:a|Kible of ttupporling shear, and 

its having shears build into it dependent upon the histon' of its constmction. Then one 
has to admit I he possibility of a different "lowesl sute'^for an .i-baryon system, 

according els these shear stressts have out or another >^liic. But a syslcm with inlemtil 
shears is not really in its lowest state. Whether a system behaves aS a Solid ora liquidp 
whether rocks tlow^ icnd whether iron yields tire governed by the time scale availabte for 
rebsation. On the indehnitely btig time scale assumed in the preiitm discussion of 
questions of principle, e:^^er\^ substance behaves aS. a fluid. Theitfolt:; 

Theorem l^K In miuiyud ihf sinie Itmesi aj-dfagotml 

nenfs of /Ae siras fmsor vafiisk and f/f€ diagmuil comptnitTih lra-V€ n r^tmmpn value^ Ihc 
pressure, p. 

Moreover like depends only on ihc nnenber density of baryons, atcordEng Us a 
uiiivi^real kwj 

p = p{H). 

TrntEK WAVs T<> UIVIL liJ^KRATIOMAL MK.\S 1 SC, TU THE KXEECV DENSITY 

What procedure makea Tuosi sense for cvaluaiing the density of mitss-energ)' dejjunds 
upon the circumsiance^. Tn case (1) the forces are weak and the mean free paths of (he 
pirticlcs are long. The LUVrg} is ahnosi exclusiveh^ kinetic. It is obiamed by adding up 
the nuifis-energics of the individual particles as dtlcrminerl, «,g,, by their vrfocitiiiis 
jind rest ninsses 

prfr “ ^/(mik^-energy) — ^ «Pi( I — '^***? 

Ai ill 4 I' 

In ihia s;uni’ simpEc case Lhe pressure tis by the espmsion 

piiV^ <*'i» 

^ in 

In the opp(mte ease (2), the forces ares(rang and the mean free paths short. Thus there 
is a considerable Lime in which the same bary^ons move lortuoiu^ly about in the aime 
small element of voliime. It is appropriate here {as also in case [1]) to Lhink oJ that ele¬ 
ment of volume tndoiged in walls. Titc indosurc is lifted out of the sy stem and allowed to 
expand slowly and adiabatically. The contents art cataly^sed at cverj^ step of the way to 
the nuclear stale of lowest energy. Uliimaiely an unliinited volume is achieved. 'ITie 
matter is dispersed in this volume as a dust made of partidei of iron. During the ex¬ 
pansion both the pressure and specific A'olimte per baryoti, 

v = dV/dA = l/n , iziai 

rem^dn well defined and in prindpte measurable. Consequently the nias&^tttrgy ptr 
baryon in the compressed state can be evaluated froin the work done m the erpimsiqn 

p/st = { mafls-energ)^ per baryon) = k ) d( t /n ) - ritJ) 

How doea it come about that haryon number makes so iniportant an appearance in I fit 
arudysis of pner^yi^ bec4mse^ in an exfs^tnsinn conducted without benefit of walls, the 
baryons provide markers by which to identify the moliun of l.he mediuni. They tell w^hat 
new volume (after expansion) is Lo be identified wilh whal old voiufnc (before expan- 
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^)f} 

Slfinl. Only by falltswing the change in wliiniE docs one havt u «Tl3^Jefi]led means lu 
eviibalc Iht- wt>rk doite jMkI the cihiin^e iik ihc [lenstLy i\i miMSSr^ncT^y^ 

Diffcrt'Til kinds of markers, prntnns and eleclronsr far examptej mlghl: be im^ginerl to 
\*hx difFtreni pictures fesr ihe niovenneni of the boundaries of this volume. In principle 
there is such u fliffcir-ence. F'Vir esnjnple, tf one lanuplnes hiitiseJf as carnlnj;* out jirlLntxiiii- 
caJIy the transformation from adHA-iirf alar tn a neiiTron stwr. Then he is iri efitet stowly 
witching on an etectric field of the order of V ‘cm (eq. [182]). Assotialcd with such 
a ficlil is ait escess of ■■^■.1 X tfli" elec Broca/cm’’ at the surface. There are of the order of 
■^■S X HP free ekctrons/cm*’ itt the in>c ne?t.r ihe surface. Acr-orditigly, ifie adiabatic 
trLinsfomiation to high densities has moveil the pro tons inward more than the electrons. 
However^ The calculalcd riifTcrence In displacement is onlj^ of the order ()f .! X in'* 
em“=/8 X HP 4 X ciiip as compared lo the many kin nf inw^ircf motion 

of hath kinds of particles in shrinking from a tiwiirf Slar to a oeuliroii St nr n ocgltgtblc 
ilifTcrence! 

\s there is a difference in the mntiona marked oul by protons and electrons, .so there is ji 
difference in the volume change afi indicated by pffitcmsand li> neutrons in a .<ihr[nkingor 
growing sljtr of [lear-miciear density. Such a system is parliy stellar and partly nuclear 
in character. The inner (lart is eRectively one giant nucleus. The outer shell La iron, made 
up rjf w^cll-separatcd and ^ititc <li:$tinct nuclei Kisewjicre there is a gradaiign between 
t!ie two e.xtremes. In the inner part there is the nuclear force equivalent of an ^'Itctrie 
field. Jt has lo do with the relative displacement of the neutrons and protons. Again the 
calculated itmounl of this rtlalfvt dtsplncemenl h uegbpihle. 

lx lullows from this anidysis that one kind of particle is as gt^tjd as another in marking 
oul volume change. However^ in the course nf some of the changes of interest, electrons 
combine with protons lo mitke neulrorts, Therefort^ neither eleclrorta nor protons nor 
neutrons individually—which can be created imd destroyed—sire ^ conwnient ;i 5 
bruy ons for following the motion of the medium. 11 race the ctiiiphasis rjti the average 
volume p+:t bayoti ur ihe riumfrt:r dcnsitT,^ of bayons, /j, in Lhc formulation of the iiqua* 
tion. of stal e. ^ ^ ^{n). 

I'o determine p one can sum up the resl plus kinclic energies of ibe pMrticles wiien 
they Sire nearly fn^e; or in the general case one can cvalsiate the clierg)' change in ex¬ 
pansion to inhnUt dtiulion; or one can follow a iMrd procedure, based on general rela- 
i.ndiy: (t f investigate the local geometry; (2) mci-usiirc its curvalure'; fd) employ ihe fun* 
danicntHl relaiinn of cc{uation (2) between ciirvviture and density; ihus (4) fmd the 
density of mass energy, p, for the given numlKr density of bLiiy^ons. as desiredn 

LiHrr.\TiON os cu«vat\'iip: hk oknsitv xr w'lutiH hie concept of 

F.QUAT10N OF STATF- MAKES iE|KSK 

'ITic concept of ecitjution of .state, now defined and given operational slgniticanct, loses 
its meaning when space is too slrongly curvi?d; th:U U. when the local components of the 
Rtemann curvature rensoTp or the load Component.^ ol the tide-pfcHiucing forcep or the 
jjrdirriVM/jc of the gravitational held are loa large. A stronger rL'Striction might at first 
sight seem indtailcil" ihat the gravitational held itself must not be loo great. Two 
rea.sons suggest themselves for this preliminiiry miuction: first, the jxi^ible iriflut-nce of a 
stta>ng grayitatianLil held upon the proper!ics of spate; Second, the possible inJlueuce of a 
si tong gravitaiintial field up^^n the properties of matter. 

.Any concern that spare itF-elf might be affectctl by a strong gravitational field iscoun' 
teredW a general considcrritlon. Einstein’s principle of equivalence states that che gravi¬ 
ty lioiml field appLireni at any fioint can be annulkd by looking at whai on (here 
from anappitpiirialuly moving frame of reference: a local inertial or Lorentz frame (small- 
scak* lattice work of'meter sikbs ?ind clocks fsdiing freely in an idi^di^ IigUdw pipe 
thrust through the s^^^-stem). The local physics in such a referertce frame eiifTcrs not at 
all fmm ph>‘sk§ in flat space. Therefore the equation of state derivL'd from tonsid- 
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cr^tioii.s uf 3lat-sp5tt:4: fthysics apptji?A imrtirdiatety to a spetmien of TlUi»tcr iocaled on 
the lnc:a] Lotcnlz frame. .Vow for iht second point: Ts ihere my dTerence between this 
SfH-ximon and the surrounding matter? The comparisu^n is carHwJ out at the instunt when 
the specimen is momentHrilv ul rest with reffi>e<'l to the system. Moreover, the specimen 
has the same bary'on density as Lh.c immediately neighboring tmilter. Anv difference 
from this circumstance: that the matter in the svatem h being sicceleniied otllwurd 
with respect to the local Ltirtnlz frame by she differentiaJ of pressure between the cetitcr 
of the s;>'stem and the surfatc. The speeimen sn ilie tube eipcrsences no such acceleration, 
1 1 is under the same prfssurr a^ rli«i stifTounding matter^ but under eCto pressure ^radi^nt. 
[low-important is the Lic^leration caused by liie prt-ssure gnidient? Ts it grciit enough to 
put in question the policy' of using the equation of state for liie "«cceienit 4 ?d'* 
matter [sti-itionaTy in the star) as For the '^unacceleriited'" fspecimen (located on I he 
Lfjrcntz frame)? Vo, this accekmlion ia not nomialjy enough to make a difference. 
Even in the extreme case of a neutron .star thU iiCCtlcration ia only crn/s«c^ fee], 

f ]S1|). In contrasi, the AT-electron in a plulonium atom experiences an accckraliont 

- i 10-"»)Vlb'”‘-'HFtnn/r^'^, i?i4i 

wnlilotU ceatiing to follow elenuMK^iry'physical Liiw+ Mqrei>verf wflhin a nucleus the ne¬ 
ed era tions run to still higher orders'of magnitude ^ 

^ -pi/ r ^ (1 ()Eft cm/sec )^/ 1 0-1 0^ cm/sec^, ais} 


with no known problem thereby iieitlg created. 

In ELCfordance with thi?? ordcr-of-magnitude iiHalysis we neglect the effect of ihu at:- 
relenttion and iinnlyjse the equiition of state as if w^ere always dealing w'iEh phvsifS 
in a local Lorenijs frame. In this sense there is a clenn stlKiration between tw^o kinds of 
issues. Tliose of One kbd have to do with the constitution of matter find are local. 
Those of the other kind hiive to do with the production of gravitational fields by this 
niiiUer. They arc non-local ("graviTutioriiil action ut a distance^'; determineti by soKIng 
Einstelrt'’s fttld cquittions)*. Tlie ksiies of ihe fir^( kind can be treated entirely within the 
fmmewatk of special relativiiyr Oenend relativity comcis in only in the issues of ihe 
second kind. 

The helpful separation belwcen local and nan-lfjcal issues breaks down when there is 
loo much difference from point In paint in the [tM:al I^iiftntE frames required to annul 
the gravitational Jleld, This breakdowm occura when the inhomogcTieity in the gnivita- 
tionid field h great, or when—in Vewloiuan language—the local "tide-produdng force’* 
is brge, lu relativity language the corresponding quantity is the Ricrnann curvature 
lensor. Both the Vewtonian and the Rinsieinian quantities h.ive the order of magnitude 
at the Echw'arzschild coordinate f outside of a mass Af* (<tt0 * Inside 

the masSfe at point^a w'here the density p is of ihe order of the avernge density or higher, 
[he typical compcinciU of the Riemann curvainre tensor is of the same orfjer ns ihc 
lypical component of the Kicci ciini’ature lensor which in turn—according to EiiLstcin's- 
field equaiitin^—is rjf ihe Same order as ihe densily itself, as transbited Eo ge^irnetrictil 
units: ■ iG^c^)p (g/cm^). 'rhi-s curv^aturc or tlde^producing force w'ould seem 

to have no effect insofar as the parUde^i responsible for energy and pressure have uvell- 
defintd positions. However, with n part id c of mass m{g) or iw*(.cm) is associaled a char¬ 
acteristic locatiiEatjiJUy dklance /t me freduced Coniplon wavdetigth). Referred to this 
dislunce [he inhomugeneity in the cfleciEve grnviiaiioiial potential-and therefore the 
etmtieqiiEnl fractiunali dLslurb^mce in Ihe niass-eiirrgv of the particle—is of the Nrdef 
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This nititsure i>f disLurban-ce will be sniaU comparLtl to unity for the most criileal par- 
tidesp eiccLraTiSp when the densily h restricted by ji limit of the utder 

10=^ cm * taiTh 

p = (cVG}p-< la"g/cm^ 

a condition that ordinarily will be salisitcfl ! 

Only when trying in trigger the gravitational collapse of some loits of nuttier or less 
(Table 10 and the last part of chap, vlii) does one come to a caloitLited dentily iti 1 he lop 
of the coHapae barrier of the order of the critical limit (217) or more. Then Ihe idea of am 
equation of sbUe beginii to lose seose. The physics of paiKiige from the nomial state to 
the colkpsed State uiKlcr Lhcse conditions would secrri to require a riifqfjier type of 
.nmy.l_vsia in w'hich quajituni considerations show tip truich more pen'*ksively than they did 
in chitpicr viii. 

There is another argunicnl that new Doiisidcnirionsiireiieedtll todCilll with a situation 
as extreme as that contemplated in equation (217). The calculated tiia&n:rnrfgy al the 
point of pau^Siige over the biirricr, 

M pi {f?? f / A P] ( /tn€)^ 

itm 

Es no greater in orticr of iiiagnitiide than |he mass of a hirge Arctir ice isliuid. However, 
this nna553 is so narrowly localized that it ereale&aii tnormaus i'ratdtLition lidil in lU im¬ 
mediate vidmityr 

jf {GAf}/{k)^^’{kc/ 7 ft)/[ ft / m c ) m€*/ h ^ 10” cm/seic* * 

Thus gnivitutLonal accelcrritions haw at last mounifid to the magnitude of intriinuclear 
accelerations (eq. (2I-S[). Hmrk-r these ci>nditi£inii it is out of the qut'S.tinm to my that the 
equalitm of state can be calnllntcd as if the griivilalional held were Hot in-erel lilt 
physics of ''local" forces and of ^'bng-rani^e*'' forces are no longer separable. It is remark¬ 
able that gravitational accelerations fiecome cDfmparahlt to afcekrations in a nucleus 
for the siiinii! conditions at which ihc nuiitis of curvature of space becomes ccimpuruble to 
the Compton wa’^'dength of an electron. This ctrcnamstance is a double Indicaiion that 
phymes of a new kind comes in when the density limit of g/‘cni* ia snrpEtssed. 

AN aside: UNIVEESn SM.^3tl»LV CURVED AS VTEWED FWOM fA^ P.Vlt'ttClJl 

Space curved up nearly into closure, and the radius of curvature of this space of the 
ssame ofrler as the Compton wavelength: this is the extreme which, conternplatcd long 
enough 4 one may hopc^ can lead into new ways of thinking about lh<i relation between 
geometry and particles. To achieve such conditions two alternative idealiziid esperiments 
Sijgg^l ihemselvesp neither of them technologically feasible. (1) Curve ^ce the rcqtd- 
site amount, m^r the requisite region, h>' putting g of maw-energv^ into a region 
with an extension of the order of 4 X cm. The difficultiea of this task arc only (M 
cleiLf from Figure 16 and the assocmtiNl fliscussion in the teitt, Or (2) take space as it is 
and make im radius E>f curvature ap^ar to the electn>n as short as the Compton wave¬ 
length by imparting to it a sufllcfcnlly great energy . For anorder-of-mftgrsitu-de estimate 
of this energ>% take space to have a radius of curvature of the order of (I0^“ light- 
years) X (UP* cm/lighl-year) KF" cm. To bring this down to the Compton wave¬ 
length, the LortiHK contraction factor must be of Ehe order of [4 X cm)/(tO^^ 
cm) 1/(2 X Therefore the eketrfm should have a nnasa-cnergj' of the order of 

- £2X 10“') X flO-^g) - 2Xl0’'g . 
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ATION OF STATE OF COL]>, CATALYZED MATTER 

An cncrgv d this nniKiiItudt will beset free by the ihettnuinideaf trombustion of 4X10’ 
tons of deuLerium^ so ihiit the supply log of the energy presenis no probiem nf principle^ 
To put Ltukt energy^ into the dectran k anoLher mutter. If the entire imivejse la reduced in 
thickness to a Cotnpton wavelength, then any Earth-botind acedetutor is se«fl by the 
electron na an unbelievably small fraction of the Compton wavelength! Thus there is a 
fiindionental question tif principle as to whether one can speuk sensibly of the process of 
acceleration under such conditions. Against sjieaking of vtlmim and energies dose lo the 
limit (230) no such objection of principle is evident. This acs.epted, then the limiting 
energy given by equation (220) w'ould Seem to mark the point beyond which the prindple 
[>f l^renE^ covariance^ as normally fonnulattid for electrons^ must break down, AH refer¬ 
ence f nimes fine no longer equivitlent when iin eleci ron is going so fsist that it can fed the 
Curvatnre of ripaCe. It is tiot possible at ihk point to Say that I he physics in the tangent 
tliiE space is the same as Lhe physics in the acLuaJ cur\'ed space. 


THE FtrjJCTIOK p(ti) AS A tllEitltCUJVNAMlC l^OTl'NlTJAL 

Bo much for ihc conditions of cAlremc cun’a.turc whete lhe concept of an equation of 
slate breaks down. Now for the case of greater immediate mterest, where all the condi¬ 
tions are s^tkhed for gpeaking of the number densily of baryons, n, and the density of 
masa-enrrgv, p » ii(pi), of cold matter catalyzed tu the end point of thermonuclear 
evolation. fThroughout thk section w’e shall usegeometrized units but omit the asterisks 
for oolationiiil conATeniencc^) 

The function pin) ^trvefs in effect ats a potentiuJ from which to derive the other 
qmLntLties of inieriist: ihc pressure and the chemical polentiaL The pressure is obtained 
b\' comparing the change in energi^- in a small expansion with the change in volumej 


pin) 


™ {PrEssure) 


df energy per particle} 
d( volume per particle} 


“ — d f p/ n ) / tf [ 1 / Ji) — nd p/ tin ^ p , 
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ITie chemical potential is dehned for the present purpose as the maas-enorgy 
whk'h is added to the system by bringing in one more particle from infinity. The energy 
consists of two parts. Of these the litst is the work ™uircd to ready a space for the 
particle in the already existing methuni by pushing aside matter at the pressure p: 


(Work) * ( Pressure)[volume) ^ p/n * 

The second part is the mass-energy-^ p/n^ of the particle which is inserted into this slot, 
Hius t*ne has the result that the chemical poteniial k 

P^{p+ p)/n , i22A} 


.As an alternative way to evaluate the chcnikal poienLial, note that Lhe additioTt of tltf 
]witeles to a unit volume increases the maaB^energy in that voliirne by the jcniount dp, 
whence 

p = dp/dn. 

The agreement of equaiions (223) and (224) is guaranteed by equation (221) for Ihc 
pressure. The product of the chrniiciil poicntial by the reLitivistiE! generalization, of 
the gravitciLionQi potential gives the injection energy which^ according to Theorem 4, 
coristant throughout the interior of an tM^uilibrium configunitian. In the special case of 
an ideal Fermi gas the chrmieal potetuiaf is identical with the Fermi energy. 


At.TEHyATTVT. CHOICES EOR THK THEKMODYSAJdC POTENTIAL 

The quantities p and p. are in some sense coniplemenLary to p and They can cqtudh' 
w^tJl serve its lhe primary variitbles in describing the condilion!^ in the tnediutn. More- 



too 
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over, the ‘■potetiliar^ p * pi^) ts as cornprehraisive m its amarnarusliig iKswers eis I he 
‘'pottniial" ^ « ptn). Tq lead into the use of p = p(^) m u ''polentUlp* consfder ihe 
cA^n^e in pressure in a small wlteraiion of eondi lions; 

dp^ dintip/dn^ p) ^ n\d^p/dn^)dH = $ildp/iln)dH = ndp * tiM) 

ThU relation gives one ihc mtanEi lo derive the density of bar\’oii5 and of mnssHener^Qi- 
from the funclion thus 

n^dp/dp. 

faimlogous to eq, [224J) and 

p^np-pdp/dp~ p- - dip/^)/d{ 1/^) my) 

(amilogous to cq. [221]). 

In udditiun to the options of taking p(n) as the starting point, or u^'ng ill the 
basic potential, one could deduce e\^er>'thing from a knowlidge of the pressurt as a fiuic- 
tion of the density of mass-energy, p » pi p)^ Thkia the chunikal potential is 

i$ = ti. C5ti> J^ttdji/up = ii, expfjdp/^p + p), iiJii 

where is the chemicaL potential of a bar\ on at inhmte dilution^ i*- = * m(Fe^^3 (see 
Table 2). Sunilarly the number density of baryons is 

n * Bj eip J^dn/n » wt dp/{p + m*} 

where "1" denotes some standard state of very great dilution. Any reference to thbt 
state can be eliminated at the expense of a slight complication in the formuk. Write 

p « pi cxp dp/p iim 

and divide this equation into the preceding equation. Go to the liTiiit where the stale *'V* 
has infinite dilution. Here one hos tim (iSu Hi) ■ m*- Thus find the desired fominla for fi: 

a... 

Nole Chat the product with P from equalion (22S) and u from equation [231)4 gives 
(p + p), as expected [tq, [123]). 

BARYON XOMBEH AS DEDUCED FROM PRESSURE' AS‘D DENSITY URASUiUCMFlNTS 

llie content of formula (23!) is summari^sed in Therein 30. 

TuEORESfi 30. Up to the fixed normalixing factor >iip out can dcierminc lAe numbfr ttj 
barytms in the cold^ catalyzed matter contained in a specified volume V by way of 
m^asur^fnis excIu^mJy iy ibc prrmifJiHlmsHy corrtlafntH darw^ adtahaiic 

dcctnnprcsshn. 

Equation (231) k remarkable not only because it makes the dblincdon between 
amount of nu^Krr {as measured by t he number of bnryotis) and amount of mass (as 
measured by inertia or gmviiniiunal at traction). It is also rmuirkable because it tx^ 
presses the quauiity ha’^ing to dq with the microscopic parltculiile slruclure of malttr. 
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in Lcrmft of niieasurFincnis on t^Q quantities, ^nnd p, which are solar as anything oauld 
v^tsll be from probing bto that pajtscuLite sfructure. 

How IS this conclusion to bt rcconci]<U with Hondi's (1%4) a-ccnt lornmirnl that ^^any 
attempt to dwlucc purtidc nUTnbcr frorn a relativistic integral over a static configura¬ 
tion U dotpmwi to failure^"? In reaching that conclusion one considered I wo configura¬ 
tions. The twQ systems were identical not OhJy in total mass, but also in dii^iribution of 
prRiamre and density. Yet tliev dififere^i bet^Ujit they arasc by coniraction from ■uonSgii- 
niEions of complete dbisoeiation which coniiiinal difltreni ntimbors o( baryuns. The finai 
apparent identity of the I wo systems came about because energj' was allowed to escape 
during the contraction in the one case, but not in the other^. 

In agrt'tn'lcfit with this reasanmg one knows vciy well that the relation between 
dt^nsLly and pressure differs between hot matter and cold matter,^ It also differs between 
riattcT that is^ and matter that is not, catalysed to tite end point of tbemionucliear ev^o- 
I LI lion. However, in the derivatbn of 'rheorem .?f) attenlkn focu;^ exclusively on mat¬ 
ter which is so catalyjced, and which is cold, and which ncutrinf^-ntulr^d, and which is 
given time to adfusi to changes in pressure (soc Fig. 17). l^tidcr ih^ 

rtmrgy r^quir^d &impress <1 mok of icryvipu fr^t Ufpuik dispersion fo u parfkit 
iii^nstfy p'jf wnqH^.lf deiermificd hy ihe physics of mafter as a siandard and untursal func- 
ium tp/ fhaf dsHsily. Thtrn equation (231} supplies a rational means to ev^iiuite ihis 
particle density, Farliierraort], the integral of this particle density with respect to proper 
vohime then gives the total baryon number .4, as it entered, for example, into the 
variational analysis of chapter iiL Thus the conceptual advantage La apparent of dealing 
with matter which U both cw/rf and mfalystd to the end pnint of thermonudeai ^e^lE:lioTa 3 . 

7-L.JiW IS THt: RtlLiVTIVISTlC ASB KOK-MELATtVlSTIC DOM.-liNS^ 
cu^parh^om; and contiust 

Al^out the detailed course of the universal equation of slate a great deal is known at 
low densities and verv' little at supranuclear densities. HowevTr, at any density^ low or 
high^ it is appropriate to describe the dependence of p upon a over a limited region bv' a 
" 7 -fciVv," Here the value of 7 is rfefirtxi by the logarEthmic derivTitive 

7 = rf In p/d In n . 

When one expresses the aame rctation between p and u In integral form, he requires In 
addition to y a con.qtant of jiroportioTialLlyn Tt Is conveniently taken to have the dimen- 
SEon of Ji lengihL lhus« ovrr a limited range of ij, 

(C/ €^)pi g/cm* }^p*{cm-^y^ L-^(Ua P , faiij 

In the same range the pressure is given, according to equalkti (221), by the formula, 

A* = (r - n 

There is an important disiinctton hetw^een y-Laws as employed in the reLitivistic and 
non-relativistic domains. In non-relativistic Iheory not the total nmss-energy p, but only 

the part 

e=^ — 

QX'er and abtive the rest niass^ comes into discussion as the dqiendent variable. As for 
the independeni viiriable, one is tiot accitstomed to dlsiingubh between nuintjer deasily 
rt ami mass density p cxccpl insofar as the standard mass Pm is usctl to transform from the 
one to [he oEher. I'hus one writes 




H2i4] 
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Here the iLSteriak on the exponent dUtin^ui^ca the non-rektivistic y from the rekltvis- 
tlc ow. Expressed in the rekli^-isiic langy^ii^e of the ^qiLitioii p — p(ji), equation (236) 
reads 

P « ^ifi + constant* (aaij 

to be compnred cmd cotilnisled with 

= consunt 

The pressure ralcalated from equation (2J7) is 

p = ndp/ 4 n — p = constant* { 7* — 1)if^* = f 7* — t 

to be dktlogi^hed from equation (234) despite their super&eklly ide-niical form, 

A few additional points of comparison and contrast between the relaliviatic :ind the 
non-relativiatk formulationa of the equation of state are to noted. Go back to the 
relativifitie formula (221)* or (dropping asterisks (or nolatkoitnl a>nvcaience)1^ 


dp/ip + p] ^ dn/n p 

and approxEmate: 

dp/p “ pdp fp-+ p ., ^ dn/n . 

Integrate to find 

Jn { p/ii) — In ( p/ n ► (i42j 

Note that (^/ti),Ludmind = Thns have 

p ^ M^*expl . 4; 

or, to the isame order of .'ipproximation* 

e= ^ pfpdll/p)^ 1*4*3 

Assume that one knows the Newtonian enejgj' density « as ci function of p, so that it can 
serve as a ''potentiar^ for the noti-reialivisiic equation of state, llien one oblains at 
once frtjm (244) first the pressure 

(to be contrasted with the accurate eq. fill]) auti—^to the some level of approxhuntion— 
^ — jii - ( ^ + npw+t ) /?J — ^1» M*( P + «} / P “ pMdt/dp 


(to be compared with the relativistic relation p = dp/dn). Wlien one wishea to know 
the chemical jiotentiaJ in the non-ref ati vis tic domsin starting, not from a knowledge of 
the eaet^' density 4 os a function of Py but from a knowledge of the pressure ns a function 
of pj he can use ihe Newtonian formula 

M " M-/ d p/ p „ fS4T3 

derived from eqimtions (244) and (246), and to be comparcti with the relalLvislk equa¬ 
tion {228), 

7 ONE OH GHEATFR FOR STABILITY AOAlNST THE COLLAPSE OF UATTLk 

MTuit limlmtiona on the eqwuion of stale cun one deduce from is^eneral principles, 
without entering into the mkrostopic physics behind the prcsdure-dcnsity relation? Two. 
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The firsl lndS Lo da effect!vcK* with sk lower Itmil oq y* tht second^ with an upper liniil. 
The one concerns stability agulnst coLhipse; the other, causality. 

The equation of state of van dcr Waals forced one to cofisider a pressuic-voluioe rela¬ 
tion of the fortn ^own in Finite 19. Tht section of the cutset where pressure dter^am 
with diseasing vpIluug signlhes instability, A weighted jiiston exactly balEiticed on a 
c>'linder-futl of fiudi a substance may be adjusted (o equihbriuiTi, hut the equilibrium is 
unstable* Nor is it only (he (lullcction of nutter a whole which L>? unstable against the 
dighlest up or down excursion of the pision from the cquillbriutn point. Each dentenlary 
poriiDn of the medium 19 rimtUrly un^iabie with respect to expansion or contraction 




TOLUME SiRflW - 




Fio.. 19 —Ifuin "inaly tie form" of -equaliaii d itBtc to the tnae phyiacftl farm of the cquatioli 
of suite in H BMflc of tranritiDP, SiandaoJ nj^metit ibaE net work ^pdVh^[;w^n A ftnrf ^ 
ilwM be Lbe £4Jiie for the anoJytk and for Lbe true e^ualkim of l>tati]. I nknscHptioii of the .^omc 

raftaandng to iht a — p(ii j formulittiDn. ef the «ltuit!i:in of slate. The skroe dp/dn (widcii may be Ift'iittirti 
iiteniatfvtly 0% thechemksljiaterukl ^ nma thn ratio f[j& -k el/rtj must nave the same values *1.4 md B 
U R-long the straight line coameEtlng .4 and B (“tnfidttkn OE tftAfen^'^T 

derv'elop two phases. Uf these, one in the example of van der Waals is gaseous; the other, 
liquid. In consequence the actual ^uation of state follow's, not the dashed line AB, but 
the straight line. The height of this line is such that the work done in the compression 
from A lo B at eonstant pressure is identical wdth the work which w ould have been done 
had ane followed the unstable ideal cquaiion of iitate. 

TTiis familiar consideration about the pressure during a changi; of stale is readily 
translated into a statement as to how p varies as a function of n (lower portion of Fig. 
t9Jp Rather than go chnough the fitalhematics, one can foliow^ the physics, using wmSs 
that have in mind the example of van der Waals, Throughout the repun where the two 

K has«s are in equilibrium with each oth^r^ the energi,' to inject a mole of inatmal must 
e the same whether that mole is in the form of gas or in the form of liquid. Therefore the 
slope ^ = d^/dti is constant throughout the region of the change of phase, and agrees with 
the slope nt aich end fioint; 


tdp/da) jt ^ (tfp/c/ji|j^ = Ip,I ~ 


tti$\ 
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CJRAVrrATlDN THeiRY AND QkAVHATlDIMAL rcJLLAPSi: 


Here fquaiion (24K) iirtiounts Xii Jwo iiTipSif ii eqyiil.ions to detemiitit: I he two points of 
irjm.'iitian, tf.i nrifl nts. Huw^ to solve gr^iphically by iipplying a, slraigbl edge to the 
curve of the equution of slate is evident a I once froni ihe lower portion o( Fij;!;iire 1*), II 
is also clear why niarter nt a number rten^ity between Ka and np rofl^jtates into matter 
At the numlwr derLfiity m and maUer nt the number denslly up. In this w ay it Inwera the 
itiasa-cncrgy per unit volume from the higher \Tilue of the dashed turv'e to ibe. value indi¬ 
cated by the straight line; In other w'ords, the dashed line does not represent I he nbsolute- 
1y low^est energy stAl e, whereAA I fit- full tinedotii. Therefore, the full line dc&mbts the 
true equation of State and the dashed line docs not. 

The cbamtteristic feature that distinguishes the allow'ed equation of state from the 
unphysical one can be sEated in at least sU equivalent ways. First, iheslot^e ntv^er 
decrciists with increaSTng h. Streund, the dtrivative, ij?never n^ativc. ITiird, the 

chemical potenliai (^‘injection energy'-') never decreases with increasing m* Fourth, the 
derivative dji/iln is never neRaiivt, Fifth, the derivative 

dfi/dM " Hp/rf™ nd^/ d ?i '■ J45j 

is never ne^Uve, Sixth, the pressure never decreases with increasing density, 

(.hic cun imtigine u curve for pfii) which bturts off from th-e point *1 as does the dashed 
curve in the diagntm, first turning up, then atarting to turn down^ but I hen departing 
from the ctirv'c in thtr diagnun in the following sense: It nec'cr turns up again. Its slope 
continues to decrease, decreasing more and more slowdy. but alwnys remaining positive. 
In this case it k impossEhle to find any point B nor to draw any' straight line .dif w'hich 
SAtiaheis the condition of tangency Then the maleriai is unstable against coagula¬ 

tion into two phases, one of ordinary matter, tlie other of a completely collapsed medium. 
Morcov'C^^ this colla|3ee Is a mkrnsa’opic collapse; it has nothing whAts<?ever directly to 
do with any long-range forces, tnirvature of Space, of gravitational Cjolliipse. If gravitA" 
tional collapse leads to a cotLipsed system^ then the quite disllncl kind of collApiw c<in- 
aidered here may be Said to lead to coLIapsed rrwtfir. There i% not the slighlt 5 S^t evidence 
to indicate that matter undergoes any such microscopic totlapse. 

This analysis of stability c^n be summarized In Theorem 31 + 

Tiib:orem 31. Eifhcr maU^r h mmble ftdkpw, ftr iltm fxhi pmim 

emstants n^ and ^4 > Jircft ikai Ihc dcrtsiiy fif tfuis.^-€nf.rsy n > 
ih^ inequality 

^ ^ -f (- w A ) M.t ^ tjso} 

Here Mji represents the highest particle density at w*hich unc hsts reliable information 
about the function p = p{n)y and and = {dp/dif)^ > ^4 represent the value and 
slope at tluit iJoint. I'he theorem s«tys that the stnughidine extrapolation from the 
point A re[iresenls a lower liniiE to the cujv^e for the equation of state. From Thearem 31 
follows Theorem 32, 

TtiKUHi’in 32, Granted ahsmc-e af mrcrtucafik ediapse^ ifmi the asympiofic m/ne *?/ the lug- 
uriihmic drrii't^ih^ ef}nnt>i bf. tess ihtin tmifyi 

- (/ In p/rf In It > 1 , fifsi! 

This theorem has already been used in conjunction with the contour dingrskm of 
Figure 12 in chapter vdu. fn this wuy one could prove for cv'ery' baryon number /I 
greater than the esisience i>f a comlmtuus sequence of configuration.^ leading 

to gntvitational collapse {Thitirems 24 and 2$). For tliis purpose it wsfi vital to hiive a 

imer limil on 
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7 TWO fJlC frjii CONSTftlT-NCV WiTlJ CAPSAUTV 

Cufilrufj- U) whit( one ha%'C thDugtil, no upper limit on the of matter, 

nrj wpiM^r boutirl to vras required in chapter yui to establish the theorem about 

gni\^iationiil coiLipee. If matter h difficult to cfjntprcsSp then mu eh must be 

pumpei:.! into it in ceeomplLi'kirtf the Compreasion. Con^^uetuly the - I bartons have a 
mass than thev wotild have had othenvise, Hiis greater mass only assists the 
collapse when the critical compresaion is reached, Pseverihelesa, it is stall of interest, to 
look oi the upper limit on TuvrapmUi-. 

The sjjctd of sound, tntasiircd in units raf ihe speed of light, is 

d ™ I- ^25il) 

and in the asymptoiic linnt is p„niia = CTn-ruiptofee^ “ 1Result (152) h well known in 
N^^wtonian iheoci. (.'urtfe has proved slial the same formula is n conseqiieticc of 

Einstein^S general reladvity. If the speed of sound from A to B exceeded the speed of 
light in one Lranenlz reference s)’stem, then unother Ijorentis reference system could be 
found in which the itcou^tic wave reached H brf^e it jjtarted from A , But thb effect 
Would violate the principle i.rhich one knnwS under the name of cauSalilr. Therefore i 


Tintoarxi 33, The value af y cannai exceed turn. 

It is to be noted that ihe 7 under discussion liere is tite 7 In the reiativistic fonsi {ZiA) 
of the tqiiaiion uf slate^ nut the 7 * of the non-rcliLii^'istic formuhidon ( 2 . 36 ). 

It has been urged as plausible by ane of us^’—and by Dthcrs^thiit p^ < 0 */A is a 
mn-re apprijprkte iLsyiiipiotic limit on the pressure [7 = |) thEin the limit p* < fi* 
given by the caH,^ility contI it brigand 7 — 2 . The strungcr linnt would insure thsti the 
trace of the stress-energy tensor in a local Lorentz s^ialem, 


is never negative, and only i^^nUhcs for tbe^pcdwl aise uf pure mdiutionr However, in a 
valuable contribuiicm ^erdoviefa {t%H has supplied a counlercicamphiE s simple ide^T 

* Sec t^liecLcr I ^p. 2fl2, In the Gldcr litcrmturc {Eddiiiat£>n; uid dlLuj Curtn |1^5tl|) the th^nghl 11 
dccAih’jnally that the Ence of Ihe dtit«s^erE>^ tenwr, 

r=- 3 ^*, 


mcasEuci^ the pardclc deneatv. Fnran idc&J Fermi ChanrJn^khArY (1^35) farmuliic fMc ciik. 127^1- 
I27SJ bctoiri Eive * . . 

f sunh {// 2 ) — {/,■ 1 ) (J^eneru ])'t 

0 L 




2 T(iim/ c^}{/>ic/ky 'j { 48 ) 

I cxp{ f/2) 


{i^nia tl t ) 
(tEirj^e /) 


Thr hijgh ileiully trf ihh crpTeHsic?!! //Ij h iLlttj^lJiEr dltferenl {min that tar the pojlklc 

fjeimitv 4J. Thcrefm] th&n li na wsini tp thmk pf ihf imw, T, of the slress-etiejT^' teafeu iLt 

pmvifUDR JLn)' direct measure whatever ni the part^k- deruiLy, 

Both in earlier •d-bcuAidnda ami today thr (IdcaLifetl} CunCepL l:^f ''incrrmprettstiility''' 1a uf cuurfic Under- 
stapd to fman —by definition—ft p^riffitd^nsiiy which it not subject to Wng increased. Htmci.'ef, u 
particle dcrulty anil a fixed value uf Tare evidently diEFercnt Ideas. Thu^ one will not uphold today 
the that '''ineompn’£j^l)i|e mftttcr curmipun>;ls In T ^ ccmstatil'^ tiur the view that the Curtk equa- 
ticm of atatc p* —^rr^^Kiniis tr> inconipreawfile mailer. Whatever this of itftle 

docs ufJ represeu Lj iti^iMi descHhe-aji idealised BituatLon ul iciLeresl in Its ovin right, Uia integration o| the 
e^iimtions of hy4:in«tani: equilihrium For thlii equation of state Ea LnilniclEvc, espedalSy for ihe way In 
which it eoahrma Ehc anstence o| a limitinR cun A A-toon in whRh ihe pr-cssuire ti> inflnUy at the 
center. Tl would lie ICiEemstlng tn see piecbc integrations made for this equation a£ state of Curbs fur 
lesser vahiw at thf! erntrftl [irekHure- Uhp mM like to know^ whether tfiif cquIhLiriym conEpiujatiiifia 
change Fium stable to unEtable when the cenlral pressure first exceeda a earuian critical value sififTt of 
IrihnEly, osofie cicpccl^ m phy^kml grounds. 
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iztsl phyf^icAl tmdttl fctr an Hjuatimuf sLaie wiih iJie prtjperty that ^" agrees as>TnptoEi- 
cally Tvith mti p*/^, in thu limit af very hi^h de-nsity. 

Zel'dn^'ich puts forward hiE analy^ia, tiot with ihe aim of pving ii detailed aci^oudt of 
the etjiijUioni nf stale of real mat ter at high densities, but rather as a pure model, iUustrat- 
ing a point of ptiiULiple. As such it is neverthelm most interesting, because it i hrciws new 
light on concerns oftoi expressed about the scHzaUed hard-core'* model of ihe niiclcoti- 
nucleon interaction, and its bearing on ihe compresaibility of matter at very high 
density. 

TEE SOFT ''HAED COIE'^ 

'Hie of ten-used tertnitiology ^'hard core" would seem at first sight to ente out any 
sepanition between the two nuclcons which is less than some charactfriPtic distance L 
This idea is clear enough lor stalioiianr^ centers. Yet slatiamuy' centers one docs not 
hive even when, ns here, the medium under discusaion is deprived oi all excitation and 
maintained at absolute jcero tcitiptrature. There is Ecro-point snolSon, Moreover, the 
xero-point hineiic energs^ goes up Indefinitely with compaction. In a tneditmt so com¬ 
pressed, a nucleon of high momentum collides wiiii another nucleon^ ako of high mO“ 
inentum. Alter the Collision the pari teles are moving in new directions with new veloci¬ 
ties, In which of the fonr obvious LorrnEz frames is the distanced lo be measured? And 
if no one choice of frame is compatible with the a^mmetr],' bciw-een the particles, aa is 
normally ihe case, then what covarbnt way is there lo describe the eiedusion diatonce? 
And how can any definition of exclusioii distance be compatible w'ilh caimlity and I he 
simple demand that infomuktion should not propagate from one place to another with 
a speed in excess of the speed of light? So satisfactory answ^er so these queations has 
ever been givenj Moreover, viewing the tnedium in the large, one sees still itnolher objec- 
Iton to the idea of the hard core; Hard core means incompressabdity; and inCompreS^ibib 
ity means a Speed of sound in catcss of the speed of light, in violaiion of causahty; rrga^ 
no hard core [ 

Zerdo\'ich finds a mode! to dscribe baryon-baryon rtpulsion which is compatible 
with special relativity. The model conaiders ihe interaction to he mediated by a vector 
field which resembl^ the vcclrjt fseld of cltf’-tromagneliEiTn except in two points^ its 
quant JL have a non-zero rest niasa', and the charge on ihe sources is not +c, but alw^ays 
+^. In consequence the iKJtenlia] energj' of interitction of tw^o of these bari'on charges is 

( rt3)cxp( — rii/dtj, 

w'here the range a is 

a = A/(rest mass of quantum of the vector field ) * c * iJJij 

When ihe bary on density is so high that there are many bary onB within the range a, then, 
ZerdavSeh shows, elemcntarj- statisticitl Considerations apply. The potential energy of 
intenclion per unit of volume becomes 

Pi-oi* - (G/c^KwV2)/{«Vr ) - 2wC{ 

For an 01 herwise ideal Fermi gas compressed to a rektivUlic Fermi energy the kinetic 
energy' rises as a lesser power of ihe baiyon density: 

PM..* = f 3 r:*'H 

Therefore the potentlal-enjergy' term doiiimaiLcs at great compressions. The total density 
of mass-energy in the model follows on asj'mptotic ^-law w'iLh y = 2, Therefore the pres- 

^ i\n Eavr^tlgatlan af bxl iiJcii.L hord-EZirrc Fermi iit the higll-density limit IiAeI been nmeiJ ciul, but 
not yet puMwbwl En Se^>leml«r, 1964, according Eo k Idnd tter^nrm! cfummunicaikm of I.. CrmlEiai st That 
time. 
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sure p* fa asymploticdly equal to p*. The speed erf sound approaches indcfiiUtely close 
to Lbc spf]«d of light, not'the C^wed of ljght)/3'^. The fuaterijil has the masmum rigidily 
permitted by the principle of causa]it}% This example shows that the limit -y = 2 is in 
principle an limit. 

So much lot genctol cojisidcrutions about the equation of state; now for the pressure- 
density rektiODship empJoj'ed in the detailed calcutaLions. 
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THE HARRISON-WHEELER EQUATION 
chapter 10 OF STATE 


EQUATION IN FORM OF TA6T>E OF VAtUFS ASI» ANAI.VTTCAI. FITS TO TUFW 

Tins equalian of itatti has been presented in graphical form by Harrison^ Wakano^ 
and WTieeler (1958), and by ttTiedier 1964), The same publications reported 

geneml-rclad^ity calcuktioris of equilibrium coniigtirations based on this pressure- 
density relatioD^ as well as Successive steps in the aimlvsis of the results— now brought 
up to date and summoji^ed here in chapters vi anif viu and Appendix A. Neither 
Harrison's 1957 tabic of pressure for 47 values of Lhc density, nor his 1957 analytical fits 
ta these numbers, nor the derivation have been reported heretofore. The anah^lical fits 
present the pressur^ensity relation in the most compact form imd are tlierefoie given 
iirst; then the table 3 then the derivation. 

Regime T, p from 7.86 to 1.00 X 10* g/cm’ * 

p (g/cm sec* ) J. n2 7 I X t ph'* - 1.441S ) ' - 1.50319 X I * 


Regime II, p from LOO X I 0* to 5*22 X 1 0*< g cm" * 

^aS9> 

^fg/cmsfic*) - 146l6XlO^'p' *(1 + 2538,. 

Regime ITI, p from 5.22X 10^^ to 4.6J X I 0^ g/cm", 

j&(gAm&ec^) = 5J 134 XI 1 + 0*0031 822p'^*3^ 


Regime IV^ p from 4.63 X 10*^ g/cm^ to infinity 1 

p { g/cm sec ) - 2. 99S 9 X 1 [ 9, 1 2 OS X 1 0" + , 

appraithlng for p > 5 X g/ftn* the limiting form 


mu 


f £*/ 3 ) p ^ 

The formula Ebted in one r^ion joins onto that listed for the ncKt region to about four 
signthcont hgurefl at the point of transit bit. There are no aeridUS di^antinuitles !n the 
derivatives at each point of join. Equations (258)-{261) were employed in the 1957 inte¬ 
grations of the general relativity equation of hydrostatic equilibrium (M- W,). Jo the 
1964 intcgratluns (B. K. H.) a table df pregsujre for 47 values of the density, analogous 
to Table 15 of primary' values and obtained from that table by graphical interpolation, 
was used directly in the electronic computer, Interpok tion was made bet ween one point 
and ihc next ^issuming a constant logarithmic dcnvalive between; thus, 

log P - log p 3 ^ log [og ffj J 

log p — log Pj log Pj + 1 — log pj‘ 


The riesytt* obtaincU from the integrttlions of the Tr>V ct|ii£il[t>n (llj usiiiK Table 1.1 

Were essentiLilly idenlJUbl to ihoso uhlained uiing equalions f 258 }-(' 261 }. 

1U8 




TABLE IJ 


FOR 47 Values of twe pENsm' (H, K. fi.)* 


pig/tm K-:»j 

pii/f 




icUtlF 

<1.01E9 

7.8ti 

£a.i7E ^41 

S.83E -28 

4 7JE24 

0 

5.0iii9 

r»» 

4 19E -40 

JJ.SE-i8 

4 T5E24 

1 5)0E-6r 

1 OIEIO 

7 

-40 

5 ME -28 

4 76E24 

3 6TE ^67 

5.07E10 

8,06 

4.1VE - 30 

S 1J8E -28 

4 m:2A 

9 13E-Qft 

I.DIEII 

8.15 

S.37E -3& 

6 05E-28 

4 9IEZ4 

2.i5E^&5 

1 2IE12|. 

1 . 1(jEJ 

1 .(XIE -37 

8.Cp1:E-2S 

6.yyE24 

2 HE-63 

1 40EI^ 

1. C4EI 

1. ICiC -3$ 

1.22E -27 

9 9f>E24 

1 92E -62 

4,4IE1.^., . . 

l.WKl 

a ME-J6 

1.93E-27 

1 5TE25 

9 63E -62 

1. T0EJ4 

4 ilEl 

r40K-3S 

3 35E -27 

2.72E25 

2.92E-6J 

S 4a£ U 

s.aiEi 

O WE -3S 

ft.5^5E-27 

5 a2E25 

8 64E -61 


2 12E2 

4 81E-34 

1..57E -26 

1 27EZ0 

3.90E -60 

7 J3EJ6 

7 CkSEjf 

5 97E-il 

5 23E-26 

4.25E2& 

1 23E-69 

1 90EI7 

I I5tl} 

1,57K -32 

S 54E^26 

6 93E26 

2 S2£ -59 

561EI7. 

2.«iE3 

4fi3E^32 i 

i.m: -25 

|.24l-;27 

3 83E -M 

lJ<aEJ^ 

4 WE3 

2.35E-31 

8. TOE -25 

3.00E27 

8 TIE -.W 

2 45E19 

1.UE4 

2 02K-3ti 

1 2JE-24 

9.98E27 

2. 44E -SB 

4 IDEM 

S.J0E4 

J .39E -2(1 

ft.loE-34 

5 OOFJS 

3,79>E - SB 

4 +3E21 . 

3 JJE6 

i.6SE-28 

2 46E -2J 

2.0SJE29 

1.49E -ST 

2.»DE22 

J ODEf^ 

2.31E-27 

7 42E -23 

6 02E2SI 

5 49E -ST 

1 21E2^f, 

J 41E& 

l.CWE -26 

3 7VE -22 

1 45E30 

l.OlE-56 


S OOECi 

7 40E -26 

1 y4E -21 

4 82EJO 

a 2flE ^56 

b.SdE'U . 

4 aE7 

5.37E-25 

a 42E -21 

2.7JE31 

5 30E-S6 

1 21E25t 

7.S6E7 

1 (»E -34 

5 6lE -2i 

4 55E3I 

ft a2E-S6 

3 ism . 

1 B2E9 

2 63E-23 

7 S9E -20 

ft ISE32 

1 44E-55 

l74Ei7 

J.13E9 

1.44E-22 

2 34E -19 

1 9aH3i 

a 09E~S5 

2,i22E2S. 

2 32 E10 

1.83E-21 

1,72E -18 

l.aOE34 i 

4 IIE~SS 

» ^E2$ 

ft.^JElO 

7.02E-21 

5 14E-1S 

4 I5E34 

5 T5E-55 


1 41Fn 

1 6eE-2Q 

1.S15E -IT 

8.47E34 

7.05K-5S 

J 55E29 

3 , ?4 EU 

Z,93K-2U 

1 29E-1T 

1.04E35 

7.S4E-5S 

5.95E29 

3 22Etl 

4.91E -2U 

2J9E-1T 

1.93^:35 

9.1VE -S3 


(1.79EII 

".06E -20 

5.04E -17 

4 OftEaS 

imE-54 


1 VSEI2 

t ci5K-]y 

B.74E-1T 

7 OiEAS 

1 I7E-S4 

Z.2:FE3« 

2 D7E12 

1.88E -ly 

1 ME-16 

1 24E36 

i 2SE-54 

jf.:HE3U 

2 79E12 

2.76E^iy 

l .qTE -16 

1 MliJ6 

1.30E-54 

5.2Jm 

■i.saEiz 

4.32E-3y 

2.8aE-l6 

1. J1EJ6 

1 JftE -54 

(S.S2E3fl . . 

4 «i3£l2 

.S.A3E*3W 

3 44E~16 

2.7ftEJ6 

1 39E -54 

1 90E3I 

g 7JE11 

t.57E-l8 

6 48E-16 

3 I0EJ6 

1.S5E -54 


2 7BE13 

l.ffi3E -17 

2.()0E -IS 

1. ftOFia? 1 

2 03E-54 


1 -|^EI4 

I.&IE-16 

MOE -14 

S aSEiT 

3 98E-54 

2,m¥M 

&47E14 

i.71E-3S 

4.»0E-t4 

3 65Ea « 

B.4aE-54 

1 WjEJS , 

2 51Et5 

t.a7E-U 

1 86E-13 

1 aiEiw 

1 T6E-5J 

3 

2 I6El^i 

2,59E-I3 

1. COE -12 

0 l6E.|y 

5 I6E-53 

s.&iEjr. 

2 44EI7 

4 &3E^ia 

l.SJE~ll 

6.d5E40 

14IE-52 

1.21E2ftt 

5 t^WM 

l.ilOE-ll 

3.75E^U 

t 22E41 

184£-Sa 

3.s:Ei.^t 

1 ^2EIS 

3.20E“I3 

tASE -10 

2.00E4I 

1 6&E-52 

1.21E3&f. 

4.47E18. 

l.OOE -10 

3 12E-10 

6.68M1 

J 73E-S2 

^. sorj"^ 

1 55E19 

3,TIE -10 

t L=iE - 0 

1 72E42 

S 4SE^5a 


■ A ^Utilr abdi JU 3.fl3 X ]*"*■ i« tiiicil in Uu? H S.WE —aj to fallow ruMipiitJr UntfUitfr (E — fttnJ 

WJ dfmdup? Tbe LunvMDQ fpurtafi - <I.I4J X l^r* cm/i umI X |D ‘» fcftVvin- Ji 

Wtl UftKl t* IrmfenULr trara ifciMtty p- ilwI inncm I (o l3p SfiwwtHiSd af liiEW qiiui4titie| |])4] ^ K'lifnliAt 

ikF boj^DO^ Ip m dlf^lih^, %ficr tbfitf l]i£ raLoJ Uk ^■l^l^^^ frioJiiJi - tip 

Tilh far I.fd4 X ]D'^ n, All] ul thit petal Lire-tie nitjr vmhiet in Uiia t-iUflK pfirUiE^y liLEkubEeil br E. K. H. h 

Binpe ai«k«t wv dliaprt^ -titrf: iBEerlHilEljed Erom n lioff- p^iX iii wier uf J uer czql nr Jwii. fkrqi.tiaiii 

i,Z3aj-iJ>&Eji|iPr mwe tHi Em? UCdfe Is mint nuEnericLl rEk’ulEtlanf. 
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Hiuriaan (Wii!) has (lie following siiialytic lit to HJth n hi crn"'’ ftiid p 

ing/cni^: 

w = 6.0223 X I0«p( 1+ 7*748AX . m^y 

■'rtius w varitrs linearly with p n bw denBitlei And wkh the i power of ^ at high deoBiltes, 
DEaiVATlO-N: REGION' UP TO 10^ ATMuAPEfKPLKS 

Intfrnaii&nal Criticcl Tables gh'es Tnfomtiliotf on the volume coiripressihiiliy of irqn^ 

expresaed up to 10* utiti in the form 

k — n ^ 2bp ^ <jMj 

with 

a (L6(16 X I atm-» £-2.2X10-” atm-*. 

Integralion gives 

p Cg/cm^) - 7.86 e3cp( ap--h p" — ctj^a+ h pr) . fifisi 

with pa^ I ftlm — 1.0IJ3 X 10* gv**™ sed% and the density mnnirig fromi 7.S6 to a 
little over S 


H’YNMANj metropolis, A^'I> TELLER FROM IJ TO Iff* g/cin* 

Fe>Tiiimii, MelropoliSr tind Teller (1940) cot^der deimtitii of iron high enough so that 
the speeifieities of the nontiffl Bolid^tnte fortes are ovtttomc {p > ICH* ^ > 15 

g^-^crn^). Then the>^ can apply the Fenni'Thoiiias statistical atom mod^ with the Dirac 
exchange cDirectionSp to an mdividuat iron atom located in a ceU^ ideaHj^ed as sphencal^ 
and characterised by a radius 

Here X is Fcrnu''& dimeinuontess radius pantnvcler.. The eleclrital potential at the distance 
r from the nudenfi is written ns (Ze/r)^KiF}j with ^(jr) tiiken to iatkly^ the equation 

d^iP/dx* - - tare) 

^ Thjft anitJ^^tical r^roduc«s te better iban 1 pat cent tbc H^V value ef nifit) for all v&lun 

oJ p. It i& vraH mutficL to d^scrltw toe prradim-dEpdlly niatlau wej th« iecffad. EDjd mctra iniip€>rtiiiil CLOV) 
critical |KHiit^ and nl higher pmsiavs. .At Ie^Wct pirasyjrcs, hn^^vver < 10^ g/on^jj, whal onEmlsm the 
liredictkin fif critical poifft» is the small difference between ^ and a diiTereact which tiseiuuret the 
-work cf cempre^on. Thu dJf!ErencG, as given fay the HH' equAllon PtAte. itlowi |pr the eiectii msdoci' 
aled with crushing dI ebcctmua otiln nudeL itear the finl •[LK^vAVi crilicflJ point. The Enah'tkai tipawan 
(2a4), despite its I par c^ot Umh of erren-p doei mi tltow for thete effects «id ihereforc doB not predkt 
the cdatencf] oi tMs Rral rrfrij-al poiEil. For a dmiliLr rcaaoa OppoaheLmer and VQllco.ff (IffSffJ did not see 
the firtt ctitica] poinL 

t/iiJerHAi/iotrol’ eVie^ («Vew Vark: McCraw-HUl Bixife Co.^ lfl2S>p 5- We Hflve not 

taken ibtu accounl ihe following pubhcations which Jmve appealed Einqr the present work was done, 
primarily becAUK this npnti of preoiutcs pla>ii no critical tMX\ In our jum lysis til cijuiillji'lum cnuf)futu^ 
liona: the paper by Kntpeff on ^"Equalioiit of State of utter at Ifltra-High Pressum'^- Mc- 

atml Marall (equation til stale for mneteen elemeiLlE, including Birch Takcha-^ 

shE ftnd^Bassett (I'W) (riwm^tempeniture rci^urements on iron; starttog with »efo pressure, 
g/cm^^ 7.10 cmVtoole, a-LallJE:e, body-eentered cubic; with incroojiing presoure ipaduM decTEasc m 
volume; at IdO kb Eltm suEetf phase change tn «^lallke, heUigiJiiBt close-packed, with volunte alteratioit 
of «0i0 ± d.03 cmVrnole| at Wb kh, &.ia cm'/rnale, ± 0.01^ f/cna’); Boyd und Fiwland 
p. IJ5) (melLicig af iron at h\^ preiaurc)^ (Wn cxpres&our apprecuktion to l>r. Howard Voung of Du Pont 
Central RBcarch, I\TLmln£too, Debware for Iftingiog these last three fefdenCB to our attention J 
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Here i w ifee Dirac cprrectiQii (kncjwti). The InlegmUon staiis with ^^(0) = 1, Different 
diaices lire nijid* for the stanmg slope. For each, equulion [270) is integrated numerical¬ 
ly out tQ the cell boundary i X 9 . There tbe poleotinl gradkiit [rf/ djc) [if{ 4 ?}/*] is 
cvuluiUcd. That solution for which this gradient vaniihes is accepted. Vmm il Fej uman 
ti o/. evnltiutc a ^'prtssure correction factor,'® 


Denote by the pressure which one would expect from the eleclrons If thiri' acted 

as a Fccmi gas uniformly distributed through the cell voiunitt thus, 




Pry^ Sw 
5w 15*A"\ Bit / 


{2if3*^ 


I5£. £!f 2^ 

1 St* xii*^ S" 


1271^ 


The pressure is 

p = Flx^) panmtwn P 

and Ihc densitv h 

S6jr, ^ 32 26 5bM. 
^ 4xJ?^/J 3ir- Xff 


In the range from p a little more than 8 g/cm* teq- (2MJ) to p 15 g^an* (eq. [27J])* ihe 
pressure was obtained by graphic^il interpolation. 


CEANDRA&EICEIAJl JfKOM W* g/cm" TO g/cm^ 

Aa ihe density reiiches the order of !<)* g/cm*, the “pre^iifc correctioii factor^* F{xif} 
of equation (271) supproaches so dose to 1 that the electrons constitute effectivel); up 
idead Fermi gas. Moreover, the Fermi TnomEmlum^ pp, is still in the non-rektivistic 
domam (pr nic/6)r However, the point k appcoachitig where rehitwistic effects will 
have to be considered. Therefore it is upproprkte to use Chnudritsekhitr's UA15, 

formukfor an ideid degcntMie detlron gEis, which is valid for rel&tivislic as well 
as non-ieiativisric Fermi energies. Tt is not possible to express pressure in tenns of density, 
or dtnsily in lenns of pressuiet in dosed form; but both aliow ihomseh^ to be expressed 
in ck»ed"fonn in lentis of the Fermi energy'; or, more dinply, in terms of a pdirameter 
dedned by 

/Rest energy plus 
\Fcrmi kinetic energy/ 


I coshn/4) {general) 
l + (i®/52)UmalJ 0 , 
4exp(//43{krsel) 


or 


{Fermi momentunO 


I BinhC f/ 4) L general) 
(^/4Ksm!ill0 
i exp f^/4) (large 0 


The number denaiiy of haiy'ons is 

fsinh^( if/ 4 >{general) 

[ if exp ( 3f/4) (targe 0 

The maaa density is 

( (^linh J — f)(general) 
(small O 
4 expT(large 0 


(iTS) 


{276J 


r.aT73 







112 (;R.\VlTATlf)N TirEOH.V AMJ VITATIONAL O ^LLAPSE 


The pressure ig 

p= 1 


I fsiTih f— tt siiih{i/2 ) + JiKgenereJ) 
j I 6(J [ f^rruoll f) 

[ i exp 0 


^J7H| 


Hie Chiiudrcisektimr bquutioD corttinucs lq apply, with ftsed Z = 2^^ A ^ 56, unltl the 
PeTTTii kinetic energy of the eJee lroTis rbies to a vilbe of I he ohkr of 1 Then the neu^ 
tron-proton ]nishtd by tfl-vtrfle behi reaciiona town! a Bigmficantly de- 

crejifsal ZM raLlo. The Fermi etierj^' reaches md^ when the member iJensity r>f de<:trons is 

Ua = ( Ji<.'^/Tr*)(3'ff 3,U3 X + ca??! 

corresponding to a mass density of Fe^ equal to l.SHi X 10" 

Sl:PAKA‘n:D NUCUil LV niiTA-KQUtLlUiatnl Wirjl a BJIUVTIVliiTTC RixcmoN GAS: 

g^^cni^ TO ^4 X Id” g/trui® 

Hic effect of the Inverse beta reactiorLs was considered quaUtadvdy by Landau 
U‘>32) and by Oppeoiieimer and Serber Ii was considt rciJ in more detail by van 

AlbiKla CPW>j FJM-?) in conpection whli ihtr origin of die heavi^ clcmenls, and by Schatz- 
man <^195S) and by Autuck and Alathur (1959} in Donn^tion with the theory of the 
hr&l criiitiiil point in the curve of equitibriuni mass as a function of central dt^mslty, It has 
also been considered by (1960, IWl). tlappilv;^ as van Albada had pointed 

out in 1947^ and as we found in iht‘ more detalttrd 1958 tnvestigiiiion reported herej es* 
sentiaJly tw maitar physics ii reqatred for iJtc iFcaimani ej/ Ihe pfismi rrgimt, Otif! k^K {^tily 
lit kHtm mtustK Uitd h uppiy ihr rlrnmory principles a /siuliTlkat meiitanir^ 

lit iibiaiti ike rquaiitm of ilaie. 

Tlic qualitative siluitlian is easily oiiiiinod. If it were not for the electrostatic repulsion 
l;ieT.weeii pro Lons, nucleons would aggregate into nuclei of unlhruted In acturdiity^ 
hotvmjr^ the Coulondi eneJiy is m grettt in n heavy niicletis tbal it undergoes ftssioti. If 
Coulomb forces iilono w*crc rclc%Tint^ the lowest padEing fractions would be found for the 
lowest -4-valufis, If nuclear forces aione counted, the packing fraction would go down in* 
ddtnitcly with imrctismg J* When the iwo conhictiiig eHeyts are runsider^ together 
iind ihr total pairking Is mininiifed, then A a viilue as tow a:! 56. 'fhe balance changes 
when the electron pressure is raised to relativistic vitluta, The nucleus con tains a higher 
liroporlion of neutrons to protons. Consequently the Coittoinb forces play a smstller role, 
(yrcal^r rein is given to the natural tendenn’ of the spcdhcally nutleoiiic attraction to 
favor agglomeration blto s^rsteini containing large numbers of biiiyons. 

At any one electron pressure there is one nucleus which (1) has the requisite neutron 
(o |Jr^JU^n futio Uj Ije in lietm^uilibrlum with ihe electrons ami (2) has the ntofl! favor¬ 
able packing fraction wrth the uculron-praton ratio. For loW' pressure this 

nucleus is nFe^* Aa the eleci run pressure is raised the mass goes up. At a certain stage of 
the compression the best bound nucleus is calculated to be til or near iiY™, Here, at a 
density X 14 .'cm*, the iieiitr(.>ii-proton ratio has readied a critic^ tcvcl. Any fur¬ 
ther augmentauon leads to what has been tailed *‘neutron drip.'"* Not nuclei of one 
sfx-dea alone arc present (with still larger mass nuuiber), but nuclei oi one species plu!>' 
free neutrons. One Iuls what is tn effect a hvif-phnsr sy slept A 

With fiuihcr incr^ifcof the tlcclroti pressure the (Z^ d}-valuesaf ihefavored nucleus 
nuive beyond the line of neutron drip^ to highEr and higher A-values, and to higher and 

* Sft- Vk't'Oier iit\4 liVhcM^fciF ^ 1V-SS|< fot fl fsrtT pkit of thi? IFne (if neutnm drip in the (Z, A l-plantL and 
Urj.niJE, ii'ijllfr, WjlJuusd. Wrincr, and Wheeler i related tsiinn sec- Goepijert-M^vcr and TeUer 

iPW). 

'See SaliieCcT hvr cotiiidtrsUoni tm ihr Eikii thai Ihe ncatrmui mlsht iiitti cLtrapi, 

am i lor plausible t nfLicaiinfisi that i his vA’H take place- 
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higher neuiron-to-lJroton ratinii. At a suRickntly high presaure one calculates, for ex- 
lunpte. *tCd'" to be ihtr fav&red nucleus. Of course, the favored nucleus is evaporating 
ueiitroRs; but a.t the same tttnc new neutrons are condensing on it front the surrounding 
ncutroa gas. Etjuilihriura is preserved. In the esampie the conditions have beciimc so 
extreme i> -I X 10'* g/cra*) that at last more of the ftresaure U being provided by 
neutrons tfion by elcclroas. .Moreover, only a minor fraction of the nucleons is present 
in the form of nCd'*'. The neutron gus so dominates the situation that one can say that 
the minium has iti effect become one t'ast nucleus, with a |ower-than*normal nuclear 
density. 

.So much for the qualitative situjLlion; now for the quantitative analysis, siibstantiul 
parts of which will silready be found in the papers of van Albada 1947), Jlany dif¬ 
ferent nuclei come into consideration, from Fc**onward, Jis the preasurc is raised. There¬ 
fore it is reosonahie to represent nuclear masses by a senu-eniinrical mass fortsiula. We 
employed u formtLlu of the usual type with the constants of Green (1955}t 

ifiZ. J J/[i/(0'»)/l(i] = fti-l + ftjJ* *- biZ+btA(Q.B -^/Ay* 

*, = □.092064, ij = 0.0101 20 , fti= n,OOOS4() , 

( 2 iaj 

*,= 0.10178, *1=0.000763, A/. = l.008o82[M (O'*)/16 J. 

Beta-equilihrlitm is obtained when the atom with (Z — 1) protons and mstss nuntber A 
has the stone mass-energy as the atom with the Biime moss tmijiber, with charge Z, and 
with one more electron. In the normal beta-decay this electron comes off with the lowest 
possible energy, niis energy^ puls the electron into the last and most weakly bound state 
in the atom. The mass-energy of this electron is already included, along with ihc masses 
of the other (Z — !) electrons, in the usual mass s^alticforafreeatom- In the present case, 
however, I he lowest state available to the electron lies at the of the Fermi sea. Call 
the energy of this State 

Ry = CResl plus kinetic energy at top of Fermi sea) =«r*+«(KC* . tzsii 

This represents a pfonvolioo ol energy of — me* = iWjit' over that required innamta] 
beta-ilccay. Therefore one condition on the cquilibriitm is 

M{Z - 1, .4 iW {Z, /I ) + iwjr . '«*! 

Hereafter we take the mass equivaient, ms., of the kinetic energy- to be expressed in the 
familiar unit jfi ^ .V((T*)/lh. In tJie fllJilisticul approximation, this first requirement 
for cquilibriimi takes the form 

{&M/biZ)x -We «•*» 

when expressed in terms of mass vutues. Wlien e.xpressed in terms of packing f rttetions, 
defined by .1/ - .t.Mitl +/J, this condition becomes 

djjaZ^ -Hi (M4> 

In addition to equilibrium with respect to changes in Z one has to consider equilibrium 
with respect to changes in d, Jjet (Z, 4 — 1) and {Z, .-I j be the two nuclei (with Z/A- 
values gavcmwl by eq. 1284)} which lie closest to the bottom dl the packing-fraction 
curve. In other words, let these two nuclear Rpecies be in equilibrium with respect to the 
b.-iryon-conservuig rearrangement reaction 

(4 — 1)Atoms of iype(Z, 4 ) ?= 4 Atoms of tvpo (Z, 4 — 1), 
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Th^rt: k tio concern aboul cha-rge cons^jrvtuion m ihh reaction, bccaiusc ibc Atoms arc 
nclitraL Thus, as the reaction sbwly goes to the right the totniLzed iiucl«tr charge rises 
from (.=-1 — 1)2 to ^42, by I at thcSAnie Ltme Z eleuLmns jue slowlv Injected into the lowest 
nnfi Ikd slates in a Loras of t^Tue (Z, A — 1). The raaaMnergics of t nesc cIcc Lmns are akesdv 
included in the standard atoinic mass val ues. Not so when the electron gas is trader high 
pressure. Then the additioniil moss Zm^ of the kinetic energies ol these 2 electrons must 
be understood to be inserted on the right-hand side of the mention equation, llitis find va 
the second Condi don for equlbbriusn 

(.4 - 1 )Af{Z, A ) = AM(Z, A-iy+XmK* 

In the continuum approtimiition entplo\'etl In the statistical treatment of atomic masses, 
this requirement lakes the form 

^J/dA — (Z/j^/x4/|). i2E7} 

EquaLions C2S4) and (287) constitute two equations to the soSveti for the two unknowns, 
Z and 4^ for each value of the Fermi kinetic cneim^ mjc- 

There is a simple way to summarize the equilibrium conditions. Define a MriofiaM- 
effective packing /rarfioji, 

/All of the mass associated with one bflr>"on'\ ^. * 

“ \ nl the top of the Fermi distribution / • ' 

* / + (^/ -4 ){ 

(This cannot be used in calculating energy any more than a Lagrange function directly 
gives enei^v.) Then equations (284) and (287) arc equivalent to rrxtremusiiig h‘ with re¬ 
spect to adjiiStmcdt both of Z and of 4. 

The coraputaiion of the equation of state proceedB in the following way. (1) Pick an 
4-value between 4 = 55 and 4 ^ 122. (2) Caltitlaie Z from the requirement 

4 {Bf/dA) +z(a//dz) = n 

(a linear combination of cqs. [2S4J and [2S7]). In terms of the semi-empirical mass formu¬ 
la with the iTOnstJints of equation (280)^ ibis condition gives an equation for Z* 

(locus of the mmimum in the packing fraction curve in the (Z, A )-plfine as the electron 
pressure is changed), y) Calculate the Fenmi kinetic ctictg}" of the electrons needed 
to stabilize the atom {Z, 4} iigainsL beta-decay: 

M*i = Jt+ i4^ ( 2 i) I 4 ^*^'*&*/ bt, H- 4. (ain) 

Also cakulatt Lhc packing fraction /, (4) Knowing the Fermi energy" of the electrons, 
evaluate the parameter I defined by 

m IcoshC V 4 ) — I ]. 

01 Find the pressure (all electronic in origin) from equation (278)^ the number density of 
barynns, #, from cquaLlon (276), and the mass density, p. from 

nj A /Z)Afii 1 H-/) H- (irni W4Jjf*)(3inh sinh* {/ 4 ) * (a^J) 

OF STABIUZIU^ OBip 

The analysis proceeds in this way until the neutron-proton ratio reaches a Mmit, the line 
of neutron drip in Ihe (Z^ A )-plane. Here a nucleus is unstable ugoinsl loss of a uciitron. A 
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ntutToti jiiTnospher-Ei forms. As the ttKiran prc^ure is further int.T{rLJSed^ the titnitroii- 
proton mtiu ris^ stil] higher by a double procefea: ihe .l-viLliie of tiie dominant rLicleiir 
species rtsts; and density i>f the neutron sLimosjjhere j|t?es up. In consequence there 
jirr now tufii ■dontributorH to Lhc press^ure^ which becomes 

P . + P^ , ( 1^1141 

Each contribution is given by an eKfircssiori of the fomi (27S). The parntnelcr i employed 
to specify the Femil energy and momentum of the etecEmnsis replaced in the Case of the 
neutrons by a correspond Eng parameter F* For iheae particles one wTitea 

( Re^t energy piu.!n Fermi kinetic energy) " {+ Af Mb £* cosh ( 7/ 4 ) - 

The tieulroti press^ure a nucleus Eh.itt would not ordinarily be Etable. (Ir put 

the aime point in other words. The nucleus in question, though much Ittavier than He^ 
tB like He^ in this respect; it undergoes a decay process similar to the breakup 

However, there are sufTicietitly niany neutnEins present that reactions going to the righE 
are balanced by equalh' many real tions going to the left. Thus there La a well-defined w'ay 
tti talk of Et nucleus (Z, A) which lies brytmd the line uf neutron drip. Moreover^ this 
naclena eJClrcnitEts the eTective packing traction F of equation (288)^ with ttspect to 
small adjustments of Z and A, as Liefore. Jn consequence alt of the preceding analysis 
applies (eqs, [281]-[2’92l), with the exception of the final step^ the evaluation of pressure^ 
hafyoti density, and roass density (eq. All three quantities have lo be supple- 

mcnied with coniributions from ifie neutrons. 

The Fermi energy' of the neutrons must be such as Eo supply the neceasan' atabilEza- 
tson; thuSi 

M{Z, A )^M{Z,A-i)+ XU + Mk . 


This condition Can be written in the continuum approximation as 
or 

A/,{l+/+.4^//d.n = Afi(l A-fn+MK/Mi) 

Of—in view of equation ( 287 )—os 

/+(Z/.iK«tj,/M|3 -/,+ {if^/Af,> -A+fl +A)2=inh^(7/S). 


In deUTmtning the equation oF sUte in the iwo-phase region we supplcrmenl (1), 
1^2). (J), (4) as described previously {m. cqs. [28^J|-[2^2]) by these: {5} Determine the 
energy pv^rameter T of the neutrons from equation (6) Cakulale the neutron pres¬ 
sure pi^ lroxn equation (2781 wilh the neutronic i/^and F sLibstitutud for the electronic m 
and /. x\dd to Lhe electron pressure to obt.-un the total pressure (294). (7) Evaluate the 
number density of bar)'ons as the sum of two fontribittions, one from hound nucleons^ 
the other from free neutrons. The first contribadon is C.4/Z) times Lhe number density uf 
electrons s.. It is reasonable here as before lo ihink of this number density as being uni- 
foni]—the same inside nuclei as outside. In ton! rust U% the free electrons, the free neu- 
tronji a re located, not e%'eo"where but only outside the nucleus. Their contribution lo 
the number density of baty^ons is therefore cun but 



C Volume occupied by nuclei) 
(Total volume) 


1 / 

, Wi /\ 

J"K 

'-7 3 'V 


ueil 


Here (4 tf fsV3) *he volume per hary'on in standard nuclear mutter. However^ for the 
condi lions under disciLS&ion here, the volume inside nuclei is still small enough compared 




116 


GRAVITATION THEORY ANI> GRAYtTATroNAL ODLLAPSE 


to the volume outside that thia correction is lieglecred. The total number of fckarj^nns per 
unit volume b caloitaxed from the foimuk iis thus abnplified. 

J(= (8T/3)Olf,^/A}*sinh* (r/4) + (^/^:)(8r/3)Ci«c//j)»3inb*(l/4>, 

(a) Simitarly, the muss deiLSity is ftTitten as 

P— P«"!“ Cpnafflflld" pBim»llll)B^| ^3M] I 

with 

P, =- (irMJ4 h^)Umh T-T), 

again negtectin^ the voluriic-occupittlon fiiclor in the seiiood tenn of ef|UUtiun (JK)IJ. 
Table 14 jfivea repr^otathT num bers ironi the one-phase region os well aa the Lwo-phnse 
region. l1le table gives aJsQ the coiitrihutioiis to number density of bary qua and to mass 
density, iis calculated from the fomuhic in the text. In the ndcijiaiioiiis r* was taken to 
be E25 X cm, correspotidiiig to a baryoo density of U2 X 10*Van*, somewhat 
lower than thf: value of U4 X 10*“ /cm^ deduced for the r^ii^rcil regions of nuclei from the 
Stanford experiments on ihc scattering of electrons. Alore signiEicanfl hguresare g^ven in 
tlie table than are justified, to order to fnciiitQtc inteipoLations, The cidcuktioo—based 
as throughout this table an the model of “dominant nucleus in equilibriuin wuLh elecLrana 
and ocii Irons'^—k nit off beyond A — 187 in favor of the model of three ideal Fermi 
grisea (ftp 1 ?) in electrical and beta-equibbrium. xAt the pressure in qustion, f = 6.63 X 
HT“ dynes/cm^ the two models agree not only iis to density, p - 4.S4 X 10^* g/tm® (com¬ 
pare last two columiLS) but also ver^' nearly as to the derivatix^, dp/dp, 

'The numbers in the nest to the last column of Table 14 show' that at a density of 

p ET^idt-ti ^ 4- 5 4 X 10 g/ cm" Ejosj 

the free neutrons have taken over from the electrons most of the burden of supplying the 
pressure. The principal functioD of the electrons h to make the neutrons remain tieutrons. 
A most modest electron pressure would hav^e been enough to restrain the fm neutrons 
from changing to protons. A considerably larger pressure la actually needed, according 
to the cakuktions, to restrain htmttii neutrons from changing to protons. Were that 
change to take place, the nuclei would become mucti more attractive sites for the con¬ 
densation of neutrons. Then the pressure of the free neutTons w'ould go down or dfeap- 
pear. Deapite all th^ dc^Lk^ the end result, from the fjoint of view of the equation of 
slate k a ^i^jjiireorigina ting piiniLarily front free neutrons. In other w^ords, so far as the 
pressure-density rektion is concemcrl, one can prattically forget the nuclei and ahnost 
forget Uie electrons. Moreover, it is all the more appropriate to drop the nuclei out of the 
analysts from A - 187 onward by rea^n of two dcvelup]in?uEs. First, the nuclei are ceiI- 
cukted to contain only a small fraction {d. Table 14) of all bar^^ons. Second, the neu- 
Iron-proton ratio has become loo extreme, and is too far removed from ihe region where 
one has good moss values, for one any longer to be able to trust the semi-empirical mass 
formuk as a reliable means of c.Ylrapoktion. 

MIXTURK 0? mF^l, El^CTRON, PROTO^J^ !O:t-TR0N FFRMT GA^Ea FPOM 

= 4.S4 X in'* 10 ^ g/cm", ato from g/ cm* 

TO THE mOHEST OT^■£r^ES; ALTERNATIVES 

We did what would settn better than to treat the source of the pressure and density as a 
pure nriltrotl gas from 4^54 X Ifl^’ onw^ard. We treated it a os niixlnre 

of three ideal Fermi gases—neutrons, protons, and difctrons—not bteraciing with each 
other excqit insofar m they are required to fulfil the condition of electrical ncutraliiy, 


fip , 


iW} 


tablt; u 

DCStlNANT NTdCXSWS FOIt SeLUCTED PRESSUR-R?' 


4 ot DaiiLifi*nl Naultvi ,. * p * ^ ■ 

fa 

m 

l-N 

lai 

MJjaJ Calet 

Z uf dominanl ducbtii. . < .. 

31 3 

J9.1 

41.5 

4S.4 

None 

piidcing Fnictkin,/. - % + 

-0 000559 

+0 OOO&SJ 

+0 001552 

-^0.tl02i7i[i 

Nomr 

Ftififnt kificLk cntf Pf>' ol . 

9 2MeV 

U.6 MeV 

n.t MeV 

il.4 MtV 

4 64 ^feV 

Fenni kinelH. racily ^ . . 

None 

0 01 MeV 

i.lBMcV 

3.14 MerV 

MeV 

Numter dciiBiiy of - ■•■ ..«i 

1 4 euxtcFon-^ 

6.l4Xl0^'aEi-> 

1.03X10*cm ■ 

j .^X10*‘ cm-* 

5.OCX 10“ cm-* 

Nwnlxr dcnpity oi nuctci^ 

. _+ + a f A ^ J 1. . a * 1 1. 1 . 

1 29X10” cm-* 

1.57X10" cm * 

2.42XlO«cffl-* 

3.»SXI0" cm* 

None 

Vahimc oecupftildn fActnr, 
%mr^A/A ^. , + , *,. i. 

0 siaxir" 

t 56X ir * 

i 2 ftSXlO-“ 

S 94X10 * 

None 

NTjnibcr dciidly of ftf« , 

Nona 

tO" ertt"* 

0 5S3XlO*«n-* 

I.WXlCFcm-* 

2,7lX 10“ on”* 

Numlrtif dEtnity of free ^ 

None 

Nutuc 

None 

NfM3C 

5.93X10“ cm"* 

Fret ymryun^/aaimfl baryobf# 

0 

0 001 

1 67 

2.74 

m 

ToLai kuryoi dcn^ty.A.». 4 < 

■ 1,01X10**™^ 

i oixto^OT"* 

0.931X10*™^* 

2.7lXlO"cm-» 

1*71X10" ein-* 

Ebctlitm prtinmra hi ^ ^^ . 

1 S^XlQ^s/roisec* 


1 .l«XlO*^B/cm 

2.^XlO«g/etrt H«? 

l.20XHFg/cmsec* 

Neutron pnaauit.,.,. ^ . 

TolaL pitssnct.. 4>. i. . 

None 

If?* g/cio tc<f 

0.5l6xL0*£/cat *ec» 

4 OOXlO"g/can isec* 

6-62X t0“ g/cm icc* 

1.56X10^ ^/cm sec* 

S.SiXiC^ jf-'ott set* 

l.TOXlO^g/cinses:* 

ft.&lXlO^ i/Qn seq* 

6 fi2XI0“g/cm 

Mn^ii dciHUty {nuo^M}- h « 

l.^7X10»icq!i-* 

J.iaxlO^'gcra-* 

U.SSOXlO^Scm* 

1.20X10" gem'* 

None 

Ma^ deruity (n''*}. . a-. . 

None 

W g cm“" 

0 975X10**gem'* 

3 34KW"gciii-» 

4.54X t0“sctii-" 

Totat TTiasfi drn^ty. . * ^ a p ^. 

L67XlO“gcffl^* 

3.ii5X10'^gcni-» 

1 S6Xia«scm-* 

4 54X10** gem^ 

4.54X10" gcm'“ 


* TtiiJe cntaJiUlLcIcd hy K- S> 

K Tfci frt# pr«sm^ H a.Sfl X l/tlB wtf*- 

* Tk* fm ptnuu li 0-^19 X IV 
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Lind rcititfina neulnility^ 

Er+E^ = £^ , 

Hcrtr the siTtibo] E iniptiea rest cncr^ty plus (drtclic ^nergv. We InUrtcl ihiii itiEs mcidelp 
which we had oriRiJirilly mti'CKiuced lo describe mEittcr at’detisilits threE times nuclear 
X \i X ur !?/cm*) and higher^ gav^ also down at deositics limes 
flfltallcr than nuclear le\Tl5, at 4.S4 X Id'* K..- cm > h pfusanre-densiLy cyrrelrt* tan identical 
Eo that obtained b)- use of the -iemi-t^jripiricaJ mass form□ la as indicacd in Table 14. Also 
tlie derivative very nearly agreed betw’een the I wo models at thisptisTit, ITicrefore 

•Ur mpti^yfd ikis thm-gus mM tu a simpU wrttn.r lo t^Fimpahle Ihr prtmire-^lcfisify reia- 
tiftn fr^m 4Jd X ifi nude^tr iettiSt, in uddilion io U h predici pres.sunn ut 

tiudtar iitfd suprtitm^Uar Irtrls. 

At higher densities It is no longer ptissibte todedlEie the equation of stale firini simple 
arguments of thenTJodynanucal equilibrium plus mass values estimatef! frmn the semi- 
empirical ma.R 9 formulaP 'rise subsLEincc becomes one gumt nucieus. Compression to 
higher densilLC^ means compression of this nucleus. All of nuclear physics comes into 
play. To eatiinate the pressure-density reUitioll m deliid isout of the question at this time 
w^hen it is diificult even to give u ihcort^Hcid account good to 5f1 per cent of the absolute 
binding energy of nuclear matter at irt-rmij'/ density i S*ilpv1er Skymie lI95^i), 

Carntroti (1957^ 195^0, fr) and Hoyle fl94hli have glviMi some consideration to the equa¬ 
tion of state at densities Ringing fim-m nuclear levels (J X Mi” g cm^) to 10 or 100 timEfs 
that stiAgniludc. hkyrmc'S equation {Skymie 10,^9; C^itEicron gK^es p = 7,1^ X 

10^* g/cm ^ = lO'^g/cm* and p = h.4 X 30^" g- 'on sec^ at p = HT^g/cqi.’, and in 

iK’tw^een a nearly constant value of ^.9 for the logarithmic derivaLive ti In p;d In p. The 
calcubitwl speed nf Aound nl rhe higher of these densities is rhua — (2.9 X 

6.4 X 10” - 4.3 times the speed of lighu 1'lit obvious Conflict with causidity indi- 

c-ates some of the difficulty In describing repulsive nuclear interactions by an tlemirnlrir) 
msimiiatiefim Liction at a distance (set dieu-ussion at end of chap, h), lidort- the conflict 
wdth cuussillty had become EipparenL^ Ciimeron 19.S96 had employed Sky^rme's equation 
of stale in ihc general relativity equation of hydrostatic equihbriirni to calculate the LOV 
critical point^ hnding Af = 2 .01 Mo, If - 8/1 X ItP cm, po = 4 X w/tnt* (cf. 
Figs. 5^7K 

At high flensilies-r .ind therefore high Fermi energies, a new kind of effect develops. 
Nucleons are promoted to hvpcrons,^ Alsn^ itiort and more hypernnk states Ijtcomc ac¬ 
cessible Qs the FemiE energy fists. One can suppose that this increEtsc in the number of 
iicc^sible hx-fjcronlc states, makes it possible (o acconmiodiite more baiy^oiiB than could 
be fiiEcd into ihc same vDltime at the same Fermi energy If only the proton md neutron 
states were avTiilable. In other words, fora given and very high luiryon density this effect 
mighi be thought great I v to lower the pressure. Fnllowing this lint of rKisoning in all 
strictness, \iod treaibg the vEirions states as disllnc* and independent ideal Fermt giisi-s, 
.^mbart^^Umy[ln nnd Saakyan (.I'Xrfl) arrive al an asymptotic equal inn of state of the 
form fliconstant or p* ^ One cannot deny the t::oiuei%'abii]ty of an 

asymptotic 7 as low a* fi, and this ^iiluemay even lie corrci t, Muwo^^ it is not obvinuif: 
lhai haryons can evade the action of the Pauli principle by changing frtimi a neuCfoia to a 
A-hyptTon or a i-hypercni. It \a not clear ihaE these state arc nearly independent as 
that proposilion wtiuld require. .As ordinary nuclear densitit'* it rtcHS noE save neutrons 
jind protons for the requirements of the exclqfiiuti principle to agglomerate Jtuo Jdpha- 
partu'lcs! 

In our aikukitions uf an equal ion of stale (Table 1.? and cq^. [ISSf-‘[26111 Eit densities 
three times nutrlear and higher tiff'* g/on“ iind u]!) we have assumed, for simplicily (urid 
becaiisc we found no rlmdsive indication fav^oring any akemative procedure) (11 thEit the 

^‘iTi^ irfTecEn hni.-t bcim coniHJrraJ hy Famuryn I I^Si, hWii, b] \ bv AcntkHrlium>'aii naU Siiak- 
yan |19£i0) ’ aiiri hy U'hwkr fl% 4 / 
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prcasurth ciin be i^^kubted as if it orkiuEitMl escduEively from dis:tron5+ pmtoDs, unA 
ni^LjIrons, cvim ay the very hi^jbeal tieiuities; iind (2) ihe contribations of the nudeon- 
imcteon inirrac^hjiS Ehemselves to ihe presisure are negligible at these denakles compared 
to the contribuEiohs of the aenoh-poinl kinrSk mer^m of the p,ar!ide5 {see eq. I25b| for 
the alLemative assumption that the "'soft hard cdfc"^ dominates). 

Specifically, our model assitmed that nuclear matter at veiy high densities t-an be 
treated for the purpose of a pressure calciiLa.liiDn nS if it wore stil idea! mixture of three 
ideal Fermi gaj5es, electroTLR^ protons, and Deutrons in statistical equilibrium at absolute 
ien) lempemture. Three conditions govern the equilibrium. 

L Electtrical neutriility demands that the number deusities of electrons and protons 
be equah 

= fip . 


ftui the number detasity is given by (gir times the cube of the Femii mcmientimu 
Consequently the Fermi momenta of these t^o parlidtfS must agree: 

pi^,= prpn 


or 


m c sinh (f/ 4 ) = iWf e 3 Jtlh{ r/ 4 ) * 


4JJU 


Here T is the energy pfirirnttler for the protons. At ver>' high energies the Fermi energy* 
b gis™ by £pr. The rest mziss dfop^ out. I'herefore the Fermi energies of cloctmas and 
protons come into agreemEnt at very high comprcssiotis on the present elementary 
mr)dcl. 

2 The sy stem must be neutrimj-neutml; that is, beta-equihbiimn must obtain; or 

£ 3 ^^ , Eiiii 

where E inctudeE^ in every case the rest energy. Jn icmis of the energy parameter T of 
the neulrona tiiis equsttiQ.n takes the form 

m tf* c<]«h(^/4) + coshf t/ 4 ) = ™htT/4)^ 

J. The sum of the pressures uf the three kinds of (jariideis must balance the exlenuil 
pressure; or 

p = ^ ^ ‘^0 + *^2^ ^ 

rjtai 

+ ^jyJ^(5inh r- S sinh ^ + 3r), 


live three condiiions (JlO)p (312K{3y>for the three unknown energy parametersL 
and T we dealt with parametrically, as follows: (1) A f-™luc ifi chosen, (2) Then the 
energy paranteter for the prolons is found from equatlutf (3lO), and (i) the energy pa- 
famelcr for the neutrons is found fmTn equation (312 )h (4) The pressure is CHiculaled 
from equation (313), (5) The nutss density is calculated from 


4A' 


(ainh f — 0 + 


4ft* 


(ainh r — r) 


4 ft' 


(sinh T— Ti, 


(J14f 


(6) Tht number denait>' of bEin'oits [i; tmnp'Ulcil front 

8rM.*ti* . ,, T , 8irlf,*tf* , ., T 


« - 


flisi 









TAB1.K1 ts—sruHLE Ftm Egw^rroy of State or cold, catalv-zep Matter' 


Wfaele FE]qn.tion |« Ible^bfil 

Fmsu<n; ill TonqM qf 
liruiity ol Uui^Eikeray 

l>eii3iljF of Mu»-^^Ejr Efi Tcfini 

1. Fe^* at ^ICl^ f/cm* Cffrt 
cfgcfri^A gBi, nofi-Tcktiv^ 
twj 

; «ir /3h' 2bpY* 

* 15mA" \8r 56j*j/ 

1 /3A*26«Y'' 


2, Fi!** ,1 i/an'^ [fiEE 

elcdroK jibs, nlltilvjUic} 

2r£/3h*16pY* 

3A» 56^J 

, 2ir /.?A» 26|iV»* 

+ 56; 

3. AAiilyl]c:iipprDi{iiiiiiii}ii tq 
CtuiiKfro-sdchix fonnulae 
for ideal neutroa gu bkkI 
to 7 pur cpEji in * in t™- 
rtlfltiviitjc rc^im «nii 
naymptolicfilly tomsct in 
rrlativutir reypoii 

4. Ideal £» composed of ncu- 
tfona (orait^ooefeniiidii!) 
At rflatinfelic enaws 
(«p<wd of wund^c/a^J*) 

Write 

. ,1 SirGJf/4MfVl 

Solve j;^ + = [), for jr 

Then /»* = (pV-ljliVy) 

. GJ/nf, . / 3A 

' -~L’+UjfrJ UJ J 

5. MBBinium pnessorE cmi- 
cekvshlc for highly coan- 
preKcd mailer f^peed d 
«ound=0 

« 

II 


0. OppucUc libulLog cose of 
VO pre»tirc (du9t; Idcdi- 
i Kalkm <rf Fn-Ktinacn uni> 
verse) 

/>• - 0 

p* " nip,* 

7. Simple uijJytiE expreanjfrn 
redadng to ai nro 

prcBsure aniS lo fortn 4 al 
Elf|^ pTES^iire 

P* - 

p*- E p,V'*)f3(iiP.V<»ii*)"'+ll 

SuDpleJumlytk txpnsii^ 
redudog to at wo 

PTWore and lo fdnn 5 at 
high presaurc 


p* = (p,Vi)tfBM.Vp^*)*+l] 


Pmitift u Th^i of DetuCtr 


_8ir /JA>36nY/* 

^~l5mft*\%w Uj 

2rf fSh* 2()kY'" 

3Ji* V8ir 56V 


P' = 


r = 


GMn W8r>»'* 

5 c» [ I + ( m'/AMc) * { 5j*/ Sa') V* ] V* 


G\ k 




= 0 






_Ll PltHttlH itrm IM t/ta^ U|V M mtm4m di-ii4«4*T| 

Jd lUftnw jddbiklA UtfJ-aftIf tbav 


* RTivtiim of sMe b icHVD «r 

im^crnK _____._,_,. 

wkkfc llleftaiifydenprwni-lRHTWtf SRUlftriJlltlKIWMIlLB^ Cmm i ikUil IL Atdi^nxwlcu' 
^ eqtiatloq of p||Lt« M unlao«V^)KM tJit VttW 0l COKiMlIi lIllliliM uc^ 9, «) fm- 

Um« i|tt*dAa of stAioSstsd te^nmi^nfm p* ^ssindMuid toPimdollkM} Anni 
MCM a i iyiE , fern 7 umI S uiigrtic nnn i iHu i u "wlAA C 4 > M¥t Cb« ttakiiwIoM of i 

■ ■ifl yrt(*l reifaccdta^**j»tf WTOiw—■ii:.NrtiilJflai^#{^Mff at ii*fQa-qM 
of moip rniTir ; or pHtnw? it, awalitr oJ W|U 

■^MAMofcJecU^: Biwi<pfiio«Mifpn «rf ji^eni} « 

Biuttta aopm of ’nctiwmcwm fatBi wmrii i ttM Ite liiT of imlnn Sitwm tun lotroau «»• 

filAl fay tfao dhtWHE r t^oi^ the eqiMtioa flBimfiEa BBflqvJ t9 (t oMih 


pi£Bt^ oqt tiF M'llof kfa ta Ih OMKtfvi^ al 'my ctnl gi frtliwiiinii g tlw 

pipwt of tbit t^fajuKo-fikc eoutitiat foului in khli IttMi?. 

h Wheai llte id^ amftniq gpt ip tTfifW*^ fay i of Ifariw 4fPid Fotwii gaiti—deotnin*, |MOiqM, 

Mtt DE^al-moa-^tfa eslioOife fcklivirtic Fenoi ncf^sq ]}fiM u Mwvd for duin oni- 

i^£y (£p - i*] umI bOtExqiUtihnvK [fin - fip + fi*>| Ifaq t* tfaf« IllAk ipE boVe OBmlKf- 

ikndrki Mi ■ ■ B/fl BAd On - [far ncotraiw piffa^ lima th* i|>ij^iittli IB ItfamA itiKc, l^ce 

lJu IMfUfealiifL ud twfcs- lihc Fecmi eqc^ nl pi^ia*!), T1 i«b an MUm lactot -h (1/9)^^* 

"H (*ii ia Ik ao_ |li« nj&t'hipi lE^ of flw pavrfrtibtit p* ud f• lo teroM 

nf N [MAOfO 4 per rbut by pefnultiill peqtnR fU „ka inulflfiJrm lb lUtaCrliuP-idiilrBi eqid' 

libifklttll. 
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This fa how the nuniihers were calculates! which apjicar tn Tatblc \5 froiti p — 4,54 X 10’® 
^ ™* lo the highesi diritsitic^. 

At ver>' high donsillea ibts model givi?s Lcrmi eucfgits nnd mranenLa for eketrona as^d 
protons which are ecjtml to each ocher and equal to haif lEit Fermi ener£>=^ and momen¬ 
tum, Efspcctivdy, of El neuln^n (cf^ eq. In conseqmaicc^ tie cakulated inm^ber 

demsitie^ of lie ihree hinds of particles stand to each osier asyToptotically in the mlio 
n«TJE,:n„; A: ITiia and other liniLting situations Jind jillernalivea are summaiizcd in 

Table 15, which gives simple expressions for the ^‘univeisat equatEoti of state*' of cold+ 
ncuLrino-neutml mailer calatysi^ to the eod ;HEsni of thermonuclear evolution.^ 

This ends the aummaiy-, redme by regime, Qf the methods used m cak-uLding I he 
preaaurendensiiy relaLion of Table IJ. That numerical c{|imt]on of state, summarised itl 
the anuh'lEcul fits uf equations (2S8J—(261), was used in the 19S? fMi WJ and !%4 
I H. K. li.) caltubitons of equilLbrium configurations which are presented in Figurp 5-7 
and Appendix A, We do not know how to make any imprtn'emeni in this equation ul 
suite which will be at the same time i^iibstcHHai and rditibU. However, we do offer a 
of the equation of state which is appropriate fur calculations^that are 
wiUing TO overlook ihe firet critical point in t.he ctiiical nii^ duigram (ihc critical_point 
w'hich lus to du with the crushing of electrons on to micki)* ITais simplified equat ion of 
state ideali^ses the medium to be a neutron gas, H differs from the rather complicate<l 
but exact equation of Chandrasekhar (cf . eqs, [2"6]-(378l) which descriW the full range 
of behavior, non-relarn'istic and rclaliviiitk:, in this respect j Tl pivea a pre^ure w^hich i-s 
TOO Irjw by the factor H- (7 per cent error) m the non-rtlulivL^tic doniain, but is asymip- 
toucally CQTrect in the rcki ivislic domnin. To obuiin this fomiula, utie notes that the 
relation between number density and density ol niEi5?ii-tnergj' in the exlr^^m-t relfttK'iatic 
domain is (eq. [M] \ limiting form of eqs,. [276H278]) 

With tA equal 10 the Thmck length of Table 2, In the apposite limiting cafie of dispersed 
granules af Fe®* ihe appropriate formula is 

p^(cm“*J “p!p*if , 

tt'iih pt* of muss of Fe**’) given in Table 2. From two different sides steps have been 
taken to get a tdmplcr cqualiou to cover I he entire region (ZcFdovich [19611+ cq. [6^5(; 
W heeler fl*>r>l|, eq. 1127))^ We combine the features of both approaches and w^rite 

This is the suggested apiirodnuitiDn for dealing with cquilibrluTin configurations when 
□ne is willing to look apart from electron crush and concentrate on the equilibrium con¬ 
figurations with central densities of 10^* g cm* or more. 

Itl ihe non-rdativisric domain equation (318) gi%w 

and 

p V16) (/.• */^A) 

as compared to the correct fomnula (cf. appropriate limiring cases of cqs. 1276] and [2781) 
for iin idejtl culd neutron gas in the low-prt-flflure limits 

.As an alteniative to equatkn (318) with its semi-theorttical background one can ern- 
ploy the formula p = p{n) given in equation (264), It has no such simple derivation its 
equuLian (318). It i^ obtained from equation (31ft) by chitnging ilit exponents and con- 
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stunts. These numbeiR are seJected lo give the best fit achievable by an evpressiDn of this 
form to_ the ysiinea for ^ p(rt) of Table IJ in the domain where p departs from dose 
proportionality to M. The values in Table IJ are based on an aimivais of the situ^iLiDn 
more detJJiilerf than that which led to equation (318). Therefore, equation (264) is 
prefemljlc lo equation fu^lS) for computational work. 

The theory and detdis of the equation of slate have been reviewed in the last two 
chaptera; the thear\’ and details of equilibrium cotifigurationSp in chapitrs vi and vii. Out 
of the combined tmalysls it is apprupriate to pick out one or iwu representative |>oints 
in Table 16, 'fhey rmill Ehe original objective—to Imd the lowest energy state of an 


TAULL \(f 

features or ETlUlLEBICtL/y COftTFIGURATIOSS 
vun Selected 

Mui %'unUfi Mh-h, kadjui, (st GE^unJ-Si&if 

Qur] Cralj^l ppufcltjf CanfSpjriUjfim 


A frt#in 1 lo ^in« 

.M from 1.6 X g to --icrifl g 
i£ from KT** cm cm 

ut ftrit jluctualm^, fhen settEing down to 
7.K5 g/cm" 


.4 from -^10* Id X tU“ 

M from g to -^5.3 X lO^^g 

k frtim ^-Ij K li>“^ cm to ^2.5 X 16^ on 
close to^TSS g/cm^ ejtcept near upper limit of 
this negimt, where pn increm»s lightly 


.1 from “-3.2 X 10"^ to -^7 X 10“ 

M from X 10**g to --1.3 X HP g 
R from ^Z.S X 10^ on up In -^l.S X IfF* Cm 
and back down Eli y X 10^ cm 
flu from II Jit lie more thmi S up In 

4.5 X W* g/cm^ 


A from 7.3 X 10“ down to 2.2 X 10^^ up lo 
X 10“, then osciLlatiDns of decreasing am¬ 
plitude approflching 5 X 
M ffxjm \ J X 10“ g down to 0.4 X 10** up 
to 1J X 10” g, Ehm 4Kicilla lions of decreiLir^ 
ing umplilude apfjrnachmg 0.8 X 10^'* g 
R rLfiuihcft maximum of 3 X 10* cm, mmimum 
of 5 X 10* ihcn u$<;ilkites with dccreaE- 
ing amplitude approaching 6 X Hi* cm 
from 4.5 X tOi* g/cm* to o 


Individualistic collection of alama> all Fe“ only 
if A b an inlegru] multiple of S6^ otherwise 
individual wms numbers fluctuate about 5(i 
by an amount which is the smaltcr the greater 
A k. These atomii held Eogrthcr hy chemteal 
forces 

A^ais of practJralEy pure Fc“ held together pri¬ 
marily by chemical forets, 6.6 X 10“*'^ erg/ 
atom Or 7.1 X 10'“ erg/g or S.S X 10” erg/ 
cm*. CentraJ pressure: CauJied by gra^nlatiffli- 
at forces, pft (iir/.I J Gp^R^r is ncgligibEc by 
comparlioii lor small radius R. but grnws as 
k' and compares with energy density of 
chemical forces at upper hmit of this regiinc 

Pressure of gravitatlonai forces squeeze's down 
aEomk volume at center of system, raising 
electronic energy, uaitil at upper limit of this 
regimar electrons gain relativkllc energies, 
combine with more loosely bound nuclear 
protons to form neutrons, alter equlllhrium 
nuclear constitution step-by-step away from 
Ft* to Y”*p on line of neutron drip 

Ncutran gas forms beyond Y^**. With inCTeas- 
ing c<enfial density this gas carries more and 
more of the pressure. For nLE A between 
(scHTie (uns)^ and 1.4 X 10*^ 

there e^sku a potential energy harrier W'hich 
must either be lannrlnf (fantiu^ticiiiny low' 
proSmbility) or jurm^fUnied (by suliidying 
eiicrgy to the system through Implosion or 
otherwise) to inttkle colkp^ 


■■t greater than .4 *fj. 1,4 X 10*^ No equilibriuni coiifigtiratim 

Nm iMirrier agaiu^Jt collapse 
No escape from coltupsu 

■ tlheu Icflljjni ct flu! -mufltlbrlBllI fw mid, niLOyiEit matIM- cte- dvifurni fciBS tEi? rijURtl^lI- uf i-tllt uE 

iJlu cIlmciCH- Apd Oh numiT^ jhl iiittimkrJII IN tSr jEiiPtMJ lvlkLidE.)r tqiulHHi. of liyvimiiiur r^pijklblirjiitqi ]n vl 

i tid AiipcEbdii: A,. 


123 


THE HA1^RISr>NA^IEELER EQUATION OF STATE 

/l-ban^on system—atid the which has emerged from the investigatJon up to this 

E inl: natia of Lhese conhgumr.ioTis represents the truly lowest energy state af an .4- 
ryon system. For th(U, it is necessary to look at cmjlgtinfiiom* 
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chapter 77 GRAVlT/VnONAL GOLLAPSE-TO WHAT? 


xV’EAlL^ TO CLdSl/BF- TIW. TBluME OT THE ANALVBlfi 

CviJ-Vilture, curvature, ctirvatufc! Ctirvature is the key tu the stniJcs of gravitationa] 
collapse, la the dynariiics of inf all, and tQ th* qitantun] world of collapse md pcisl- 
coMapse phenojTjenulogy, 

CurvutLLre at a momejil of iioie e^ctendin}* over a wlume suOkicutly close 

to V^^ii ^ 2-n^ (rndius of curv^ulure)^' [Fig. 15 and chap, viii) tuakes an arbitrarfiv large 
□umber of bajycjns maDifest tq the outside world an arbitrLurlt- smalt amount 0 / mass- 
energ>'. 

CJurvature evolviiig chis^icaliy with lime according to ckssiotl theory from a moment 
of time 5>=Tnmetfy reaches in a finite proper mtervai an inhnite magnrEude—ihemib of 
all concern about the ksue of grj^viltttional tolkpsep 

Finally^ curvature the intensive quantity—and J-geometiy, g, (.he cxlcnsive object 
and the carrier of cijrvskluintr—do nof. evolve detemtintsticrLlly wi th time and do not reach 
Infinite valuta. This Is the message of C|uaii£utti pbysieSy howev^er far one is today from 
unraveling ils consequences. One is not permitted to say that ihe d-gtotnetn^ hia thiSp 
that^ or the other form. One speaks instead of the probability amplitude ^ g) 

for thiSp that^ ur the other g. One dcjes not forecusi tin outcome for gravitationid col¬ 
lapse any more than one presficts the angle of emergence of an electron frmn a coHkion 
With EL hydrogen atom t [nstead mm seeks in both qas^ to calcuiiite ihe probability dis¬ 
tribution of oulconufi. 

Thl^ lirtal secllon of the report takes up those two of these three topics that have not 
been dealt with so far* Tt reviews the ev-oluLiDn of curvature with time up to the stage 
where the system bctxnnes strongly quantum in character. Then it analyses the possible 
outcomes. It ends witli the conclusion thtit gta\*itniiDnalcollapie is an ine;^:a.pable phe- 
□nmenonp not in large-scale physics alone, but also in elenientary'-partide phj-sica; that 
matter has Us own low bill characteristic and non-aero radioactEVc decay rate for span.- 
taneous transfomiaLion Lo the collapsed state. 

lnesc:apabte? Inescapable unless wftut is wrong w'ith the principles of anaiysis that 
ha%T btsm adopted? The decisivt point in the reasoning is ihc idea that mtiss~EN£rgy 
curves space according to the simple elementary Itiw of equation (2), a principle as kmple 
as the taw div £ " 4irp in electrostatics. 'ITtis granted, a distribution of matter which h 
timform in density and whidi h sufliciently ■extensive cannot fail to curt^e space up arbi¬ 
trarily close tp closure^ U cannot fail to mamfeat to the outside un arbitrarily small 
gravitatio^l pull. Curvature really cornea into its own in the subject of grttvitalional 
Cplk^ae. Esoept for the prediction of Einstein's theory about the eKpansfon and recofi- 
traction of the unii'crse, all the olher applications of general relcitivity (precession of 
perihelion, redshifti bending of iighl, gravitatjonal radiation) as normally envisaged 
have to da with small departures from flatness. Skt so here, toJlipse produces geom¬ 
etries almost os far as can be front flatness. Any pwirturbation-theorciLC expansion in 
powers of the deparrure from flatness is out of place. If one intends to abandon relativity, 
here^is the place to da so. Otherwise he k on the way into a new' world of physics, both 
classiciit siiid quantum* Here we go f 


m 


GRAVITAT1<1N.\L COLLAPSE-Tt^ W HAT? 
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IIMH liiYlliqvT|l¥ FICfJM INFINJT\ RECONCTUID 

Ijct US first {:xajmDc the d>^mLcti of collapse. Alread)’ at the siarl nn issue of principle 
pre&cnis itself. The geometry' will develop incite curvature as time advaueeSp according 
to dossil^ theorj^ Yet it slaricd static. The itikkl conditions ^A'crt taken to lie time- 
symmetric (chaps, ii-viii). Therefore the entire past k the time^reversed image of the 
future. WTien classicat geometrodvTiamics predicts phyricoliy imposribLe cooditioiis at 
a finite time in the future, it must "therefore predict equally violent curvalures at a finite 
time back in the post. Then bow could the sj'Stcm even have got started oS in the fif^t 
place on its way to explosion^ the instant of reatp and reimploaion? And thErefore^ why 
bother to deal with a problem that can never arise? 



fiik 20,^ —A TUpEonj which b tinic i^'niEnctdc curve fut eftecllve ndtui nf e4HihgEtLttk.tiy[n sx a 
fiinetion of tima) obluorod fioiu Aa atialydbof the eguatiocu of mniim that de«b with sdutlmis wliich nn 
time symmetric. In the Uoniatitm mm at ihf nimmii fif tbe herricr the matka ilMliy friim time 

lymm^try^ [|uweyer« the bchevi-nr near fhm pchit Eif cqnilibdtim ii ao stumiuia » aq f dnh of) 
that uo laitBcs uf ptidcipk orbe in the 

A closer look (Fig, 2G) shows that there are two bta collapi&e m otie of theprind- 
pal CHSes of ifiltrest (^,,aftniiun < A < Here a barrier—|-the ^'callapae bameri'— 

separates the norma! position of equilibrium from the collapdng state. The tc^> of the 
barrier corresponds to a ccmfigiiratiDn of imstabk equtlibriutn. When the system has 
glighlly less than this critical energy' {E ^ E^ — *) and a lessar than critic^ siae, the 
cakulatcd dynnmics is expansion, roonietimry re$t just short of the summit, and rcim- 
plorioD. Small displaccmeDts x to the left of the stnmilit Ate connected with the lime i 
by an equation familiar from elementary mechanics^ 


with 4 solution of the form 




(iaj) 
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GRA\ JTATlt>^ THKflRY AND tiRAYtTAHONAL COLL-^PSE 


When ihe sysian hiis slightly more thun the criticskl t-nergy = £g + €}, sttl 

Ihe Way from a- condltiiuii of infinke dilutii^jn is a pcK^^ibk matifiii, 1'ht^ velodtv of [passage 
over the summit ia very low. It is given for small x by iUi ctjUiiLion of ihc form 

[dx/d^)^ = * + aV , rjJ4? 

ftith Lht solLition 

X (i^^/2a) (^f’< — , rJjSi 

The eotidilions of motion on the way in after pn-ssing the summit differ froEji in (he 
case E = Eti — f by an Etmount ihaL can Ite made as sniall as one plwiscs (for all x 
greater than ?Miniu feed xa > 0) by making t sufficiently siinill. 'Jlicrrfortr 


TnEORKit 7'Ae /j'me'.TymffleJfjs ajftrr ike 0 / ft me Fymmdry^ give^ Oin 

tirbifrarUy ^ood Ff'pre.ttnStiiian vf collapse Jmm itifimiy. 

More genera]t)\ it ts not neceasariJy legitiinalt to object t>n prb^nplt lo a moliont 
which ends in puzzling physical conditions, on the ground that it also stjirts from a fog. 
For example, the mysler>' surrounding the earlit^t minutes of the universe is no bar to 
Lhe study of iL^ subsct]uent d^Tiamics! 


liEOMlilMlU DESCHTFTTOJJ OF COLLAPSK Of Cl.UUn OF DUST: THE Fl4lCtJM.\.KX RKfUOX 

Only in one idealized case dops one have an exact solution for eX|i;insion to an install 
of lime svTTinietry' nnd reconlraciion: the case of a cloud of dust of untfocni densitv. Here 
there is no presaure to Complicate the prohletn {Aawn ™ <*1.-1 always grealer lluin vE,^itO. 
How the rrtdtus of the cloud of dust changes with innc, and with ii the density and the 
geometry, has been analyr/pd by different inyestigatoi*? (Tolman f^ppenheinier 

and Snyder Klein 1^1; Beckedorfl 1^62;. Bia'kirdorff and Afisner 
ful for the present purpose is an ap^iroiich close (o that of Tohnan and ui BtekedorfF and 
Mtsner, With mkiimuin emphasi-S iin the coordiniites, and maxinnim altcntion to tli-e 
gcomctr\ liself. The get>melr> Inside the cloud of dust feJderHkal to thiil in Friedmann's 
sphericLii universe.* Tlic riidius of curvature at the moment of time sj'mnietrv- i*% sion- 
nectecl wiih the densii)- = C6Vc?)p^(t(g.- cm^) eli that install by the relaSbn 

(bjL^ed on the fundamental tq. [2] of generid rektivity) 


flu = {3/Sfr , rilHiJ 

The radius vanes with lime according to the ecjuatit^ji of a Cj cloid; in parametric fomii 

fl = + CO& T?) p 

{12^1 

i — [ou/2:Kt? + sir yf }, 


The 4-geonietry Is dirsc:rib<;d by the formufa 

tl.f ™ —djj* + + sin” X 01^ H" 0 Dzai 

for (he proper distance between, each point and its immedktc neighliorfi.^ Jn the coni' 
plcte Friedmann universe the h^TK^rsphmcal angle x mca from 0 to 2ir. Here it runs from 
X ^ 0 (center of the cloud o( du^t) to x = Xti (surfact: of the cloud; proper circumferenct 
IwR = 3jrfl sin x^J). As time goes nnp each point keeps its h^^perspherscal coordiimlcs 
fl, V? and keeps its place m the h^lK^rsphere, Tlie motion of the particles relative to 

■ Fih* pji tlluminatitig LtnianiejiLuy’ an Ttiluma"* AjFpmirii atul HEnilknnt Ai3riptii,k]i!il c*>ni:ELls1«h*i m 

f Kirt- an fnlrmtins of this Icifilc, ses JSpf’cloiHeh f I 96 J}. 

* Fat a ttvitv.- as to haw ihiai«j# infurntaliun rekus to the overall ^m^Xry , set, e.g., Mardic and 
\\ DKlcr (E9^j-. 
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euch other h most conveniently vi^iiialiaerf in termfs of ih^ 3-s|jhere beinp; first blown up 
and then deftatHl. The quuntity i nieasnrts the proper time^ after the phase of the mm- 
imuni, ai« sense<l by imy of particlos, 'I'he inten'-Lil of timcj di^ \t connecied 

with the increment of the lime pa^LIncte^^ rf^^pby the relation 

di = a{i})dn , (329) 

In contrast to the dust parlicies, a photon moves from phicc lo pbi'e on the h^persphere. 
When the photon u travdins| radially oulward frenn the center of the cloud oF dust, 
I? and ^ stay conststnt, Eiiid x increases in suth a miy m lo nnnul the element of prciy>er 
distance dsj thus, 

dx = df) = p raAQj 

A photon starting at the point x " the complete Friedmann universe aitl just make 
its way around to the antipodal pwint jt ^ ir in the lime from the phase of masiiTium 
(it = U) until final colbpse (rp = ir)* In the case of the cloud of dust, the same photon 
emerges ffesm the matted at X* ut ihe earlier value oJ the time |:^iraiiietcr = xu^ 
Thus ntdial h^rhi niT.'s appear on a (x, i?) diagram fts inclined at 45® (teft-brind por- 
iioti of Fig. 21). In such a diugram the dynamics of the parliclKi does not appear on the 



FiChr Jdn between Lbc Fricdinaiir] interEDf In a. clotid of du^t ind tbe Sdiwatjcathild 

EcometTV rjtterim- Iq tl, nk!n|t the wqrld tine nf the Mieitniist pw-tTck {A BCDE). In thatb regjoTiii awah 
cwjrcUaal-Wi Uft used tbtt FftETial lishl mya, have 45*^ slope, lo the inner Fcpoa (Hcctcrr nf onpiliir dpeninf^ 
jtii cul rail at the eipELoding; and rtMtttVftedriJl ^ipheriti! iimvcrK of Fried mtCifl] rV«fr^' duil fMrticte— 
and iTi paflicnljir the i^UtefnJOSE 00?, at i ^ cwjniinjltes, x, ff. Vt fta iht re«m tFacticm githcra 

sprerl (fnftios uf curvature shfinldng aniording In Ihe law ill’ll * [aq/llJl 4- eng dll here h a tairJc Cfi- 
fjirdioatc sueh thnt — dir* = 0 fi>r light rays). In the ouler rngkiil the ciwwrnlitiJilcf^ u, r oF Kruskai 
arv cnrabycdi (rftt* — rfif* « U for liRhl rayi) so a^ lo shnw the en tirrty ef the ipneecLme neninetr}% allhmigh 
Ehe ScnwansscKiltl fr.ij eoordiaatca in: a be sbnwn where they aic applicable. A spacelikc h.^p^r Surface 
which In the Scbi^nizscliiy represent ft linn hftg cnitstajit t EDordiiiale iiEHjiWs here as a stmiipit line which 
project! had; tp the origin ol the (n-, b) diagram. The autemtoftt jjarticly, the oE its 

w-urld lirve a* ontf first IniAka it the Kjuakal risagram, is evideinly lattinK inward a^ it ages. After aLage C 
pf itft h istciry i l can rm lojigci: serKl retarded mduthon to a faraway rihserh.'cr, The CUrvecl Krtl1i£lf>‘ Iff 
which thia particle mpvijs h ^wrfectJy regulHr up to ihr atage £, where the curvature ftnaily beccuns 
intintler /; spacetke alke Ihroagh gifiimelry Uikell at cowtapt value dI time coordinate n an FfWjnaim 
region aud constant value uf I in ^bwarwliild regian. Outoidc the clusE, the 3-gcometry oti this lilkc It 
(I — 2S(*/r]"*df* + i^{46‘ + where rtprtwfil* the niM-enerj^' < 1 ! due syfltem^ a conatant 

of the niutinn. il: SpaccJtkr like wUK EbfrtKt feiwifltahlE profaertlefi. [1^ The J-^metcy ouuFiie has 
SchmuEschlhl character, hut with ft and sma^er moss-ener^' the JifTmJice J/’ — Jin* 

being the general-relativity amiXogije □iliiiielitertetg>t (2111ae dust cloud in the Fnedmani^ r^gjon haa a 
iittijfirm dejiHty <rn 11, hut thJa dcttAty ii evitlefitly iargar than the density on I. (5) Tlte apaCeUke slice II 
in the Friedmiuui legion kt-sector of a clrwJ uni-vene, Imt the h}'pci3phcrh:uJ angle xu which marks the 
boundary nf thk Rctnr h than the alwayt coftBtinl io. 
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clruwLhg. One ha& to remirnl hrrii^tlf of their motion by recalling ih^l ihc scaic Factor 4 t be¬ 
tween angle^ ilx, *Lnd di£Canct, adXi is sbrinking; as ibe Lime t^a^iticr increasea. A 
panidc ofl 1 li€ surface is by no means sLttionar) with reaped to its neighbors just be¬ 
cause it has the aame cooniinalcs x “ X»i ^ succeasive inst^ts, A, H, C, D, E in 
its Oc-historyl 

The parlidt A , E Eves at the boundary' between ttv'p Hcometries and belongs 

to both of them. 

TttKORF,« i5*F&r partid^ ai Ihe inlaf^ tm* 4-g€imdries lojdtatjc simtilianityasly 

itfe Xfm/cjiV /flwj af molim t0 ihf two i^eparsie ilf 0 and 

su^icHl coHdiii^n ik^t i/k gfom^iries skmilif j&in imottihly of ihft ini€TfikX^. 

The basic ideas for a proof are given by l^tndquist and Wheeler flM7); is&e tdm 
Beckedorff (1W2) and Bcckcdorff imd Misner (1%5), 

OTCOMETKIC DESCMPTIOSi OF COLLATSE lit c:l(>UO <IF DUST: 

TMtL Still WAJUlSClntXI ItKClON 

The geometry outside the doud is sphericaUy s^TLimctric* No radtant cner^- ts flowing 
in or out, by assiimptiDii. Therelcrre^ the masB-energy keeps the constiini value 

M’ - (4fr/J)pn* sin* x.> - m/Swpu*y^ sm* xp , 

appropriate to the moment of tnne s\'mnietry, even 1 hough the radius :md the density 
theretdter both change with time. l1ie geometry- outside is therefore that of Schw^iry^- 
schjld,'*^ with a proper distance from event I 0 event which in Schwarzsthild's coorditialt^s 
is given by 

d^= - tl - 2M*A)dfsch* + (1 - + sif^ M ^). lUi) 

In conformal coord]ntttc& jc - p sin 9 cos y - p sin (? sin v^, s = p cos tf—or, Tiiore 
shnply^ in temis of and thcmselvis—the proper distance takes the form 

_ Af “/2p)*(l + M72p)“3 dl^i? 

+ (I + AlVlpYidf^ + + d sirf fltfir). 

Kruskii] U-^J) fs^ Fronsdal employs coorclimitcs a and tj with 

= iif/Uf*) - 1] esp U44. 

and 

+ r®) = tdLnhf/srfi/2df*){whenevcr is ilfjiftid), (JJS) 

He dehnes 11 function/gf (tj^ — t^) through the equation 

A “ y2iA/*Vf} exp (—r/2M*} * <aja> 

* Birkhiilf (192JJ pmvts tluiL cverj' ccptnklly flvmnmtfk gewmeliy* which Eiffrt nf maa-ciKrR^^U flltttk 
and identical up to it wtnliiiatr tmcufptrruitiDn with thr fpemnctij' dcfiiied by the SchwarifidairtS fn<tric+ 
Petrov (196!!) pra couaEcrcuunplw where gravitationnl ifacick wmvtE satisfy the eondptw ci( sphrricftl 
ayrnmet^' but pltiducir Buhslanlia! drpartqrcs from the SEihw^aiaKhikl genmcLry. It is no-t cleAj whnt is 
the Trlatiaci between thaw aihnck wmvCH nf Pel rw and ortlhniiiy jjnivi Lational rodiaticwi which, Itfce electm- 
inaipietkriLiliatioD, Csnwer bespheripiJIj' i>Tnmelriii: {no way tu have amplituiie cDnatant polftriia 
t|<sfl imnothJy varying In UkeeUon oyvt ihe surface uf a Jiihfre). Rowrver, all funna crf tianspnrt pf 
enrrj 5 y, iueludinR radjatinn and ahacfc#, are CSpCcUly excluded fncHn the pTeaent examiple^ 

appIbcA. How far the ^hwi^Hfaildl metric ^ 4 ^verthel{; 9 fi^ m fmtil beins "sUitk:" appeore from the 
(liBcnsainn En the text. Petrov's solution has now E^n tUlowrL (hlAntoui 11964]. Komar 

(1965] I ti> he nuthiuK more than the ^hwamchild ftuliiitioii cxpr'CSBcd in terms nf noa-analj-llc co¬ 
ordinates. 
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Iti Kruskiil's coordinates the proper distil nee from point to poinl is pvtn by 

^ _p + ^(it, ?){i!&^ + sin* e d^r). 

Of special interest is the ^Lgeometry at the momcnl of iJine syTamelr^, 1$^ ™ 0, iir 
v = Q. The naturE of this geometry shows most clearly m the conformal crwrdinaies. The 
proper droiitiftrcnce of a cltcIe with the toordiimte p is 

2Trr = 2irp(l 

This qiumttiy is big for large p, but also again for small p, Hie ininuniEfii value, obuinwi 
for I? = M*/2^ is —after divisinti by 2ir— 

^ 2M*. 

The geometry vonsbis of two nearly Kuclide^tn sp^es connected by a throat.^ This 
geometry' is fllustmted in Figure 15 and in the insert in Figure 11. One and the saroe 
triplet of numbers ^ (with r > = 2M*J corresponds to fo-w points iti the 3- 

geometry^ one on the 'hipper^* qtiasi-Eudidean space, the other on the “lower"* portion. 
Despite this disJ)ld^'antage, the r coordinale of Schwarzschild has one important ad* 
\'anta|'e, VVTicn multipliiS by 2 t it gives directly the proper drcmnfercncc which is run 
through in a rotation (a matheinatical mther thmi a physioJ operation, because the 
successive displacements rdO are Bpacclikc, not timelike). For this reason the diagrams in 
Figures 11 and IJ are so coiisiructed that r appears as distance from an axis of roiation. 

To obtain proi)er distance in a rotalbn it k correct to eyaluate edfl but not correct 
to calnilatc the product pdS^ Kev^erthcless p is a nseful coordinate in this sense] it tells 
whether the point in quesLion is on theiower [pfroni 0 to if*/2) or upper {p froin M*/2 
to ®) quasi-Eiiclidean space^ as well its telling indirectly ihe proper distance ril$ in a rota¬ 
tion, through the formula 

r= p + M* + 

rhfi identity in character of the parts of She 3-geonietry' above and below the throat 
shows through the possibility of lal>eling points with a new coordinate, 

p' - (Af*y4p), 

syminetricall}' rekted to p, 

r = (Jf*=/ 4/3 + Af* + 

but such that p* on the upper part of the gtomelry is hss than M*/2^ 

The mirror rektioi^Ep of ihe upper and lower portions of the “hvpefstirfflce of time 
symmetrv” shows still more clearly wdien one uses the Rniskal coordinate« {cqs. |534)- 
[JJT]). l^is aero at the throat itself. This roordinate has equal magnitudes but oppessite 
signs for two ^imetricidly rekted points on the upper (u poaitivE) and lower [u nega- 
live) portions of the h\T3crsurfttce. 

A TW^ODIiCENStONAL MOOKL POft. TICE SClIWAHiSClITU^ OtlOMKlftY 
AT A iffOMENT OF TTMF S¥ltMt:TJtY 

Imagine a long, thin-w^alicd lube of soft copper and of substantial diameter. Further, 
picture as mked onto the outer surface of this tube a family of lines paraOel to the ms, 
marked — Xf, ? *= f^f, 3W° “= (F, and in addition a family of cirLles, u — 

.... —2, —1,0, 1, 2,.. -, lilt tube Is now gripped halfway along its length, at « — 
ant! hot ]e cuds sue ftarod duI with the help of ^!^ Ffiinning tooltahnosl to fUUness,lLli:p the hell 

' l’'□T 1 irtDfe ctfliulfcil ili^cuasiflin c'f tlus kimbiw trj^ aarf Iti time develippmciit with dEogTAini, ire Fuller 
and Vl^eeJfr (1902). 
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ui ti irumjsuL (->rnj ends up with a Lingihk rt^wkl for the hj-puraurfflc^ tn question. Jl huA 
□ne defidcrLc>\ There is only one an^lc of ^olEldon^ In, the model, wiierctLs there it re 
ivTD^ B and i>n I he h>TpcfSiirfacc. This use of twt^dinien^joni'il miwle] tu represent a 
ihree-dimtrtisiaDat spai:c will serve as introduction for still i\ further step in seheoiiitmng 
ihe Reometrj'. Xow let the entire 3-flccodictTV' of Schwar^schild at the Tuoment of time 
symrnetrj' he represenlcHl by the single line which runs from u = “® fbEg r/) to » ™ 
+ «S (again big rf) with ihr throat (r = 2,\f*) at u = il “i'he two lUigiL-s B and itre to 
he silppllird in one^s imaginjitioTi, tts sainil^irly in ihr model onc of the two angles was to be 
pro’t'ided. 

Referring now to ihe right-hand poriion of Figure 2t. niic hn^ in the line v = O, ihiit 
is, Ln the u axis Etaelf^ii schematic reprtfsentrition in the fureguinK sense of the il'Rcofnctr>^ 
ftt ihetnomeni of time sv7nTnetr>% More precisely, this line, eslendiiig from it = — ■» to 
a = is a section, tP = consL ^ ^ const, of the .l^geonietr^', To gain some fc,‘e!ing for 
w^hal it means to ehangt ^ or sa\' by making ihe chfuige 0 —* /P" + otic can notr ihat 
one has shifted his attention by the ]iro|KT dislanre ^vherc some values of r are 
marked on the diagram, 11 will he sevn u « 0 by no meiuis implies r = Rather^ r = 
2\f* al the thnwit. ,As one goes lo negative Ji-viilues ('no| shown on the prestnl iotom- 
plele Kruskal diagram), he finds r — r " 4.1/*, etc., an evtr enlarging domacn 

rToiver'’jvorLion of A-gieciitietry-), 

VVhal about rlit devt^lrjpnient of ihe Schwarisachild J-geometry wiih time? I’he Kmskal 
(a, f)-pkme f E'ig, 21) is a spacetime diagram. Light rays rra^t^litig radially (0 =» tronslp 
ifi " const!) are described by line^^ wlxh a slopi' nl 4:4,S°. In Con tost p a spacelike hj-per- 
surface has a slop?; Ipss in magnitude than 45®. Therefore, any cur\^e r = v{u) running 
through \ ht Kruskat dingnim with slope beEween -|-44,Wl . , and — 44.9^K> , , de- 
^■fibcN a possible spacelike h>per5urface, a hypersurfacc which moreover po 5 !?esses 
spherical s^mmem^ C'^anie section for all B, in the modelp the geometry' in question 
mny be typifies! by n tube which has been flared our more at some places thxm at others, 
perhaps more for ptisiiivc w than fnr negative u, bui which ^rill preserves its rolational 
^-mmetry. TTiis syinmelry is not imjHjrtanlas a tunltfr of prinriple. IJowever, it simpli¬ 
fies the discussion, by allu^^lng the one line v ^ T\n\ to represent an entire Jl-geometry^ 

tin: NATTTHE UF TTTtfM TN RjiL F^LAnX^ITk' 

Time if! general reliiti%ity has a chiaractEr in w^hich one ts not iicruslomt-d in clrtssir^tl 
mechatiics. In Xewlonian theory one h;is his choice of one mimLticaJ viiluc of the time 
coordinate, or anotherp or another. Each Eli as appropriate Jis another for an instant at 
which ssKldciily to observe and record the state of the sy-stenii In genmetre)dy'uami[uon:t 
selects inaiCELcI of a single parameter t an entire spiicefikc h> persurfcict and for the 
physical conditions an i>. To atate the malEcr differently, one has ^ace points^ and 
at each a aeleclion of lh& time to be made. The totality' of these selecrion.s spedhes ii 
hypcrsurfstcc, TIilie. each point should be out of chusltI cynncfEiyn wiih its neighbors 
demands that this hypersurface should in addiTion bt spaed ike. with the angle of slope 
5it each point less in ahsnlult^ magtlitiirlc I him 45^^, Consislcntly wdlh this conditionH lo 
Huleci some linCr or (tFry line, t‘ " p(k}, is thus to do what is Ihe relativistic gecicmliiuTion 
of picking a time, some time, any time, tn Newtoninn nurhanics. Nori-reliitivisiEc thrary' 
is Said to be successful when it can pftidifl the f^ratc of the system far any choice of its 
r^w lime coordimtte, Simlkirlys a problem in general rL4ativit\' has been solved when for 
every chyice of a spaed ike hyp&^surface one can state what is the .^-geometry (Ehc geo- 
mctnjdy-namical version of "ihe state r>f ihe sysEcm") upon that hypcrsurface. 

titr: nvavunoN rvF nrE scR^WKtscmw tiEf.iirxTkv with timf. 

The initial state of the geomeirodynamiciil systt-m has already been sfiecilicd in the 
Schwarzschtld gernnetry by giving the initiai-vidut} geomeirynn the spacelike liyptreur- 
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Im.L' l^i timt 5>-niinBrtn-. This j;camE.-l[7' is fully rJcs^:ribt)fl by a fomiLiliiL lyr llie di&Lance 
btTwef^n eiich point iuid its immedmte neighbors on this lAree-rlirntMisfunid tiuLnifold; 

ii,i^= (\ - 2M*/r)-^tfr + r^{d&^ + sin* Bdi^} 

- (1 -h Ar/ 2 fy]*W + + P* flin’ M ooj 

= f (uW + r^Ut){iI&^ + sin- Od^] . 

the ^‘evolonors of ihe geonietni' with is coniplelely known. HchisVar?/- 

schikrs 4-KsKimt-Try tonsplelely SfjTves Einstfein^s field equiitions and reduces lo equations 
(MS] when or f - 0. Thttrifore spactHke slice lb rough thia 4-geQmclrj' 

gives at once :i ^-geomeln' which ‘^represents the sLa(e of the ,^3‘,steni” Ht (hal “time;” 
tiuit is to ii^iy, Mi»m thrit hypersurfzice. In brief, prfKeed as follows: {!) Pick a 
□r a spiK'clike hy^rsurfate/by selecting any funttioniil dependence of r upon n wilfi 
< i. {2} Calculate from the Schwar^child 4-mctric or or (.V?7) chc 
.^-geonleln ibis hypersurface^ as 

ih^ - f [ji, viu)^-(dv/tfuf + + -'rw' 

{M Tli-cifi one hjU5 in cqiE:rEinn [J 44 ) ih^ carnpletc descriptsDn of the conriguriiEion nf ihe 
.!-goonictr\' ai this ^*titiie.^* 

How does it come about that so many textbooks dcWTibc The geomelT)^ of I he Schwarz- 
SKhild its Because they limit attefilion to h\pcrstjrfaccfl of one iiaTticuliir 

type, a hypersui-fjicc reprtstnied in the Kruskal dliigram by a straight lint pitssing 
through the origin: thus, 

r = u(u) = •yu , 

wiierc 7 is a consliint,. A little inspection of the relation of equation between the 
Kruskskl coordiniiles uneJ Iht Schwar^iscliild coordinates shows that cuMtant value 
for the ratio 7 = v/u implies a constant valut U^r the Skbwarzschild time 

j — T/ji = lanh (/srs/4M*) . 

In the Schwarzschild cnordinbites one sees from equation (3Z2) ihal li constant value for 
fseh, that a iserci value for rmpliea the same 3-gcometiy on (he new hypersurfaee 
os otic hsi5 upon the initial hyper^uttace. 

There are interesting group-theorcltcai consequents for ihe invarLince of the Kruskal 
diagran'j under someth eng (ike a Lorentz iransfonnationp 

fi ■■ ti' cosh a -h sinh a u = v* sinh a + m' cosh a , 

which follow front ihifl analysis, but they fcre not iminediately rebvanl here.* It i& rtsore 
useful to note Etmplv these points: (I) 'Hit loctJS of fjoints with constant ts a straight 
line through the origin. ( 2 ) The larger the Schw^araschlld time coordinate, the greater 
(hi5 s!o|>e* iS) The slariing time fsch = II Lorresponds, as seen before, Lo thi: line of ?^ro 
fiopc, f — n. f4) An Indefinitiiy large vidne of the coordinate corresponds to indtfs- 
nilely close approach to the hypersurface P ^ it slope?. tS) No miUter how close the 
s^^aedike l3ypersurfiU.e v = approaches to a unit slope, it nevtrthelcsfs doi-^s not have 
tinit ^\typv. ilorvuvrr, how'ev'er closv 7 i.*i to mUy, that line can be given a slope of scta 
by referring it to n Kruskal coordinate sy’Sttni {h\ tO which differs from the iiresent 

'* .Ajiacinz one ^if du tnicrrfaLnijf ia iJus; ibaLfiicE porilclcsiinirlmic tmi iLt^thcr 

ml the thruiil mL the phase nf maxiraiun JuiEntiuoir mniJ ImvelLro^ in l-h^ dinKticifl i>f incrcaaiig v wilh ihe 
mmi varied virkjd ti«, li 11 ^□ thusL^^h idetilieal hiHtciries. They end up after idem Ucal bpriismf pnjp«r Unit 
In tlruLJ aiipmuch li:i< dlfTerent futntg m ibc Line r » 0, bi^t ^abj^et to Eide^prtpducing; Incrwtiig 
IdeaticaK rqtE^ to unllmiLed VIUU^- 
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Kniskil fnime by w Bu(}kicttrly tai|;c vitliii? d( the pEirameiar a in ^Kprt^ion (Mf). ^'e1 
the slope of a ray has the same unit value in the nevv fttinitp j^/u* =* 1, which it hast 
in ihc old frame, v/u = 1* 

Instnictive as a^e these grouj^thcorcikal leatureB nf the Schwarscschild 4'geoTOctry+ 
they arc taken in the wro:^ spiritp one kao^vs loday% if they are used to reason that the 
J-gcometry is not dynamict In deacribinfi to AchEilt'^ the Jippraach of the hare to the 
tortoise, one can use a tinit coordiiialc which has the vnilue I wheji the s^wiriitidn is 1 
meter, 2 when the sepamtion is ) meters ^ ^ and a when the separation is (J)* meter, 

f Jn this basis one has to wait an infimte lime for the hare even to catch up, and he will 
□ever succeed in overtaking the tortoise. So with the faimly of hy^iersuffaces which hiivc 
just been es^amincd. They move ahead freely {with increa.<;mg values of ihc slope f/u ^ 
or with incteasbg values of the Schw^ar? 3 chilf[ time Coordinate isch) in some regions of the 
Kruskal ciiagntm, hut «ml Im near the origin, and at ihc rurigm itself fkol at alL As 
m speaking to Achilles, so in [Iracribing the devcIopiiieEii [.if the geometty^ w-ith time, one 
has artificially restricted the discussion to a limited jKirtiori of she entire history', 

TEE TWO COtCKLCrmO QUASl-KVtrLinPAN SPACES OETOHMZO TO A '“cVXLNDtA” 

The freedom of choke that CTti&ts in choosing spacellke hj’persurfaccs Is no where so 
clearly shorn as on the Kruskal diagram itgelf. As an e^iampk% take that Ibc in the i')- 
plane which is marked r = m* (qt In the prcacnt nolatioti, r - M*}. Its slope bebg 
cve^where le^ than 1, It is plainly spacelifce. Thus one has exerdsed that freedom of 
choice in the selection of "kime/* or m the seEection of ti spacellke hyperSurTacc, to which 
one is rightfully entitled in studying the dynannies of geometry'. CMe has broken icMJse 
from the restriction to the origin (m - 0, ir * 0} w'hkh es hidden in the usual Schw-ars- 
schiid coordinate system. What then is the .^geometry oh this f^pficelike hypcrsuifiMie? 
One immediately has the answer bv subsmiluting r » and dr - 0, into expression 
(332): 

dr ^ +rf/ 5 .h- + Af + sin5 . iUWi 

I'hts formula is nothing but tht gencmlisiilion to 3-space of the e.^pression for the 
geometry on the surface of the copper cylinderJ The quantity mca5iures nut time^ 
hut proper distance^ and this distance parailei to the axk of the cylinder. The radius of 
the cylinder h if*, W course, the cross-section of the Lylbder is not a circle, as in the 
analog)' of the cop|“jer pipe, but a. Z-sphere. 'Hie dj-nomicsis clear. To return to theanul- 
Qg>' with the soft metal tube, one thinks of it at ike initki moment of I Erne symmetry' as 
flared out at each end into a quaisi-KucltdearL geometry'. At some chosen later'timc^ which 
Is to sny^ on some other spacciite hy'per surf ace of one's choosing, the geometry* ho.? im- 
dergont dynamic change. As viewed on the hypetsurfaee just now idcctwi, the llares 
have moved bwnrd to undo the spinning operation by which they were imagbed to have 
licen formed in the firel place, in additioti the whole tube has shrunk. The effective radius 
of I he t hroat to begin with was ZM*. Now not only at the ihroat but tv'cry^wherc the 
proper circumference, divided by 2 t^ has shrunk to Af % half the oriiginal viilue. ^More- 
swer the shrinkage cqmLmues OS the hypersurfacc is pushed forward b the Kru.skal dia- 
gnitn. One comes after the lapse of a finite proper time to a singulsir condition. The 
geometry Itself collapses. The intrbstc curvTiJuFC of Sht 3^comctry goes to infinity. In 
this sense there is a clnse parallelism with tht rriedmann gcoinetry, where also the curv^a- 
ture goes to infinity in a tlnile proper lime. 

^ The spacelEkc hypcrsurface M* w'os token m m ilfiistration for the naiuxe of 
time in general retadvitv, not becftisse one forced to any such special choice, but 
only because Ehe A-geometry on this hy^jersurface lent itself lo simple analysis. One will 

^ Apprecialkili iaesprcHfeil (o Professor CZharlM Mispn?r for (liiCUuio3^»Awin|} hssigtlt InKCt tht Scfiv’ojs- 
sckild jccnmeirN'. See also Petrov {3^>63’' f<ir dltitioD of ‘ft'iort on this lonk bv Novikm' see ahso 

Knosbi! (IWJ, ■ 
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recnU once again that the person studying the 4-goomctry^ has Entire frfitdom in the 
choice of the hi-peraurfi3.oe; ti b fixed by him, not by the dynamics. The dyoaTnics tells 
only whai the wlU be un the choaen hyperftyrfiicej th+ll is, the dio^tl 


JOIK BtlWOvK ^CirWAmCFULP A?TO FlirEDSfAKN CEQMUT^B 

S^j much far the full SchwarzSchiM gcometcy^ its thraat^. the dyimmics of the thmat 
and af iht rtst of this gcjonietry', and ultlniaie dcvelojwiuml of infifiite cunTiliine. Now 
for the join betw ^n a portion of thU geometry (drawn in fuU line in Pig. 21) and that 
portion of the FriedTUiUin geometry which is occupied by dust. The prohleni of join at 
the ini Lin! instant of time ^rrametry has been treated already iri chapter vui. A particle 
□f dust at the interface between the two geametrks {A In l-'ig. 21) has-'-and keeps^Lhe 
Coordinates in the Frieclitiann geoinELry% In the Schwarzsdiild geomEtrj' its 

initial cuordinates are r ” au isiii xu. However, to know r is riot hrv itself enou^ to 
tdl whether the dust particle Meg on the '“upper" portion or the *‘^lowtr'^ portion of the 
Schwaj-sschild geometry* For that piirpofli- tine looks at A vaine less than Tt/l 

implii;^ legg ihan half a Fricdirinmi hyprersplierct and tangcncy to the ^'upper'" portion 
of ihe Sk-hwar^schild geometry'; xu more than tt/S implies & baglike geometiys with 
tangency’ tq the “lower" portion af the Schwarzschilil gcamoLry. Both cases were itlus- 
irat'ed In FlgurHi 11 and IS. Here wc take for dcfinilcncss the case xn < Tfr/ 2 . Then the 
point A lies as indicated in Figure 21+ So much for the location of the dust: particle at 
the initial momeiit of lime symmetry* 

As its preiper time advances the dust particle, at rest for an initial instant^ starts to fall 
and drops Inward through a decreasing sequence of r-values: r ^ ZAM*" at r = 2 M* 
al O r — M* at Uy and* r = (1 at E, For a delail^ description of the motion a suppU- 
menEary parameter 13 h lisduL llilsi parameter is idenllcaJ in meaneng and value xvilh 
the pammeter ij emplpytd to describe the motion of the particle in the Friedniaim 
EcoTnctr>\ Of course^ one will never know thb identit;^" If be confines his attention entire- 
Jy to the Scdiwar/schild geometrv. Ini that case he will only realize that this parameter 
simplifies the solullon of the geodesic equation of motion in the Schw'arzschild geometry* 
In terms of the Schwarz^ild foardlciate r = rn at the start of (he fall, the saTijtion has 
the form 


r = (ffl ■2)(1 H-cos Tj) , 




( fr<,/;A/*~ 1 Ji'* + tanCD/2J 


+ + W4.WJ {, + sb u) ] [, 


r3-i9) 


fPropci time) = (r8/2M*)i'^*(r(j/2)(i7 + Sid v)- 


Now identify this motion wdth the motion of (he same particle as analyzed in the Fried¬ 
mann geometry^ when all three of the coordinates Xj ^ stay fixed In value and the 
radius of curvature of (he space changes in accordance with equation (327): 

T = (sin + cos ij) , 


(Proper time) = (fl» 2 )(t? + ain ij) . 


li$Q) 


From the comparison of cquatioris (349') and (350) one finds 

= flfli sin xa 1 


M * -r,V2fl^ . 


(352) 
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Of ihesc rESLilts, the firat Laalrciidy known fmm matthinR ihe cwo liTne-synunetric mEtiiil 
value j^eotnetne^. Thtrei. ot1«c clLso f^Und thciL tht radEus oi curvjiture du had to be (3/ 
M'hcrnL' — (G/£^)po{g, cm®j is the initbl deixsily. Pruni thi^ resiill one 

sees that equaiion {iSl} h also an fjiiniliar from the study of the biliaJ viilue 

problem, 

Sr - [:4irp^V3Jr,^ 

ThuSr the most obvloua f^-xtitfes of the two geonittries tnaieh for all times when iliey 
have bct^rs jidjiESted to match at the moment of lime symmetry. 

As the t\-pkal panicle at the surface of the dufli c]t»ud follow^ a giM 0 £k“j;Et^ in the 
Schwarj!schilid 4 -Retjmetry So ever smalkr v^dues of the coordinate r, ii linds itself in a 
geomelry that is lwct more Stronsly curv.'t'd+ until at E the RleTnann curv'atnrep or in 
physical terms the Lide^producing forces, have grown beyond all iiitiit. In ihe hmil stages 
of this progression condilions grow- so escltnerrue tbul neitSLor ihc particle nor thegeoTrielry* 
in which it mEn’t-a can be des^^ribeiJ in classical icrms. Prior to that [imC| how'cver* the 
ctassical dt^ription of che motion of the particle and of the dynamics of she geometry is 
straighl-forw^arcL More^iver, tlie siilitnt physicii] jire all sttminariaed in Figure 2 F 

f)ne OEily has To nole that two sepnratc diiignims are used ihcre for the 1 .ivo parts of ii 
4 -gcomelry' tvhich actual!}' matches smoothly along ihe entire interface A-A^ , 

E-E." The connections between corresponding ixiints wii] be taken os understood in the 
fo!lowing discussion. As an eltnienlaiy- exarr^ple, consider the spiicellke hypersutfEice 
TTiartcd f * ?if" (or r = jlf* m the present teTminoJogyO in the right-hand portion of 
Figure 21 . The ,Tgeometr>' there is that of a tube. One now^ sees that this tube is capped 
and closed at one end by a port tort of the Friedmann 5 pher]cal geonterry. 

rCli!^\T:CTTC)N nETWKFN" TIW- PYK.VMICS Of COLt^VISE AxO TICF .XxXALV.^fS 
or MOMENT.VRILV STATIC CONFltma ATION5 

Before apph'ing Figure 31 to help analyze new quesLions^ liice the fate of the energy 
c^ugh! up in The crdlaf^se^ It is afxpropriate to ask at c^uestion of fsrinciple relating to the 
pa 5 t iinEilysis of energy, in chaplur viiL There wc Look ll spcctiU-d numtKT of baryors^. W-e 
disposed them in a spherical configuration of uniform density. We joined the Friedmann 
geoEnetEy inside \hh configuration onto a Bchworzschild geometry' outside, assuming 
static conditions £timc sjTnintLry.), Wu determined iti this way the miiS 3 -tnergy\ M*, of 
the system os sensed external!}'. We examined hoW' Af* depended upon the degree of 
conipuclion of Ehe ,-|-haryon system. In every case we found that M* decreased in a 
fanrlly of ,-l-bLiryon configumlioos when the density was increrised to u finite criiical 
valuCt the ‘^point of collapse'^ its. it was lermed io chapter \iu. What possible rclrv^-unce, 
ll may now be asked, does this analyas of a family of hiaiic contlguralions have to the 
dynatHUs of the colhtfwe of a conllgu ration The miLss-energji' os sensed extem:dly 

stays constant ihroiighouL ihe collapsr as envisaged htrcr Complete absence of rudiitlrve 
Lt 7 insport is assumed from ihe star!. Tltcn how con there be any real conneciton between 
gravitational collapse as seen in the light uf Figure 21 (fixed .If*} and gravitational col¬ 
lapse a.*? ire-altd in chiiijter vtii {;if* guiiig to aero)? How can any conEiectiot) amouni to 
any morr than [he trivuil agreement between the number.I of baryons in the 1 wo cases? 

A closer look slaow's that the connection bttw’een I he [lyiiamic analysis and the static 
aiialy^ h far deeiw;r and mi>re beiuitiful. 

Tuiant^y fliven a dond qf dust of unifonn deruiity and of spliecicaJ syitimetiy, w’hieh 
a Lari'S fnont rest in a eotiliguniiion [fi dme symme'lr}' with an miEial mii^-encrg}' 
Sensed esLerniilly) equal to Af", arid which in the couree of its subsequent colhtpsc 

* i,;. Cstlkin, Jt. In |]nii|.inpiiiri4d recently cimfiruritil Krua^al-lilEt wntdiitittieji fnr the 

FriraJnuian Fcj^icvn. 'tfac^ ctHirdlruiles join SEFiaihLhly tn krufikal'a coardinnt^ At the furfare uf the Jiu-t 
cluud. therrhy pcrmilling a single imiikd dJagnirn fcir tbtr t-gcomelry at the liiut tkuuil. 
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emits no mdiniioii (if* co»sP.mt}. 'Fhcn dyn^mkat fyisiory of this configura^wTi— 
tkspfte its ffuffl ccnjrJo nJf energy—^lontaius ait those J^geomelries %'iib mass-entfgy Sfj* 
kss thoH Af * whidi lire found in the aimlysis of die ttphcricEkUy s%*Taitnelric and time- 
ft™memc inUid-Viilne prohkns for the same number of bar) ons! 

^ SPACEIJKE siJCE i:::ii,\ii.-vcTii:aTZED sv as akbiikajuly specified 

VALUE or TTTK MASS-ENEROV 

To prove the theorem it ii enough to draw through the sp£ti:u-lime dmgMn of Figure 
2J (referring to a dynamics in which thenmss-energy hiis the unique and rime-indepciid- 
enl value At*) a line (ihc veiy heavy dashed line in the figure} on which the 3-geomeiry 
(!) sati^Ges the equaiion 

£^54.' 

and (2) has outside the nuiucr the standard Schwarzschild farm 

jjs * (1 _ 2Mi*/ry^ df^ + + Bin^ <35f) 

wiik All* greater than sseto and tes than M* but otherwise arbitrarily specified, 

Qne hnds the line in questiion; that is to SuVj the spacelike h\T:>er5urface on whisrh the 
geOTicrn’ will Uike the claimed form, by a prescription which in the SdiwariscbiW region, 
and in SchwMrzs^ hild coord inaiea^ reads as follows! 

f arbitrary, & arbitrary^ arbStniry ^ 

/ = const + 2(2M* - ^ 2M(*)*^* 

i r- iMt *) V» - ( 2if* - ZMi‘ ) ’'5 

const + 2[2M* — 2Mi*y^r^^ + termi of order (1/H), 

Without entering into details, it is enough to look at the final asymptotic expression to 
see the main points oi Ihe ^rudysb. A motion on the spacelike hvTjersurfacc {J56) from 
one paini to a neighboring point, r + i/r^ (? + ^ + u^, brings about also a change in 

the Schw'arzschiEd tinte coi^rdinate, 

dt^^h [(2M* — + terms of order {1/T^^)]dr , <^st| 

In consequence the clement of proper distance ds discoveriid in tha displacement (found 
by subscilutiun into eq. liS2]} contains a cocuribudon from dt^^f os well ns contributions 
from the changes iti the other coordtruites^ thus, 

[-[2M* “ 2Af,*)/r + (1 + 2Af*/r)]rfr^ + + sin=* 

A more detailetl calcublton shc^w^ thus the coefficient of dt^ is exactly (1 “ 21fj*/f)”b 
Therefore the gamie^ry an the spaeeiike kypersurfuc-e in- iHtestim is the Sckwarsichild 
J-geameiry associaied with a mass SJ |' wkieh is kss than APJ* 

SUOUtiMT OF OS'KSISC Ttl > Xa SLltMCi TltltOOOH THE FRtE™A&fN 4-CE0KETRY1 

A simibr analysis gives the ccjiirse of the spacelibe liypersurfuce throiiigh the Fried¬ 
mann partion of the 4-geoirietiy (ismy dashed curve in Fig. 21). The geometr)' here has 
two remarkable featur*a: f J J The curvature tlirougbout is constant^ despite the gradual- 
Iv v-arying slope, indicateil for Ihc dLi^ctl curve, 'llierefore mt b still dealing with the 
simpl^L type of scLtion of the Friectmann geometry'. (2) However, (his dusf-occapied 

* For A hflEf pFeliminar)' ikkcu^Eiun al tiiL$ pouit, see 1.37 aE Whce-lff 
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scf^mait ibv. kyfHrjurJac^ ici/A tiii tipmhii^ xi 'U'bicft is l^^rga (kan 

Xii \ Out h tlcalin^ with the bc^iimlcg^ of the cvmttjal pmeh-off of a ,Lgeumetr\% ihe fea¬ 
ture so detiaive tor gravitiilioiial coliliipge as it was amlyzed for static configurations ki 
chapter viii. One i:ian go lurther, und find a whole fiuiuly of s^jacdike hyF^rsiirfeyces she- 
tng through the 4-geomeiry' of Figure 2L Sutucsiivc slices are charac Lerized by [1) the 
same fixed nuniber of haryons, A; (2) succEaaiveiy smaller values of the luasS'Kiiergy Mi* 
(as one might think of evaluating it from the asymptotic farm of the j/ffM-geomemO; 
(3) successively higher values of the density in the occupied region; and (4) sucresAiveiy 
larger ^-alus of the byperspherical angle Xi of the occupied approaching Xi ™ ^ 
m, a limil at the pfjint of pinch-od. 

HQW BECONOXE A CHANQfKG MASS-ENERGY WITH A CTONSTANT MA&B-KNEKOV? 

A double pamdox hats now presented hsell: (1) Spacellke slices through a dynamic con- 
hguraLion reproduce Lhtr3'gcotnt‘trics which hud been ciilculalcd in chapter viL from the 
analysis of siatic configurations. [2) The inaBS-energ%' Afi* naturally a&soclltted with a 
ty^piciil one of these spacelike hjpersurfaccs nevertheless disagrees with the (ronserved) 
mais-eiicrgy jtf ■ of the dynamic syaltin. Hapijily each apparent difficulty helps to ex¬ 
plain that iJie other is no diliiculty at allJ The quantity Mj* is the general nfktivity ana¬ 
log of iKstenlial energy. The quantity M * measures total cnergj". The difftrenctf nieiUMires 
kinetic energy. In chapters iii-viii the typical configuration was static. Thus a cakulii- 
tion of the potential energy immediately gave the total energy. Here, m contrasty those 
ptiases of the motion are bsng esaniinM which develop after the moment of titnt sym- 
nictry \ The configuration is cullapiiirLgr Its kinetk energy is positive, Ln consequence Af / 
must evidently be less than M*. 

'The calcuktiona of chapters iii-vili, ostenaihly so static in charactefT, now reveal them* 
selves as in cfifcct a derivation of the potentLai-energ>^-curve for Lie dynamic analysis of 
collapse. The conciupt of such a poltntliTil-encrg>'<uir%T or^ moi'e generally, potential- 
energy surface^ j.s so widespread, throughout the hratlches of mechanics and hydriidy- 
niimics that it requires no elaboration. 

PGTElYTtAL ANS tlNETIC liNilltGi! RELATED TO INTRINSIC AN1> EXTRINSIC CtrStVATtliU- 

An issue remains. It has to do with the asyTupiotic analysis of the geometry at large 
distances. 'Die coefficient of the Cl/r)4cnn in the departure from fktness, after division 
|jy 2, is taken to give the mass-energy. How can this single coefficient have two different 
values, M* and Mi*? Tlie difficulty has to do with the existence of two d^ifmilloris of 
asymptotic flnLnesa. DefiLoltion 1: Tne intrinsic 3-geotTietry is asymptoticiLlly flat. All of 
the spacelike hyTiersurfaces under discussLon have j-gMjmetries which are asymptcjiicaJly 
Hat in this sense; yet the approadi to flatness wiLhin the 3-gcomotry' is different in each 
case (different vaiucs of Mj*}. Dcffiullpn 2; ITie intrinsic ^-g^m^Vry of the hy-i^rgurfacc 
is asjTtiptoUcalfy flat, Also the cstrinsic curvature of this hypersutfaet, as it is unbedded 
in the en^^eloping 4r-geometry, is zero or asj-mptotically ;sero. At large r there is only one 
t>T)e of hypersurface which is asymptotically flat in tlds stronger sense. It is a hypersur- 
face of time sy^mmeiry, = ^(phjL The mnss defined by its approach to flatnas has the 
well-defined value M*, the total mass-energy of the system. From the comparison one 
concludes ihat the potential energy. Mi*, has to do with the gedmeby^ intrinsic to a ^acc- 
Like h^persurface^ whereas the kinetic energy (M * Mi*) haa to do (cf, eqs, |35C3|-jJ5Sl) 
with the estrinslc Emrxqiture of tiiss hypei^rface relative to the geomefry of the en¬ 
veloping space time. Conlrasl this dixa^ion of ^tubfit energy into two parts with ihe di^i- 
sion of iocai energy into two parts, 

+ Ki - iCiTp* , 

as h appears in the foundation law (eq. 1211 of general relativity t 
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\Vi' j*ti]icrLili^ tijis dii&cuisiaii Iroin idcuiized dust wj|h the t:qual.iw!l of stall: 

0 « by fommlELliiiK Tfjeorem 37. 

TiTl-ORf.ii 37; Afiy spheriailiy spiimdrii^ corifi^uroiion Joll^'rd /rrtwt i.m spiurltkf*. 

13/ symtnfiry, tt]M>n whieiti otls detennmes tliL^ totjil iuBSS-ciitrgA' to 
have the valiiie M*, admUj an infinity af apai^diki slices^ m any one of Tefiidi 
J-f^eornttry (1) satislics ihc iniltai toIuc equal lot) for iht tiionitnt of time B>TiiTnctry 
prcihl^Tfl but (3) n Schu^r 2 S€hitd mass-rtiergy Mi* •which is ffSS than il* by ciu 
amount which represents the kimtk f^mrgy iff fhe system. 

IliU principle has the practical conssequenefi that it allows one to give a useful Tuean- 
iog lo the concept o( piflmtUl-entr^-curct m gencml relattviLy. For exatnplic, rcfcriiag 
to the collapse barritt cicpicted In Figure 211^ start a system from rest the shielUcsL possible 
distance to the left of the potentia["energy Sumnnit. Folloiv the system in toward collapse 
b}’ solving I he dyruuuical equations nf relaiivityp withoul reference Ed ;iny *'pdlenEiaJ- 
eiierg\^-ajrve/' KeprcSf.nt the history of this collapse by writing down grapmcally or 
nimiericiiUy or by a focmuli the rtsulling +-geometn% Then by way of spacelike Suces 
through this 4-geometiy^ one cm construct the details of I he jKjtcniial-energy^-curc'e to 
the lefl of the suimnit; ALiniliirly, with a slightly different stiirting coiulittonp to the right 
of the smmnit. 

GRAWATtONAr, COT.T-.VPSR AS A WOUEL tOfi. rifE STL'DY OF THK 
OVNAinCS OF TFre UNIVERSE 

Whether successive spacelike sticea cut through the 4-geoineliy of Ehc dust cloud 
which is iflustrated in Figure 21* or through the itislory of a more compacE configurn tion 
w-herc the energ;^* of compression plays an iinportartt patT., in any ca^e the resulting 
succession of ^-geometries has tlie qualitative character of the sequence illuslntled in 
Figure 15: Etn irresiaiihlcdevclopmeni of u geometry more and nion; bagbke, iiotil finEil- 
ly there comes a limii.ing geometry at tht v^rgc of complete plnch-tjff^ (Again, these slices 
provide only one nf numy possible way's to make a stcp-byvsiep analyabi of ihe 4- 
gcnraetiy'. There is no principle lhal conipelfl one to this or any other pakiculnr choirc 
i}[ JiypersurFaces for liis own probing of tht enlirc history of the system^) This circum¬ 
stance ts IT reruifiiier of how^ many painls there are in common bL-tweeti the dynamics of 
colhip^ and ciilculnticinfi (L-quiilty based on EmsEein's standard theory?) of the tjqiansion 
:Lnd recontraclion of a modd tinl%^erse. Insofar a-s one can hope observarioDEiUy to trace 
out Ef>e details of gravitational collapse, then to that cstrnt, as Fred Tfoyk has enipha> 
one haA an approiuh to a working model of the universe i I self. 

How much difference is there between 1 he mc^de! uriiverae and ihe collapsing coltocLion 
Ilf matter by reason of the incomplete closure in the second case? Ko difference in the 
e^camplc of the ideal cloud of dust. There being no radblinn and Bo pressitrCp there is no 
way for a parlkle to feci the ahered degree of cJoeutp (h^'pcrspherfcal angle xn in the one 
case^ TT in the other). In any other exairiplc. when one starts wdth matter all Lnitially at 
untfomi fknsity, Ehere will l>e jin important difference between the finite configumtion 
Eind the closed un]vcr,se, fn the model universe each elmientary black of malerial will 
kcq-i its X*, and ^-coordinates, finly i he prti^>er time di required to pass from a con¬ 
figuration with onu nidius a to another radius, a — will l>e altered by reason of the 
pressure, i'The time is not only altered, it is shorlcm^d. The Ittue from the momenUrj? 
coiidirifjn of rest, with mdius ae^ to cobapsc is -fftfafor the dust-fiUfed univetsc Hnd [f/ZJtju 
lor TolnULnls radiation-filied universe, where jpressure] ^ ^[energy density].) 

In the finite colkcliun uf matter there U a further difference Irani the Fricdmajin uni¬ 
verse. ll. ari.APS because uniform density is not and cannol be a solution of the genera 1- 
relaliviiy tsqtiations of Ityd^L.uic equilibrium. The matter senses the sharp drop in pres¬ 
sure between the intertur atnl the tsEerior. The ouleT layers start in blow off. \ rarefac- 
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lion front dtvtlijfjs Mnd niiovcs bnrkwiTrst into tht^ ir I trior with I he speed of sound. All Lhe 
whilt the uiiaffecled inner purt of the conigumtion is following the Law of honiogeneciis 
eontfiiiction Lh-it one espcfcta from identifying it. with a fiegnient of n t^lostd und recon- 
t.raciing univerSie.^® The collnpse will lead lo fontliiicnisof unlimiled density and curv^a- 
inrt at Lhc center of the configumiton at precisely the same mte and at the same tiniing 
as in thfi elosed universe pro\'idcd only that the rarefaction does not gel to the ecu ter 
drat. In the rime dt it c<?vef^ t]ie dismnee {dff/dpY^ df on I he art of a greiiE tiRde which 
al ihEit lime has the nsdiufl (j{f) (ecj, [32711. The ratio oJ the arc lo the rndiiia gives the 
angle covered. Thus one has two distinct cases: 


Case L 


Xn 



^[TiltapH 


collapse in ceniml region idcntkaJ U* 


that in closexl universe. 


^■SMJ 


Caitc ii. X 4 < f [dp/dpy^di*^ tardaction actwes at t'cnier before 

•^0 

lhal region has rtiiched esrtrenie condkions; collapse modified in its dy¬ 
namics bui not avtvidcfjj 


(MU 


rniturKirATinN to nutsipK L Vt ot'E 

Despite the siniikriiy beiween the cnlhipidjirLg univenit and She collapsing cloud of 
matter there is one significant difference. The bounded configunitioii can coiranimicaie 
for a titne with the outside. The closed sy^stem has no miiaide to communicate with. 
From Figure 21 one &cc5 that the particle at I he ouler boundary of ihe cloud of dust 
can lEiiid signals to [be out^dc world at .1 and B bill mil beyond C, More getieraUy, we 
fornuihile 'nieorqm 3 Sj 

TuiLOBiiM dS: As a spherically syTnTnfelric coniiguralion undergoes continued gravita- 
tionid contraction, each region in ihe iii/en’^r loses — occ&rdht^ fP CLASSICAL general 
relafivify—ihc nbilify to emit ci/sr^y by way of ita retarded radiation field Well BEFORE 
i/j energy /irnfiVy‘“as ca leu la toil clasdcally —ims rtJfW to mjfpiify. 

f Snyder have already stressed how this cutoff prei'enti the 

s;,^tcrn from getting rid of il5 energy^ The diaUnt nhaeiw^er finds the emitted radiation 
growing redder and redder. In the course of an infinite atnount of his ow'n time he man¬ 
ages to Jiick up only whatever radiation is given off by Che Eurface in the ^orl stretch 
of its own proper lime up to ihe point C, There js a great deal oi energy in the sy-Btem, 
but no evident W^ay for it to get nut. 

Central to the traditionai w^ay of deposing of energy by radiation is the mechanism 
id radiation damping and radiative reaction. That mechaiusiii has been understoud in 
terms of adwrtcetl tmtl retarded ifileractions betw^een the source and the absorber 
(Wheeler and Feynman 194S^ ]W}). One might therefore itna^nc this process to take 

W Kor lir»t Ktepsr tf^w'B.rd aamcricoJ «ir AnalyticmL invr.'ilEp^liDii -dI ihr d^mziFUCB cl CullKpsr nith iLt itic 
that, cmc wcutiJ EvrnlLialE 3 i' lilir la eec itwladetl —-b ^tArl [ram a known bc^luti^'^n uf unstalile 
equilibrium, fenJintjc equjititvn of kN hydrndyaamici, mdfcaLifffl iif phctanii and nttitrjxnM, prpduc^ 

den cf crtE^nuc mdiadcEir cITecEj cf ma^ede fields ^ iillttwojicc Idi bU gccEnetrcditinmleal cHcct ^^—tax 
Uondi (IW7)j Cidgalr and JnEinsrm Cclgpii^h GrBibirrg^r, iiis*l White Cftip^ate and WhESe 

(; Michel (1^63); CMn [ |q<W ^: FcwLcr (1964 ); H oi’te, FowIcr ^ Bnrbadgc. and Biiihidjte (J 964); HoyL't 
and FDvrtri (1964): Mlauct and Sbaip (t9&4]i^ CalLaCi GiO^burg and OniL'mid (l9t^): McjMliEc 

(Wj 4); hTrty aad BRfd«n Swg bIjkj the j»r<JC«dEna]H'if the Dectraber, l964, Tejcaa 

i^Tripoiilum m RelatMatic .^|reM>hywpi, efUted hy I. Kabinswii.. A, Sctild^ E. L. SchuckinKp and J. A. 
^Vh&Ele^, tu lie pulili&hcd hv the Uni^Triity cf Chicasi^^j Pfcss. 
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s(>Tsii:- rscw ajijfst; undcT funrlidijns wiu-rc ihi: rctiirfieri mdiasiori ciannos out. In tjjn- 
sitkrin;^ Ihii^ posi&ibililies one noies that the surface of iht: tonsiRural ion at points D and 
though not able la canimiEnicatc \o the outside via n/iirdutl mteractions, nevertheless is 
cesupied, tfi lhc auter world by THNtcntitils. D<s these potentials not offer a way tip 

ilviiw rjift (hv energy of I he s^-stem just More its final phase of otherwise infinitely high 
ejiurgy iSenaity? X 17 L jsi ulL Just as it is the churactcristk feature of rctaided waves to 
lake energy out^ so acIvaiiLied waves alw'ays bring energy in—the last effect that one is 
hiking fi>r here. Arlvan-i^ed intenkCtiotiR bring ekp hetp lo the solurkn of the problem. 

The Siime point can be put in more getterdl Icrm^. There is no difference in principle 
betwwn (1) the particle fo[]owing tlie geodesic ABCDE into a region of infinite curv'a- 
turc (with the ret^inJed rLidmiion wfu^'h it eniiu^ alw fallowing into regions of equall^v 
viuleni ciifvniture,i and {2} the inhalfilanl of an expanding and recontfacting mndel uni- 
\Tmje who emits retarded radiation. The radiation w~bich he gives off| and the individuat 
ill or 11 ^ ut which he is nmde, wdl] al3i> end up in dnniains of inffnite cur^'^ature in the late 
Plages of refontracitrjn nf Ehe fvpival model iitiiverTJC. Can nne u^!<: hts lawn tsljserva- 
tious in the p/?y.^zVLi/laniverse. 1 0 draw condusians about wliEit will hapi;x:ii in suchw mW^/ 
universe? There is not the alighiest evidence for any effect on the force of radiative reac¬ 
tion aiiSiM"isteil whh the ]jresum| 3 tivc ulrinute irapptng of eiH particles and all raduition. 
Vet the ciilculiiied muan free time of flight of radiation for the universe in its present 
state is large- comparEd to the estimated time [a few tunes 10^"y^ears) for the espansion 
and rccontracljon, according (o Einstein's theory. On that theory' the retarded radiation 
should therefore fur Llic must part not be afjsorbed until I be lemiirud conditiona of high 
curvaliire nre approached. That there is nEverlhelesS no observ'ed bock action on the law 
ul radEalive liampiiig would seem in one sense to be un tmpirkal argunu^Kf againsf ifterc 
Mng ^7iy trfmitfkiUhit hi hir tau' d/ rkcMimaf^ndic itiferadhm firigfrtnjdmg fnm rtgions: of 
riolettf curtulurc. 

The physics in the late stages of the universe and the physics in the liniti slageA of 
gravitatknid collapiic are evidently not issues to he considered in Isolation from each 
Qthtr. They have the close:? 1 possible rotmection. 

Prop) ismi js .V): TUfre is Kd di^muce of prin^ipk b^tu^mi tht' physks iff a bifdy of iaryojij 
undrrgitinf; cMipst ond thf piiyitks in iif€ eoriy mgcj^ of f:s:pmshn of hit 

dfui xiagfi' Pf" p/ ihr nmime as inJerprdai by Eifisf^u^s dwnry. 

Fmni ihb fiillows f'rnpsjsltion 4£b 

ipi'ismnx -HL I f maikt dLvippeafs or appears in ike iak ar mrl^ j^fages of ihc urtkfTse, 
ibat ij, if ike n amber of bar yens is io imt'e ike ^ptality of oiker pkysicai variabies^ wkiek are 
tivnanik aud kni'e ifteir imm Imas of change wkk (imr^ then also ki graviltiiitmul eoHopse 
ihe. number of boryons U’kkk remain in idaiiifmhk »msi be subjeci k ekmge. 

FOR tt llim rUF. laKLL TClUJl 

li is smneiimes argued that (here is no reason to 1 rouble about the kind of physk-s 
tt'hirli gufti on in the cullapsing matter during the final stages of the dynamics. The ob¬ 
ject becomes redder and ri'dder as seen froni outside, Jt keep^ its mass-energy—because 
it cannol radial e it—and ihervfrjre pre^r^^^r also its gnivitatfonal all ruction. Nothing 
lhal gewa on ins id c in ihc final, !^tage5 is relevant ^ it is orcasioually said^ because there is 
no W'ay for word ol these events to reach the outer observer. Therefore regard questions 
about these eveiiLs as nieiningless, and forego any attempt to analyze them. However, 
111 an observer tijcatiaJ on ihe fulling system the coltapse takes only limited and ver\' 
modc>il Einlount of proper time. Nothing in principle keeps him from observing and men^- 
iirbag Ei5 fully oa one is accustomed to dej in other dqitiritiienis uf astrophysics. Of cour^ 
ihe quE^iiou ntiiy nf withngties,^ to iindtrlake this investigation on a collapsing 
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■clrjucJ of mailer. In thU one can poim. to the Einstoin-Friediiiiiniti picture of iJie 

expanding and recoatracting univcrae, accordiiig lo which we are located on just such a 
cloutt nl galaxies, and have no choice bui to Uve with iis ew cnLuaJ collapse. Far from being 
a bystander safely outside of all collapsing ^^lernSj ane from this point of view is right 
within the most interesting cxpanding-and-rEcoUapamg s)^5fe]ti of ail^ the universe. To 
try 10 analyse ifj phj-sics would not scent to be a tneutunglc^^ occupation. 

AnothtT reason is sometimes advitnced for nol womingaboiit the physica of the final 
stages of collapse. Any actual sy^teni will depart so muth from ideal spherical syTumetry^ 
it is suggested, that the d^Tiiuincs will be completely altered. For examplcj quadnipole 
and higher mumenLs taf the mass distribution wiil act iis signiScant Bourees of gravitn' 
rioruLl ntdiiUion, partioilarly if these moments change rapidty with time. 'litis radiation 
will carry away energy. Under suiUbk conditions ihc Cfilculalcd output esceerfs one- 
Lenth of the rest mass o( ihc system. .Also^ large agglomeralions of maltcr w-htch have 
come together with Substantial transverse relative velociliL'^i may re"emerge from their 
encounter much jls a comet returns from its near-collisiofi with the Sun, The material 
may tk; lieated to enormous tempemturcs by the encounter. In this caac it will radiate 
a Way large acnounls of energ>^ in the form of neulrinns and photons. Moreover^ it is 
conceivable that such periods of stmng r^Kliation will recur a number of times as the 
material perjcrfllcally fulls logethcr itnd thuti pariL'ilty disasscmblefi. 

These complications of asymmetry, radiation, and turbulent hydrotlynunncs are of 
great bterest for the light they may ultimately shed m graviLaSional collapse as a source 
of ^!nerg>^ For the understanding oI Cjuasi-stellar mdio sources these mechanisms woutrl 
seem more significant than simple spherically syTnmelric gravitalioruil collapse. 

Wliatever Lhe^ impartanifc of asymmetries may be in prfidneing the effects of astro- 
physic-a| inlcfcsl, inw‘jtrd fall under the pull of gnLvitalion is the ultimate foundation of 
these mechanisms for releasing supra thermonuclear energy. The emission of itny ntore 
tlian JL certain fraction of Jhe rt-si in the form of cncrg.v means iliat the system has 
clrt»pjM:tl to a sUite of grJivitatiotial cnerg)^ so low that it can never aU pull itself out again 
by its owTi efforts. The more the subsequent energy emission, the tighter l>ecoriics the 
grip of gravitation on the Tlierefortrj any a.symrnclrici^ in the motion are of no 

ultimate effect tn flitveng a henvily mdialing syslem from cdltapse. We L-onclude that 
passage of matter to the collapsed slate can be made as inescapable in the case of asym- 
iiicLric infall as in the case of spherically symmetric motion. This |x4nE is suflicieniiy 
impfirtJiut to be spL'lh.d out in Icrms of an idealized experijnent. 

(J) Stitri with a region of empty space. (2) Introduce haryon.>i one by one, (A) Remove 
all heat at eJich sEage of the Jidditinn proi'csq and cat a lyse the syslcm to the end point 
of ihennomjclcar re4it:lions. (4) Slow^ly approach the LliWAV crilicnl point, (« 
1.4 X ± 1fl 15LT cent). fS} Add 1 kg of matter in excess of the limit; thus A = 
Artffct+ A.-!, (h) The s^i-stem undergoes collapse. KjEirCic CJlcrp' is dcvelojKd. Nuclear 
react ions u\.k<i jdacc, EleflmntsgmrEk. and gmviutidnal redial iun and neutTinos stream 
off. (7) Some fraction of the matter is ejected. {S) Catch this matter, (9) Extract it,s 
kinetic energy. (U)) The masa-ener^' of the system, as determined from meitsurcttlcnts 
of the gravitaiiunal attract ion cxierirjr lo tliis moment.irily slatk shell, has dtiTc.taed to 
the Vtdue 

Af,.,,- = M„h*+ 

- M..U. ...I* - - Af,,/. 

(11) The ejected shell of matter, now' stnLie^ is to Ll- lowttretj back onto the system. 
Remove the gravitational potential cntrgv' of lUtriiciion which is set free in the process. 

(12) The net tally of 1 he bary^ous w'hich have hem brought in from outside reinalns a,t tlie 

number A ■ + A.L fid) If additional explosions ocimr, again remove the energy, 

and again have a drop in the mnss-energy of the system, but again see to it that no 
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bEjjrj'oEiiJ iEscaipe io Lhc outiT world. [14) ITiert is no stiite of sLibIc equilibrium of the 
systtm, hL^:ausc .4 > Therefore the m^Ltrutl of ihc sj'Steirl never stops moving* 

.\[orcovtTj iill ouUitrd motion has bt4;n iirranged to be stopped, ™d replaced by inwjkrf 
frttJp .il u net profkt in energy to the stoppmg agent or agency, (15J CnnstfluiLnS ly coliapse 
oi the biiryons Ls kLcsc^ipable. 

Thert is no difference between the ^spherically s>mimeiiic star and Lhesphrriailly syni- 
melrk universe up to this point in the discussion as regards the collapse of the Iwtryons, 
In both cases the descriptive phrase is inmird apjdi Eiut what about the energy'f 

It fti>ws outward in the tiise of the collapsing fit [if* yi*i has no free space tq escape to in 
ihe talk; of the coUitpsing ttnivcffiCr IJr so the tw^o systems seem iti fir^t sight to be diir- 
Ltnguishtd from each other. Soon ihLsdisLinction too fails, Thcaiitemmst j-Kirtides of the 
shrinking fitJir send out the kst photorui, the kiAl gravitational radiation, the last neu- 
Irinos^ which will ever reach a faraway obscr^^er (“hist ray'*; event C in Fig. 21), Yet 
to the star the mometil when ii sends out tlic last ray has- no special significance. The 
mr Sends out further radxntion after this eveilit. The importsmt drcumstajice is this, that 
the *'after-radiation” has no freefi|JaCe 1o ik-e So. It gets caught in the infiidte t^rvaturc 
that dt-vflops uutfiidc ihc star as well as inside. The after-riidialion from the star ex- 
pcritinccfi the same fate he ait of the radiation Citught in the inejcorablc grip of a dedatjng 
Lmiverse. Aucording loctitssicat general rclathdty jin '‘afier-photon/'* like a man running 
dowTi the slope Ejf the bt^ath from a hrt In port, gets caught in diMfitcr, The curvature of 
spin p, like the curvature of an inconung qt'eon wave, cmcs tu a [hundering crest [halckcd 
iine —or ruther hiifchM jspaalike hypemurface— through event E in Pig* 21), The geome¬ 
try itcvclrjps a singularity . This smgularity occura where there is no mattef afi well its 
where baiw'ona are tightly coinpressed. It marks the end of the line for the predicting 
power of unquiuiti^^d general rdath^ty. Here the classical analy^ comes to a halt both 
for tlic contruclmg star and for the collapsiiig universe. 

NEW QUANTUM ASPECTS OP COLLAVSiP 

When we turn from closskal gcumetrodynaiiiics to quantum theory, we have to cotl- 
cludt that the prediction of an inJinite aiTvature for space is wrong. The aftcr-rndiation 
may run into numy a whither and ho%v on its way out. However, these problems arc not 
properly describui by the words ^'infinite curvature/^ 

In sa>'tng thjit a qusmlity phyaiaii as curvature canTiot bci:ome intmite, we are not 
sa> ing that the implosion must ne^^essiirily be asymmetrical. A sjTiunttric collapse, like 
the ^‘head-on" rullbiun sif an electron with a hydrogenic field of force, rmiy lake spednl 
ctsnditif.mfi tu bring about but th«se conditions In prinriplL* can bti satiafitd* If n beam 
of the bcoming electron is clesK:ritftd by a plane wave of energy E, then collisions with 
anguiiir mqmontum f = 1,2,,*,, arc more probable than collisions with / — tl. In co!' 
Ikions with Cnite ongalar momentum: the kinetic energy tif the electron, els calculated 
classically, always reinajiis finite; 

(Moximuni kinetic energy') « £ + [m£*/i{i + 1)J5^J 

X 11 + [1 + , 

” We hciT by .4e#ii tlm targsst af the -ficrit valtscs saocLitctJ with the rriLkml pysintmof the 

sittf. The caiculilbnacf Wrt)^.aflo f^aicil. tm ihc HW E[|iiiiljg(a plate l!i.i.|4Ciile thftt the brseat it*?n value 
jMXuji iit Ihr LHWVV' criticaJ potnti in the "white elwArr"* regfiuc. Thii cascluEicm h apwiJted as corfcct 
in thq ic^t. 'flie Jcrii viJae at the LOV erideal point, in the neiilfoa «tar regime, eatculated te he 
Jwwer in ihe ratio 0,6fi/l ,| V 5). HaTVe^Tr,. the dcLails nf the cqU4iMt>n sf Itt-ale ore Unecrlaiii at 

deniitiei guyv ^ lO^g^cnia^. The LJifaTiimtfi>a ftviinahJe abcFut Ihe rquAtian d 1 state at such compt^iidcins 
is La54]fikient to cidudc cotnpletcEy tine po^hility that ^crit {hOVj ii greater (Kan (LHVVWJ, aji 
BoCed, by Saakvnn (lOCkiJ-andkiy Huyle, Nturlitnr, aaiJ. ^VhEeler |[11364}. In that eventuality thedia- 
cupoltm in the leJCt fa S%KLly more mniplJjcateEl, Tht contained coilapse of Lhc white dwarf Er the firflt fiep 
in btiUdiu^ the core of n neutrun flsr. The mass of the □eutmii star IB (hen augnictiiEd to Lhc paint of 
colbipse by adding further tmrypffl#, Otherwise the iihiiJyiiia In the IeiL pws ihrpngh unchaElfied. 
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As one coiuiders the soflening- of tingular niom&ntuTri on the rnllLslon nf the elec¬ 
tron, sooneotn ijimgine, in of thcr vi^lkphiinK gcmtitrs', d«“prtrlures from ifleality 

which in some ca&tis mi^hl keep the furVEtture from rising to infinite values.“ ilawever, 
wc are concerned with the most aymmetrical h’pe of implosion be<.'iiiise it poses most 
insistently im\ clearly the "iasueof the Ami staU-/' out nf which one uliimately to 
hium somelhinu new aboiil phyukTS. Therefore we note thEit electron lmp:icts with / ^ tS 
frequently ocoir^ and we conclude that symmelrira] collapiM.' elLsq h;LS tjo be accepted as 

E hysicalJy poasiblt. Wt now ejcainiiie tlu^ two ilyimmitml problesint. Jn iKitli east-s we 
lok for the new features which have to do with the quantum of action. 

What saves the eli?ctron from catastrophe in a "head-on" impact upon a roulorab field 
is the qtianttim of action, ml any fault in tJir claissical eak-ulatiori of the kind it cnrrj^v 
within the context of dassical theory. That calculLition would predict sin infinite kinetic 
energy at closest approach in a coLlisfon with t = (L However, the electron will not 
beloi^li^ with the prticision itastjmi»d in the cbssical aimlysis. ilorrtiver, liic^ 
demands a wave piickct nit her than an Infinilc wave Eruin. A wave piu;koL with a spread 
of energies from E = 0 up to E fiFkif/Im will ne^^er be loeiiiUm more closely than 
within the difttaru‘12 


(a = = Bohr rudiits) of the^Engulurit>' at r = EL The sEngularity in the poEentiaJ 

cTcatesnodilliailticsfor the quantum mechanics of the tdccSron. Tbstl iHtriiclc comes out 
lifter the encounter as eastly as it w'ent in. 

As it was inappropriati- to dewier ibc the niotlon of the dciitron i.:lLLssicaily^ pari Ecu lari y 
when it came dose lo the nucleus^ so it is oEit of place to at tribute a determ inisilL- dy¬ 
namic evolution to the ge?ometty in the hnal stages of collapse. (JuunLum mechanics 
provides Its own well-known probablllitic dt^scription for dynamics, i^nc speaks of the 
prubability amplitude 0 for the ulectron tu lx: in a unii; volume ai x at the time L 
in the general case I vrave packet); and for the electron tn i(s ground state at a given time, 

= S cxp(- rUi , 


where N = a normalisation factor. For the Maxwell field in i/j ground state, 

the probability aniplitisde for the divergence-free magnetic field 3 = 3[ x) to have any 

pnvfMi niLttern is 

, rrB<.x)-Siv\d^xtl^y\ 


A similiLr functioniil mathi;matics describes the prof.wibility for the; geometry' to have 
any given character iit sitiy thoaeti limii. One ^pt^aL^ of the prohubilil-y amplitude 
for the J-geometry of the spacclike hyptrsurface under study to bnve this^ that, or ibc 
other form. Tht" probability JtmpIEtude doi-s not dejxnd upon this .Lgeometry^ upon 
lime. Instead, the sTgeomeliy^ itself I'urrics all nf ihc relevant tniormadon about time A* 
But tht geometries Lhat occur with substantiiil probabillly amptifllde ate concluded for 
the mo&t part to he topologtcaSly complex, of a high degree of muJdple connectivity', 
insofar as one can dmw any conclu-sions m this frtjm simple urcler of rsiagnitude 
estiniates of quantum fluctuations in the geometry ! Wheeler 19M&). By reason of these 
topologicaJ eomplicadoTiB the concept of '^Lime'* has new features in quantized general 
relativity to wbii.^h onv is iuh iu'cufitomi;<l in Oat .space physics. In addition, ilierr oemrs 
the sLEind.’krd qinintum-mechanical splitting of ‘^one*^ histoiy into a number of allvmath^c.' 

Fur Lhc devcbpfnefil of SL[iHti.tiiriiie&m the geumetry, ajid thp qiiuslion -of Hhcther these singuInriCLra 
can lie avtiiilei], see T.lf^liltz urtd Khitiithiltdrv ( 19 ^). Wlitetet Ami Pstiroftc 

Qji tliTirt'dJ-meftsitjfiiil geometfv u carrier ol inri^rtnatiflii nhoal ti-nx, HnierJein. }^ht\r\K ftCiO 
WbcfiJer (iVdZI, 
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which ouv is aJresidy femiiiiar frani sjther brajichrs of qmntuni itaticharnics 
f Fcj-nunun This muUifoliJitv iimr^ctcT wf (he hislory (Fig. 22) comss moai 

pronouncedly into evidencu fuHowing a ti.tilc wiien ihe geometry has come dose to be¬ 
coming sirtpJ In r. By anntogj -une ret alls how the scattt^ring of m eliectroji occurs pri- 
marity in imit part uf coordbiale 5p^iCe where the thteraction is strong. 



FiO. 311. —Quiinluin^m6cKjLnica1 Bf^lil of hbtur)' Into Fnurt[Fn[J4t(e Kislufien ca^npi^rcit nnn] 
foF (fll thiu cw wkvn rtltaervBr h oytstde th« sv'siciii areI e) ihc case—iar f?Mim bems undqr- 
sIockI— when Ebe otiacrver li of the SjalcFO. In (ffl An elcttrad rtperiences SCAltcnivg. m a Cotiiamb 

fkeliJ. iLlhririlrutjuri ul EiutcoEnfiadcHis fvuI Uoul^it theobwver bKAUiie tyi staiuls hERl) abuw? 

LhU EnlcroAG^ic physics. Id capilfasl, in Lbc ki^y ideoJued case. (6), the observer in the bus Itvca through 
ciuiEc s <li5ercnt rnitory according ttt, he—and the trus—are asidciated with the branch ef the wuve (unc- 
ticrti going to the kit or the one Acting to the right. SiiuiUErly, in (r) the hsiA'cr filmacrip simvm the g^metry 
of a eihse^ uqivnrBC ccilinpung ta a ccuafliijcm nf noiLr UDgulariLy, faLUming which thcmuc many aliemu- 
tive hiatorifi of ccunpurable prohatwbty a-mplitude fw the devcififjiiirerit of the gei’jmetry. Any ohicfweF 
is nece?isarl ty locBted vnihin the system. H e Is aware of only one of these histories- 

0B5TACLKS TO DEFmTh.G AND APPLYING THE TAW OF CGNSEUVATION OF KAHTONS 

new chametesrof tEmt^ in qtucnUim gtr^jmctralynamics mtikes it difTicitU lo tltdinc^ 
any law of conservaiion of baryonSp and doubtful whether the conservation taW' has any 
ineaniog^ in the phcnomenoti of graviuitionAl collapae. At the center of any applisiAtion 
of A cotist-r^’iiLtici'n law sits a "'pillbojc.” lu top And l>otiom are spnedike hypersurfiictTS, 
One integrates over each hypersurface to gel the vaine of the conserved ouantiLy at two 
times. The different^ between the two valuts is gi vt-n by the net ontward flow^ an inLcgrftl 
the S3tk^ of the pillboK. The appheadon of this line of ri^ajjoning to the prtisent type 
of probiem is blocked by three obstacteSp Firsts the topKjIcgy altowablc for the spaceilke 
h\persurfiLce is forced to change as Lime goes on even in cerlain tleraentniy problems of 
cliissical general pdaltvity wherc^onc can fallow the dynamics of the geometry in all detail 
(the iLtu verse of Taub |Tauh [ 195 l)j Mistier (1963)] and I he Rctssner'Nordstrom georae- 
try' [Graves and Brill (1960)])^ In such instiinces tht cunatruellaTi of a gEobal pillbox 
cannot be CArried through to completion. Set ondp at the quantum level of analysis of ihv. 
geometry the typical topoSog)' is cakuiated to be complex down to a scale of edmensions 
of the order of 'iCh’“* Such a topology fniike^ difflculLies lor the couatnjetion of even a 
very amall pillbox. Therefore the 4ipp][cation of the conservaiion Ittw w'ould to be 
prabJematical even at the tnicroscopLc leVeL Finally, the muldfotiate character of the 
history uf the geometry folio wing collapse {Tig, 22) poses its own dllUcullEi^ for detininig 
what one mi^ms by baryon conscrviition. 

thle does not know' how' to define barv’on conservaiion in grn\'ilAtional colbapse. Still 
less dois one know how to use Any such iden under eonditbni^ wliere the fcilliip*^iug rrgion 
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OS^WTrATfCm theory and gr^avitational collapse 


lose? Itff cAUfUil donuicl wilh the otilddc. To bv uiidbic to use this tdcia of ton^rvation 
nt^vcrtht’kss pos^s no obstack lo speaking of the disuppmmncs of barv'ons in the process 
of collapse, regardless of the formal applicability qt mapplkability of conservation to 
these particles. Furthermore^ am diiii\ with the dl^ppeanmce of baiyoiis into the final 
state of collapse whether or not all of their mass is radiated away^ whether or not some 
black center of attracDon remaUns^ and whetber or not it is possible to put untimited 
numbers of baryons into a volume of space which is as finite by Kuttidcan 

slandards. 

What, then, can we say about the process of dL^P^ronce of boiyons, and about the 
timc-rc\^'rsed procLrss of afjf)camncc of barytins mit of darkness? 

When the nlnriber of barx^ona is greater than the sy'Stem will CoUapae without out¬ 
side assistance, Whvix the number of baiy^ons is less than 4orit (but greater than A 
^md when the ay stem is in one of the stable coniigumtiana of equilibrium, then activ^aUon 
energy- can be supplied to trigger the coUitpse (see discussion In chap. xiLij illLLstmtlve 
numbers in Table one scheme of initiation illustrated in Fig, Iti) er; 

Teieorem 41; The sysie-isi con /i^npicf mEckankally dirtfugh tbt ttfllapsc btirrief end 

uttdergo e&lhps£. 


UAlLBJxn FElsrpLTkATlOS JKjfc A ^ Aa\M 

Three methods sugg^t themselves for analyzing the decay constant for spontaneous 
collapse. The hrat two am be seen to lead to gross overestimatea of the time required* 
The third is more reasonable physieftlly but also si^ost impossible to put numbers to. 
Figure 23 treats spontaneous collapse aa a tollectiw phenomenon. The system is eti- 
viaagEd as Lmdergoing a collective breathing mode. What is the prubabilitj' per second 
lhat the degree of freedom a^odated with this mode will penetmte the coJiip&e barrier? 
We follow the Gamow theory of radioactive decay and the thcoty^ of spontaneous fission, 
and write 


T 1/1 


^Characteristic 
^ Lime of vibration ^ 


exp (21) * 


{Ml} 


Here the fjamow barrier integral I has in the case of a single particle the wdl-known 
fonn 

21 - ( 4 /A) f (w/ 2 )^[F(x) - . tM) 

dhnrt\vt 

In the caw af o. lystem conUuning a iiumnber of particles, such us % fissile nucleus, one 
ittltcKluces u collective ddomintiDn ptirumeter a ;ntd reptaces by 

[ ^ (mJ2) (d.ti/do.y ] d B. ( 

In the present instance we take aa the parameter a the radius of the configuratbn. We 
ideal!jce ii as of uniform densiityT atul pneserving uniform density during the breathing 
mckler 

dr — {r/R)dR - uasi 

A simple integration snfiicciS to c'V'aJuate eKprcssiou f 36 J) in terms uf the mass of the 
System. The result of the calofiation can be written to a sufficient appro^mation in the 
form 


Ts/i'- If)-* sec exp {4y/«) (3A/^uji7ia)^/(Mi^* - dR . £jw 




ClL\VTrATIf)NAL COLLAPSE—TO WHAT> US 

Here thf roujih of the order of miigiiitudt: of the brnthing period has been 

Uikcn from the ciim«Ti*iioii5 of n neutron irt 4 ir: 

(Period) ZR/(V^\iKiiy ^lund) ~ (10" oii)/(3 X nn/Ke] ^ sec . -tafiTi 


Alflo (IfIT* ^ is the mass-oierg^’ required to dcfonti the system to the radius 

if from the cquilibritmi dimension. 



Tbc rtHM^ of tttcitidii cnvisigcd it shown in thn nt the kiwer ri^t; thv hiurkr t 9 be pesetniiad &p^ 
in th^ £rft|^h nl v^oictEi ihE R of ths eEiii%uj^lL[ub. Fat A < dwkiily 

caliniklHi cue qI tho oinfijpiration at thc^ point oi pjWM#e tbo top erf the bArneT i» iitillU (< 1 D"“ 

cni) fi 3 r cio&fiitAl conaiderAtiuns to be appccBblr. The r lwiairmliy cstiiiuit«i vahic of log ?‘i/-tn tins region 
ii Qiarkcd A ElAAb«d t£nf! b^uiK it Iuia no rskvanot \<i.'hstsi:ievcr tb s pntj^atii-qiinnluin cdmLLtion of 
the {^Uapsc^bAbtlity in this Tcgime. The CMi*idcrfttin™ in thf tMt indkftt« th*r the LUetime against 
sravitatlomif cnikpse-^frwever Inng it id—is liix shartcF than indioLtod in the major portion of thia curve. 
It is fanEAftticALly^ mtm ihfEctjU an ent£fi;_system tif ■sln^entlcai sixe (but v\ih A < A Id tinrnd 
through thr bonier ill togrthrr thiui for o limlled number of bani'ons toi^tkcT tn gn thfuug^ a limited 
borrieTi 


llie aDii-vTLiiiahtii|g lemis of lowest order m the exp^^ion of Mr* Hbatlf thif puiut of 
inflection at .1 = -imt, ^ lire 

A) = M^,*+U3*M*/9S^UJl! - + i3M*/&AUdA - 4^,) 

liSti 

+(i>‘MydAdR)^,{A - . 


A ai^Ie investigation on Lh.e fouadatioa of thia expunaian gives for the barrier peaetra- 

Uon inti^ral of cxpreasiuii (366) near A = *4„i, a resoU proporlional to 

thus. 


togiB ~ “4 + coDBt (,4crit — • 


tS4«) 
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GRA\TrATTON HTKORY AND GRAVITATtOXAL COLLAPSK 


HARFTF-lt PFINT.TfLXnOK FOR J <<< HTJT .1 > 

In tliB apposiip lifTiitidg tiiSt of snmll --1 we make use of the barrier illisstrtued in 
Figure 14- Ako we note that the aystem h highly relativistic as it tniveraca the bamer. 
'rherKfore wc estimate m^■slneT^^llm, not from the Bouare root of the energy, buL froTii the 
enerj^' itself. The Ixirrier p<:netrjttion integral is of She order 

I Barrier height) (Barrier width) ^ .1“'^ , iitoi 

iintl the IFfetime agarrkst siwntaneous collapse U of 1he order 

Tiii - (10^^^ or 10-='^ sec) exp (-hA , rjiis 

where k is a nUitiericsU con^uint not difTerent from unity by more than one or two orders 
f]f magnitude. 

The qualitative course of the hnlf-lifc as a fimciion of .1 is shown in Ftjjure 2-2. I i hm 
to be cniphasiased that the calculation (J7I) has not the slightest status in the rfomain 
.4 < (some Ions; set Table 1<») becatisc 1 here the claxsicaUy cjikulated hjsc of the 

Cfjlla|>sing system is less than a Cumplon ■wavelengthI 

( inly the briefest look at Figure 23 is required to s^e that it is far easier in getting 
sonie haryons to collapiit to pUi^h only fi small fraction, *af the baryona through the po¬ 
tential barrier; not lo try to implode the wholis On this second basiscif estimation 

wc takt for Tiyi the range of .] v[Llues the magnitude which ts alienlated. 

to have for .1* .-limiLuttuo—the Inwesi Fi^ w’here any classical calciiliLtion h«iscd an the 
idea of a barrier makes any sense. 

AN ELKitENTAaY-PARTICT.R TRANSFOEWATTON 

A third, still more reasiinabte, basis far .inaU'sis offets itself. Kecogniisp from the sleep 
Llowmward slope of the chissiatl curve for Tifi near .1 = that regardless of (k- 

tiiiU It will lie sinipler for a small nunthcr of eltnientarv panicles than for a large num¬ 
ber to go over to ihc collapsed stair, fhi this b.uiia tvfogtiLKc that one hrts to deal with 
what is’ really a hot dfrmtrfiii^ry-pariidt iransfiftmafum. 

(Jne atn coinpare one's state of ignomnee about the detaik of this process with what 
one might have been ahlr to say about tiutlcar pbvTsicfi in 1^15 from a liquid-drop mode! 
ID the absence of liny infomial inn iibout the specificities of nuclcaf inletturtions. From 
such a model one woiJd hiivc calc whited I be ene^^ K required to remove a piece of mass 
number A-1 from a nuckus of n:i.iss 7ll. One watild haw obtained a smooth euriT 
for il as a fujictlon of 4-4, rising rapidly with AA . From this oirvt one would have con¬ 
cluded—wrongly—1 hat It is far easier to remove a neutron or proton from the nudtus 
than to take out an alpha-particle. TFjc nrsuftji Hi higher values of 4.4 would have been 
more reasonable. Ti would be quite WToJig to conclude from Figure 22 that spimia-neous 
eollnpse iissotliitcd with the disappearance of one baryon necessivrily goes much fa^tter 
I him spontaneous collapse assodailcd with the shnultaneous disappeamnee of two or four 
or some olher itHtdesE and very Spsecific number of ban^ons. One will require more guid¬ 
ance from the wiirld of elenientary'-partkle physics before one can resch any caniiuskins 
un this proinl. In the absence u( such guidance, denote by N the nunibcr of bary^otift for 
w^hich the ^“'group disiippcarance ratc^' is \hc fastest of alL 

We arc led to envisage: a process in which .V haryons sjMmtaneously <lisujii)eiiT ■with, 
perhaps^ ihe simullafirous rrUrasc of energv' in the form of radiation. Ccmvcrsidy, gTatiUrcl 
a region of space of high curvalure, one must expect—aci-ordlng to the prindple of mi- 
c:roscqjic revcrsibiiily—a process in which N baryons appear US a group oul of empty 
space- 


nRAVlTATlON.VL COLLAPST:—TO IV HAT? 
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BA£VUN AXP THT. Efiiia (3F MATtKJt 

Vq fix idcn3^ ndopl 16 as a highly arbitral^' Qgiire fE>f tilt uptinkum cluatL-r sissc, iV, for 
app^samnL’f: ur disappe^LniJice <ii biirycjna in m^mK Lei ulhvr b.irj'onE. he preaeni In ihr 
sojkie regtfjii at spacer Thtv will irifiueni^e iht Jkpptrarance itsid disapjxii-irrLnce mlcs, accord¬ 
ing lo jilancbrd argumtnis of slailsiical mechanics such as ct>me Into the tompiirison of 
spofiitanFDii^ rniissiun rmd induced emiBsion. Thercfijre ii mt-Thmikm cxista by which ihe 
iniiial presence of baryons in a neiRhborhood will influence the proluibility for 

acldilional Id appear in that neighborhoodH In partiu'ulriir, onv ain envEsagt' the 

case where the new ban'ons preferoilhUiy appeftf with the flame ^gn of baryon number 
os those nlready present fmatter versus ftnlimatter). In this case one wiil Ih! confrcintcd 
with on diitdca.t£L|ytic chanicUi^ of the process id which matter cojneg inio evidence. It 
will favor iht iipptaonce of more particles of the same kind in ihcsame neighborhood. 
In this conntvtLqn one call? to mind thv characlerof the spiral molecule of DNA. which 
’M* to it that new DKA molecules are created with the same chiraJity, Tile deep puKaii: 
prsented by the appiirently one-sided character qf mailer in nature ^'oiM thus possci^ 
a posiilbk spluilon, 

OBSERVABLE AT J30RMAL DfcS’SlTV? 

It 15 quite conceivable that aiionumeous CdllaTise occunfl in naltire and yei that it wHI 
never tic pl^servcd ,it den&illes short of say ^10^’ §r/on^ One has statjched for the spon* 
tanoous ex]ibsion of protons (Kernes imcl Oiamali qr their flii^ippearance (backeit* 
stoss, Frauenftilder, Hyams, Koater^ and Marin 1*^60) whh nu flucce^. J'raijiifdder has 
Scl a lower liiiut ui years for any pn>cess w-hitJi results in the dJsappEiaraiicc of 

protons. Lf the liftlinie of a baryon against collapse in ordinary matter is 10**^years, there 
couid be noconiiicL with the observations. In Kutherfijirfrs day il was irslonishing thal a 
nucleus like U, c^intalning particles moving back imd forth over a distance cm 

nl a substantial f met ion of iht speed of It^t^ should have a half-life as long as^lU* 
years. Today ime knows averwhai a fniitastic raoge of powers of !t5 the Gamow penetrst- 
tJon factor can make decay rates var^-. 

Rutherford (p. 5) describes his search lo see if oil mutter might be radioariive in 
iht^ words: is natural lo ask w^hether ordinary' rnntter pKissesses this jjrqperty [oF 

radioactivity] to an ap|)redable esleiiL . , , a definite Belt km tn I of the quest ion is ex- 
jjeriTuetimUy ven.* dlfficull,’" 

The pilnciplcs of retatlvity, applied to the phunomenan of gravitaLbanal culkipsc, leave 
nu cwident escape from the following conclusion: Al! matter niust maitifesl, however 
weakly, a new farm of radioiiirti^'ily. 'ITiis radioaclfvitv is associated with a new imd 
previously UnrcCogtibcd process in elementsr^“-particlc phj-sics^ the sponlaneouscolhipse 
of bary^ons singly or in groups of a characteristic fiivqred sii'e, 
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NUMERICAL INTEGRATION OF THE 
GENERAL-RELATIVITT' EQUATION OF 
m'DROSTATiC EQUILIBRIUMr 
aftpendixA METHODS AND RESULTS 


ITic firit numcncal kncegrattonii wiire made by one of ui {M. W.) in 1^57 fur forEy-inyr ^lura 
of the octiUraJ deinsity, (For the rc^ultfr of inti:frAdoiifi, •iee ilarrlsDn^ WdtanOp und 

>MirclcT [I9S3],) The Sedzwmr^^icditlid radlfti coardiflatjc f was sorusd off Into inMfvaJj Ar at poinis 
fjt. The dcBstly whs taken os die primary quantity. The secopdmy qUiintTticft p and dp/d^ 
Mcded in the IXlV ^enetal-rdatlvity equatiun ( 11 ) of hydrei&Lalic {equilibrium were evaluated 
from The analytic cxpresskuis for the equation of stfttCp as listed hett in cliaptpf he, Frotn a knowh 
edge of the key quantities fit, pk a 4 id {dp/dp)h nt tbo poinc it the values of the opprofirtat? qtion- 
tkies It the point Ar were obtained by MiJne'^ centered method of numerica] iutr- 

gtaiionJ preliminary valued for the bicreraents, Labeled with a aubscfipt ti, were first calculaletl 
for I he ntu' Kone: 

-ipvfI/I,. = (from cq, [IIJL 'AiJ 

Awa+vi,. ■ (iim/dryt^r (from eq, [ 81 ), i«) 

A.tA+i,ri,fl = (from pq. (9]). 

FjnMn these Increments prdiniiriary values of the quantittes ikcmsrlvcs (indicated by a super¬ 
script f) were tkbtained at the new point: 

PLj.jt * Pk + Apj; fi, 


(A4] 

-ii+it “ -41 + A^-lr+i/Oi ■ t 
puit = +i) * 

From these preliminary values at one cakiijated valuea (indicated with a nub^crlpt /») fi>r 
the incmueuls tn the siame aonc it —+1 + U via equations of the farm 

-ip+H-t'S, ^ 

Fmal vatuw For the quantities at the point ^* 4.1 were then obtained from equations of the form 
Pt+l = P.1 + IfApt+iy^ a + 

The calculation proceeded thw svay^ oa indicaied mim fully m Futures 24 and 25. The nuicbine 
! llfserilHol In niftny tensiiee< lApidua (lM2)p 
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Ftd. 24. —Flow cluigFain fur numcriEinl integraiicNi of gcncml-rcSiLtivit y «|LLfttiaiis of h^'droitatic erru] IHh 
lium, ia bttmd outline. mcmury ci&LL UiaK CA)PiUiln» the AyffllKil k it let tiL. Iht tliirL uf Hue cmti^Wiicrii 
al A H ThU^ an indlcatlan tu brojiiJ] la tlx rip^llL (in aimvAJ tl thtpopnt pl dlvlp^ldn ipf Lhr t^lmln- 
liaDn oAd tu Bct ir * On rclurn to tbii br^ch poiDl In [i»= takuLttiua, symbol h « IclU iht 
mpuihsne to pm««d vertIcpUJy dowruiiucl h the dow Md to clmuftt If back ia eltc vuIeic -jhl^ 

Shlkca thf cKEtstty drops brHi^ the namuil density uf the ncmiiLLninte instriKtlji^n waflU EJtUt the 
point been p&tiefl where the pi^ttutre vanishes, and the rtiiAinc Hapi the calcukiion. 









































APFEKDIX 


151 


*15 wSitti it ihc fhvint ^a+i tJit! o>mputtrt1 prcgsyir wfiis ntgadvei indicarting th^t ihc 

surface of the configureEion tay *J1- apprcipfiately interpolated paint f = R bdlwei?n r* and 
r*+i. Tht intiirvaJ Ar wa* dioion ao lhat this entaff s'slut of k lay bet.w43fin liW and 200. xVo al- 
tctnpl w-as iTiiuic La fts a chock the akernative pspresisinn for the mftsa-eTiLTgy givTit by 
Tolman * 

A/* = 4t/(p* + 

Tablea At, A2. and A^l present in number (onn die cc|uililfriuni tnil rtkdiufl and 
tuber rekvTtnt parameters iig obliiinf?d in the 19*4 intcgnaliom? of Harrison, They tluphOtLe 
within the limits ol error of a few |}er cent the resitlla oblainird by Wikunta in 1957 by the 
meLhiKk fuaL dcficrtbod. In oampUllng these talilEp, Hairison fed the cquatian of state mio 
the ccHnpLiteir hi Lhe form of a Ihl oi 72. values tntiabgau^ to the Table 13 of primaiy valuc^n 
and obtained from I hat table by Rraphical inteTpolatian)p while In bb 1957 coinpu rations 
WaJ^ano u$rt} the eqiUatian of itate in die fonn of equations (25fl}-(26l}. 



Fio, 21.—Pkltma thenpprrjpii*i€ iwiabtLcal cipnsMion Jot asa funclkm of dEb^ly oat of the 

ffyfral formiiUc: given in clwn, st for imrimia iki^ty repmes. Tho prwent iliigmm out whal b 
iwmt by the initrucliuri tMai^'Cotnpije in kif?. 24^ 

Tablu- A1 eitend.-! fhim a ccntntl demity of k> g/cni^ up to 10* ^/cm\ thus tnt,TJm(iawfiiiiif tbc 
LHliVW uritiea] i>oint. 

Table .\2 cjctenife fn^m 10^ to 3 X UH^* g/etn*, Uirough the mm whrff eketronft are Iwing 
afu. 4 hcd onto nudd and (brcsiiyh ibc HVVW crilical point where the system Is nwrly n neutron 
itjLT and hiL^ become stiff. Fn^m tbc last two ctilumnsonc cam read the gkibal pocking fraction 
for the sysfem ai a whole and also the dleclli-e packing f race ion per n44^ partide. Compare 
with the t per ceni range nf packing fntcli^ns In atomic ntideil 

Table A3 Includes central tlcnrftfa mnging fcoEii 3 X W* !□ t0“ llie star is fmw well 

into the ncLJtEt?ii-. 5 lar region; new criticid points become ev^dcnt^ as shonn pictorkilly In Figiiw 
5-7,1'be psnven^ce of the various quantities to enustant values is quite apparent in ihk tabic. 
The maximum Iosb of b (lindiug is 2.5 per ccpt (row 3). 

The rcsulU listed in Tables AI-A3 arc suturaariKcd {u graphical form in Figures S-7, 

There is no aitempt at any covemgt of lowbaryan numbers (A < 3 X 10“^ i^ec Table tfi) 
in these tables beenuse it IS sr* much Muier to determine (he propertiefl of the configunitions for 

* The eijuivalcikcc ii> the A/^ =■ of eq, (5J h ahowi], e^j^, by UikIrh und lAfaMti (I93I), 

p. 322. 





















TABLE A1 


EOUlLtakniM CoXFIfitflUTTOSS Of Coun, CATALV^IUn MATTEk i'tMl 
m tT TO 10' u/em* fB. K. H. ANJi M. W.)* 


^l‘|E/irm*li 


Aawl 




i.aaixiOt.. ..H.. 

s.ys7xicrr 

3 |f36Xlfi’ 

&.9S7XJ0"* 

1 0000 

t m)o 

I.SSIXIO- 

L27JX10-* 

7 024X10* 

lj73xlir* 

LUfflJO 

1 tiooo 

2.mxin. .. .. 

v.owxnr* 

i.ownin' 

7 066X10^ 

1.011)0 

1 (1000 

9.918X10. . . 

3.6SSX10^ 

1.41UX10< 

3.665X10"^ 

1 0000 

1 .moo 

J.126X10‘ .H. .. 

t S7JXIO~' 

1 

1 573XIO-* 

1 .r.Hioo 

i.dOoo 

1 CTOXICH.,. 

S.#72XtO 

1 rioxio' 

5.373Xir" 

i oooo 

1 0000 

^.3309X1(1^.. 

X mx[Q^ 

1 r7!tKTfJ' 

1 672X10-^ 

1 .OTKITJ 

] imo 

9.9&3X 10^ ...... 

4 SfiSXTCr* 

1 740XW 

4 ,‘>63X10^ 

1 oooo 

1 0000 

Ji.lt7XIO'. 

y.8<J8XIO’^ 

1 «]«XUJ< 

y SOHXIO-* 

) .EXJUU 

i.finoo 

y 9«,ixm H. ' 

M L96I 

1 442X)0' 

0 1064 

‘ 3 0000 

1 0000 

3 228XSO*- ‘ 

n.w.t 

1 Z44Xtrj^ 

0 ms 

i.nooo 

1 0000 

y.98Jxitf. 

0.6730 

1 07(tXlf)' 

0 6730 j 

l.nKiu 

<j 9wy 


law 

9 onoxtcp 

1 0310 

0 

0.<7PW 

y 9183X10^.. . 

1.3^35 

J.ZSOXlO' 

J ^38 

0 imi!. 


,L0e?xiOT 

1.^74 

3 

1.6279 

0 W97 

o.wn 

a.yR3xltF 

t 7218 

4 «i0X10" 

i.ms 

0 9*796 

O.WXi 

3 ^ X10* .. 

1 7«6 

J S2JX 1H‘ 

t 7476 

0 W>4 

0,99*15 


1. e89ji 

I.WSX 10’ 

1 

own 



■-Tlw .hXMJtr^ QttwitJtlci rerKHUl itumu Ja [t«n4Wtd^ uoJta; AI*[L-n^ - * fD.Tl] ^ Lir4* bn^rkJif. wiiih 

ifi^ M. I mi X eirw }mh Mq* ^ l.m km.YhB pi. - L.A^X ^ llle fuu ip hen 

M pM ht&lulMip Bain; ^ 3 -HI X ID^ tm. TIiik tlie bfcqpTiai nnmbir M 'be nlilwlHij iUnvilJF ffW c«laT11B * r'‘TO»i 

Iwiiart uaEtully' J. Sat cut>' T-^TiJ Ear nilojinlDta.. 


TABLE A1 

L{)ir|14BR|UM CONTEGUJlA'nON'S OF C«ari, CAT.4LYS5EI1 AlAn'ER 
FCIK yfam IO^Ti;? lO^+g/cm* (fl> R. H. A^sls SI. W.) 




mm) 

Aitt* ikm) 



3 aiyxio*.-._ 

t sm 

] 980XIO* 

1 59IJ 

0 *im 

0.9992 

9 983X10 * .. 

1 4943 

1.428X10* 

I.496S 

.ms 

,9990 

3-153X10"*. - 

1 4044 

1.034X1CM 

1.4072 

.^9m 

.9986 

9983X10^ ,, 

1 1534 

T.yc^ixiP' 

1 1356 

.9974 

,9984 

3.206X1CH" 

1-0858 

1 0 SfiftXIO' 

1 0890 

.9970 

.9984 

9 983X10*^ 

0.9978 

1 6 872X10* 

0 990 7 

( Wl 

9986 

3 143X10’* 

0 OlSl 

j 8 252XJ(f 

0 9105 

.9974 


6.243Xli>*. . 

0 9761 

1 i.i^yxJo' 

o.mn 

.9978 

.9992 

9 983Xltf" 

0 8242 

1 413X]ni 

0 8257 

m2 

*wy4 

1 314X10'* . 

0.7641 

1.91&X 10' 

0 7652 

1 .9986 

9996 

t-77$XIO'*^ .. . . , . 

0.57S9 

2.897X10* 

0.5794 

.99J19 

.9998 

2 176X10'- ._.. 

0 2?977 

L146X10* 

0 2981 

99B7 

.9998 

2 617X10*= 

P.1598 

3 mx HT 

0 2602 

.9987 

.m2 

3.211X10» . 

0.2648 

I S63XJCF 

0-2652 

.9986 

.9983 

6,446X10^* 

0.3300 ; 

5 172X10 

D 3307 

.9979 

.9936 

0.993X10“ 

0 390a 

3.617X10 

0.3920 

.9970 

.9891 

E 703X(0'^ .._ 

0.48J>1 

2 631X10 

0 4875 

9952 

9814 

3.129X10'*. 

0 6039 

2 058X10 

0 6087 

0 9922 

0 9702 
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AniAli J by KnflJytEc thti prtssure Li low t'noUKli $0 that the deiuiity h practically caa- 

siant. Under these conditions the cqtiijibriiird configuration has the foUoA^ing elemcntiiry 
pix^xTiits: 

p{r) = « 7.8S g,.'cm’ (Fe^)j 


M = (iva)j»«/f*; 


A = ; 

^r) = (2^/3WiR* - H) : 

- {2rG/S)p,'>IP 

- {fi^/2}(M* Ry. 

f(r) - (Atr^rckmlion of gnivily at r) 

- (4iiC/3)^>ii/ii 

(Rate of tickiflg of clock inBidc) 

« = (Rate ol tilling of 9rtTil« dock far away) 

(^fasa'cnerg}' of free uneoinpreasisl 
_ particte at nest it iside)_ 

™ (Mftss-eoergy, aaine partiele, far away) 

1 + (Newtonian gravitatioiml potcmliil) 

- 1 + (J/Vif)!- 1 + ■ 


TABLE AJ 

EaUD^iaRIUV CONUDCaATtONS (W COLP, CATaLIVJiO M/IITBB mi ^tOlOM 
]()■* TO ](P pt/OD* (M, W. AS ESTE-'inED BV B. K. H.) 


1^ 

U* Am] 

R rkniJ 

Apm* W^} 



9 sasxitH*.. 

ti.SW ' 

1 4HXtO 

l> 8202 

U.9852 

0 «4{)i5 

3 ... 

9T9^ 

1.0CS2X10 

1 WJ6 

0 9763 



9S44 

7.479 

1 0064 

(1.9m 1 

.BSB4 

3 222XW*. . 

.&m 

s.m^ 

0.8429 

0-9965 

.B45S 

M jaisjxio" -- 

.6312 

5 m 

0.6375 

10360 

ftSTH 

3.25^X101^ _ _ 


s.im 

0.5227 

1 0797 



.saa& 

6JM}2 

0 4873 

1. mt^ 

.iA»8 

3J8JXI0" . .- 

.saoft 

6 717 

0,537s 

1,0789 

.«»7 

9«?S^Xl<P 


61IS 

0.5915 


.WJI5 

3.190X10" - r 

M2L 

6.456 

0 0062 

1 0S92 

.K>50 

99S3X10*' 

mi 

6 266 

0,5931 

1.0624 

.OTJ8 

2 0JtKt<F 

.0216 

C.22S 

0.5837 

1 0651 

.8946 


.6 m 

6 213 

0 5793 

1.0663 

,8952 


.6110 

^.m 

0.5717 

1.0687 

.Mf6 

a IflaXlQ^- a.Va 

.6112 

6 327 

Q.S719 

1.0686 

.8982 

1 00X1<F" . . . 

.615 

6.36 

. . u ». . . r . z 

LBI PBVV«r+> 

8961 

Sib- ... ^ . 

0.61T 

i 6-4 

0371 

1 072 

0,896 


■ Da mii« iiic»ini*!(» ■! Bill JnitL *Kauai»lii«l, 




























PO* 

Fiti. £6:.- DcpcTKtoce of and rirnihty »a the Scbwviscluld mdijkJ caordiriAtc r loT of Lhr 44 cuan f»r wlihdl 

elEctmiik: nuchinE i^alrulatians were awk hy M, \\\ Denfitly p in g/cm*^ p \a dyTHa/cm*, f in cill« fii the tax 

cif the mo*t @3(1 feme cenrml rfcrtiriiy the^grajih dwa boI loich fMeiinujsh U^rihow Lhe ohyioyi htmthig vah^ 4l tint ciffl ter. 


li I - » - i - 1 - 1 - L - 1 __ \ _ I _ t _ I_j_ i _I __L _ , 

0 as I so" iQ^ i .s^ia" 

FlOr 27.—The tnEfil tiumbcr of b[ir>'i3ai Qisidc the fjodnt ^'hetc Lhc premHire diw^ In A sfjtdikd vaiiir, P a. fiidcliuti 
of ccntnul d@ci»ty fi 7 > The figure b k&wA qa ihe elKctniEik imfhjiic ci.lnilBii{][id □! id. W* 


JS-iOMO** 


fi 

ic/cu^S 






P *ft 
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Xq s^Jch simple iyittlytic rcfirw^nlalion of oondilioPa Ifisirfe b pojalWc U 3 the E^neriJ mae, 
Iiuiti: 4 iii, me given for a few itelccled CEjufigufulkirbi In Fignrei^ tt4ld ^7r thi^ 

sultt refCT of cmiTTie tu iJw ideal cast* of cold Ftoilcrtataf^'Sied to ttie end pomt of thermonqett^r 
evoLudon. Actually, tiif cAistiintt of a central os high iks IQ^ * K or 10* * K would 

pt^Kliice vety little i:hiuige in the eoJcylaiEd eondi|k>fiA in the intezior. flply near the ikiirface 
would coodittons be cUanged. To analyiM: such a Cflfie one can take over the results d( the 
appropriate one of the present integratiiOTH. <hie can list? thege rcsulU out to a point wbero 
{he dtffiiiLy k low enough for the presiuwe lu begin to make A difterenec, Fnjiti LbeFe out a IH?w^ 
hoi, atmu^phere iaiii lie fittwl on by the appwptiatL- ?aLbsidiiiry numerical tntegratEoLi,* 

refek?:nce» 

Hnnison, B. K,, WaJeano, M., and Wheeler, J, A, in Onzicrac Cnceell \k Phyaf^iue Solvmy, 
Sirtfciitn t^muIniuMt dr £'(Brufu^ls^ Stoops)x 
landau,L. D.,anil lifshtU, K, U. Tft* Thintry ttf (keadiiig, Mmas,: Addi«m^W'e4l<y 

Fulitiftking Cii.). ^ ^ 

Ijwiidu* I-- fytkS D{f[lud hr Cfamkal En^mm LXcw Yerk: McCraw-riiJl tlLKik Ta.)- 

m™j3, R. C. 1930, p^yv. /fffl.. 3S. H?5. ^ . 

Twjruta, S. IW, '‘Ncution Slnr Muriel#,'' un]wt>liiliL‘d Ih.D. theik, ColuEnUa Uiuvraiiy. 

■ TmmiiL hai cakuktihl hot iiruirnn slar modeiik in this manEicr. 


THEORY OF THE ST.\BILITY OF 
EQUILIBRIUM CONFIGURATIONS: 
DERIVATION FROM ENERGY 
CX:>NSIDERATlONS 


MOTIVATION' 

In chapti'f iii we foimd that Lhe time-^yincncLfk lniibJ-X'dtir equation uf gimoml irjativity 
h a sufiicknt h&iii from whidi tu dfrivt &JJ hydwt^tk pruptrtics, wd \h^ ^mi:etlrno geometry, 
of any s^yniTnctTiCp cquUibrium conAgyralioTi dI cold^ catalyieec] uiiilLeir; From iht 

[njuoJ-value cqiuitiDn one obtaiiiB an eKprtifisitJii for tbc total SI*, a con- 

figuralion (Theorttti 2), and by Odtrerni^^ing tliat wbflc holdiTig the total nymber of 

haryouR, Af fbtedr on-a dcrivo thr cquatbn of h^^fro^tatic Equyibrtum (Tli-eortEn 3] xnd the 
ihcorcm of cooslant injoction eneifg>^ (Theorem 4). Once die ccntial preasiifr and cqnjiddiji of 
§tate for a pvtn coD^^mtiun a 4 :is; i^pedJiedp the cqualbn of hycEfiiistatK equyilnTWTn uniquely 
detemumcH the prasure, ibc proper mass detisiiyp anil the bftr^'on detsiity at aJl points in the 
star. The in Etial-value equation then ykJds the space part of the spacetime jpetrlc, and the 
iheorem of con&lant injection entf^' gives the lime fiarl. 

It is of interest to ajdt whetiier one can go evert furLhi^ than iMs wit-botit rrfensneeto the full 
Einstein field cquailoiu of gencml relalivity. On tht: sole busk of the Fourf^ iTiitlal-vaJuc cqua- 
Eion and niiL&5-enGrg>' mnsidcraiions stemming from itp can one determine whethet an equilihri- 
uin eonfigunitimi is stable or unstable against small nuJial iiertqo-hations? And con one eveti ^ 
so far as to preiiict the dynamloit behBvnW of APi ^ILibrium amf^ralbn and of the geometo' 
of spacetime when the fluid k subjected to a small radlui perturbation? ¥es, one cart—with one 
exception: No way has been found to obtain lu^ = of the Schwaj^siichilct metric for non- 
equiiibrium configurations from mOiis-enerKj^ conisidemtions alone. 

The purpose of thU iVppenriijt h la disensa these dynamical issues from tlie mass-energy point 
nf VIEW, and to relate this vEcwpofnt to the full field equation appri^ach of ChuJitlnLtekhar 
(IW) and MUner and Zapofaky (IMI), 

OITLINE Qf TME AKALVUlB 

Before wc enter into- the details of the a.naty'iibi let uis give a g?nerml uatlinc of wimt k to be 
proved. 

VVe BinsitJer a fipliefe of perfect flu id performing radial motk)n near Ita equilibrium coiifigum^ 
lion. Working In the Lagmogian cxnrditmtc^ xi&cd in the prothf o( ntctirem 3, wc calcuiate the 
mass-energy of (he onnflgo ration, il/* 10 order in the [ilapliiceincnt from equilltariuni, 

{(flp t) s 5r(u, The first"Onler ocin-cctwn to the mas^ vanishes iTCcauiie the equmhritJm con- 
liguiatiuri sboul which the espansirin m made tatlrembEcs die tnas?i (Theorem 3); so we ofc left 
with only a spcand-order correcdon: 

\f* ^ Mu* + P* + K* . 
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itw iln* ia tin? niflss»fiu'rfl}' pf the imuilibrium KinfiRurallpti; P* —tht‘'‘potentini'^ cruTljy 
ciaiinF wKH iln- pi^tiuriiition—ia of Thr U>nn 

J n 

*iif1 K* ttic '^kintlic"* Cinergy—SakcNi the fujsii ivr-Bk'fiiiilir form 

/(*= f*J{a]{di/&iydil --HJ) 

\ ^v Tlstorcin B1 hy^ovii'), 

R^giwdless oi the nature oT atty ittitLol *imaJl perturlMnciTi imiw^scd on the configyratinn, the 
rA'Q|-u[boti < 3 if £(ii, i") with time must bu mzh as tu kttjj the lolal muss M* fiittjd —A'^* + P*]s m 
constial o/ fhe nKilkiti. Siaice k positive-^kfiniic, she equalLbrium Goitfiguratann witl he 
\ *jih fr if and oniy if P* w aiw (HisitLve.iloGjLitc (Hit>orem B2). FurthLTinore< if a time rtcj^end- 
fiw oF iiic form £ = |[p} in 4 i 9 SEiim"d fHn^Bihly imaginary"), ihe cimrlitlan A"* + P* = 

oj>n§iarit inkn Jhe ftjnn 

= p-,- f 

ticv Iticoretn li3L Not imLy do wc ha^-e a meduMl for dt&tirtguishmg between itablc aiid unstahte 
confijjuniJinni, hot wr nJso have in equation fB-l) a ractliod for calcutalbg ihe angular fre- 
qtLcncLts (ttr neponenr w-l grpu' tti “ ini') of the normal mode* on£?e ibe spao; dependence 

□f the fljnp] Eludes of Ihost modoi k known r 

Bn£ how can, the s|3adt depcndtncep |{a)p of the normal modes be dcUTmined? tL Lsdetmninerl 
a .4 killsws: Take the kbetic energy mmuH. the potentpal energ>' as. a Lagranguin for ralcularing 
the wave equaliois ihaL goveni^ the evolntjoii of ^bkrory perturbattons £(flp f). In that wave 
equntbn s^KckjLte to sinusoidal Eime drpendenoc and then notice that irqiia tbn. (B4] is a varia¬ 
tional principle frtim which I he hpace parts of ihe mimwl modes as well oj thdr frcfjuencies caii 
lit (TalcLilated—the nonnal mndi's arc ihose displacefiients |{ij) wiiJch eElremizv P* for fixed 
//lu)Fi£ij (Thforeoi E,?), 

This variatiPTial principle (or studying the ncousticai miwfsi of a spherically symmetric can- 
figutaLion oF coUh cAlaly^cd nmEiiT k Ideftticat tii ihe onederiwi ftom the full Finf^tiidi'j equa- 
Ijoii^ by Diaftdrasekhar (I9^i4) and ds&cusped ht chapter viii 

DEtAJtS OF HER AXAI.VSIS—CAIdT LATIOS^ OF THR MASS TO SECOJ^O OKDER 

much For the outline^ mw for th^ dctaitsi CotiskSct a spherlcaUy ByrnmeirLc cimfiguralbn 
o f eold. ctttfllyzc^i ma-ttir cimtidniiig+4 ba ryons and (’xcculmg spherically 5ym met He motioTi 
ntur an w^iiilibrium configurallon* IntrE^dutc Schwaraschilfl cwjrdiualets* 

^/j2 = + f^dr + sin • , 

ai well as tile bar 3 'i>Li number DoordiTiftlc i*(rl = (number of haryoTiis in^ichf a given shell of 
miittcr). Tfliki- a and / a* ludcpendent wiablvs, and describe llie motion of the ffuid by giving 

^ For a proof shat SchwAraschilH coordmales ton he introditced lieqiite ihc ncm-Btalic diameter uf the 
pitililffm r-H., ’riUman p. 239. The Schwancs^hijcl rwikl coordinaUj r, M unii|IJ#ly definwl by 

raiuiring tbe SchwatiathlSiJ line eleSTte-lsE lu cxhilMt sjihcrisniL symrnelrv^ anil by deni|iJiclio[f thal the dr" 
cutnrercoce <if a circle a-Njul niigin be Irr for afl timei I. For ifrtfk cunfigurat^B the time irsnspdinalE 
WM unmuely dtljned by the demand for a fllatlc metric wfiich appnmchta Minkowelti forni at radial 
infinltys imi for Nrajr-ffrtf/r COElftguraticiris, f is Llclincd only op _lo a fufictitm of itself, In ihif 

anaKiui alsAll recEiure timt ^ a' dcfjajt from it* e<]uillbniuni vaSim by an anvount nhly i>f urder 
A#(u 5; this nsquinmienl “lies'' ihe lime Ciwtdiimia Ui that of the equifeibrium COftfijwratiiJaT thereby de^ 
termitiLtig It Up ti? nfdtr Vfiib Theconsiderationa whkh foLtnw are vaUil (nr all SchwaraacMd time co. 
onlinate^ ao defined. 
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GRAVITATION THEORY AND GRAVITATJi INAL COLLAPSE 


the mdliil cuurdinAlti t]uq]]4ux.’mcnt af the flutrl iiLii uh of cpnriitnAte time t (fjwungian 

fortnulaliun}; 

((a, = ar(fl, f) m ria, l) - fflCu, 0 * 

Label the niuiiibriiim values of al] quantiliea by a submipt 0^ tlie firsE ^ors^r oorreetldn^ due to 
the fluid's molian by a subistfipL 1, aud the sccand-ordcr ccrreclJons by a tbubsp-ipt 2 —= 
Pd*W + p]*W + pT"(a)p etc.; and writ toward tht rim] td lUI^jr^-nurdcf quantities 

as linear lunclitin« of { and with coeflkients ct>n¥tTiJC(pd from equilibrium, paiameiets, 

and ait jffcwJ-orcier quantiLieifi as quiLdiatic fnnetbris of 4, and &i/Bi witli equilibrium 

cooflicieDts. Denote derivatives with respect tou by prlmr*^ and detmtivics with re^ct to I by 
(lots: f = ^ Si/dL 

The quantity of grcatesl interest h the maMi-cncTg>^ of the confifiuraLLODp as dd^ed tor In¬ 
stance by par tides urhititts it ai Rrcai fUatances. llii: inaELi k giv'en In term* wf the ''Schwanr- 
sdikld cnnuciion factor’* X by 

C* ™ [l “ 2;nJ (rj/rj nfiiet bE uBtUf^LTkiiiiij * 

'fhe Sdiwaraschihl oorreclicin factor can be calculalcd fmm the initial vmluc equation (Theorem 
Oy The ititriniik scalar curvature nf the hyper^iurfaes? of constanr t, ia 

- 4r-^*(r)/dr m 

(see Theorem 2)^ while [he catTinsIc curvature 

U 

has a vanish LTiE second invaryuit: = 0,' Consequently,, ajj in the stalk casCi, the Initial-value 
equattoii readi^ 

dm*/dr ^ 

For a perfeci duid In .SchwArT^hUd coonlinotes. Tq^* takes the form [to scasnd order in |) 

P^ + (p*+P*)^'ir, 

where p* are the proper densely and pressure of the fluid (density ontl praisure measured 

in a LoRmt^E frame moH,dng with the fluid). Consequently, whan d m taken aa I he independenE 
variable in equa l bn (Bfi), and both sides arc srqmndcd in powers of £+ there tcsulLi 

wia*^ " daTg“p**rp', 

= 4wfDVo1(2 i/H + iWW + Pi*]. I' 

- 4wr,'l(fVra^ + 2 + Q |/y ,+ 

£B131 

W + fP** + 

The jseTO-order equatbn iw pr(scnted in Thton^m 2, and the firyl-rjrdt'r equatSon was derivecl 
(tn fllightiy diflerenr form) and solvu^d In the protif of Theorem d; 

nil* = —rBiaj 

*Thb result lirnnoftslniEefi the very specLal natqjic af ihc Sdiwarascidb dine c<K^llta[e—the i CO- 
ordinAtE lines itn? □rthq^jnal tn ft upare-nllEtllS kmWy dif hypensutfaeei vhh \™iahmB ^eofid extrinaac- 
CUtvaLUre anvarJuEiL 

* to 'HiEurEHL L we used p* to denote the IniAl tnOBa-ellierpy fkn^t}' in the SymzhrnQDiii lucmi Lor-eets 
refcirnce fmine. However, in ihu AppoiElix wc ihall denote tbit i^OMititj- by liiid naervt Ibe i>Tnbot 
tor the pfpp^ rtiats-^er^^ deniity of the fluid. 
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Rrtumbig to vquAtkkn (B1J) wilh this fir-ii-firrifr fciluijnn, w« fitiii 

^ 1 * = + P^)i2 i/rn + r/V) - P^Vfn . ? 8 lt) 

T[ wt only knew /la* in lerini of wc could macrt lit and pt* into equation (B12) Und Intc^tc 
to obtaia tli±: of ih.c cunfi^ra^tlon to :£econd order. 

The ca 5 t»i way to obt^n ifl to first calcolAtc the pfopcf biirydn dciwEty* B(d), Mid lo then 
find p* from a i^ui equation [13). The proper baryon denaily ii 

n f tf 1 * ii(^iiniber of barj'^ona.) 
d(, Pro per volinne) 

^_ rf(NuTnber of baryaiis) _ 

i/C^'oIuiTie in Schwnrzschild coordinatEs) X (Loreiitss conlraclEon factor) 


1 

When eicpanclcd in powers of 4 Ihb equation tiiki;^ the fonti 
tti/n, - -2f/rti — f'/r*' — Vtii — * 

+ 2|l7riiru' + + f^lwj V''* “ + £7''*'l 

—4^|wii Vr» — wii''f/V^]® — eVfts*/fn — Jj . 

By inicrting mpresuon (B1.4) for mi*, anrl empldyine ihp pquaiinn cif hydrof^tAlic cqulllbriutn 
(cq. {II]) and ihc fElaLion* 

n’ - ”2f^i*7[p^* + ft*} . fBi*) 


we miikc these horynn density correct kMi$ read 


iniTi 


Hi 






r,rj' 





( pu* + fu* ) 



i hnv 


fa 


rBlil- 


In the swontl-ordcT csprcRiinn aU fenwj except the next to the last one aft quadrmtk in i and 
its derivatives. Note in paEsing that in terms of the physical vnrnblcs po^, and Ur, equation (B17} 
lakes, the form 


Bv‘h«= {dtii/dpt*)fir^[(d/dft){fi?idpii*/dttt)]. 


The proper liaryon density and the pmticf mass deosiiy are felnifjd by 


os is Been by inlEgta tlng cquatiqu {[3), E^lpohctiiig thk about the equHibriuin cunfi^nttioti, wc 

obtain 

Pl*/ip^* + ^8*) = flt/ffB 

^Thb relatinn tolkiwi frum F«(f]i = -2 fit p(r) + couUnL |2g|)j, and ftt^m {IJ) and (14) 
for the chcrnical iwtentwL ^ 
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Mp** + K) = «:/«(. + . 

wllCfV 

Iniertiun ul rxpru^dwiB (Bl?) and (Blft) for tilt baryitMi dcaiglty comctinns inio eqiiAtbn fB2l) 
givw 

+ |£7r,T 

- + (fl,- + ^u^)(5£*/f,= + 2fr/r„r,' + .na) 

By cqmtjinini^equntkm (BH},and (B12]i wc fitiAlly obtiifn a i'e<ry i4iitL|(l^did^t^iikl 
for the seconttordcr correctiort ty tlic 

+ Pc)/rfrs - 2Tj pn*7ir^^ir®t(^/rfrij)tf(iV*^ 

-{p.^ + ppp*)-Kdi^ydH)h^ + + 0tVu*(p** + ^^3 

+(^* + . 

To put th’C nc|uation in Lhia form wr liuve pcrforittcd the partkl intrpition #hkh kuvea iJju 
IiLiE term; we have the relatbji* 

+ f/ » 8irr(i-r<i''[p«* + ; <Bi4j 

and we have con^'ertt^d U) to-, the rqniiihritim SchwarscKdiild ctx^rdmale^ an the independent 
vaHahle —drtf — ro' di$y 

KqualJon (B23), like its fim-order oounlerpart, equal ion (19) , ui WtWy integrattii its uhtain 
tlie ma&^-energy of the con&guratbn to !«^nd ordtir: 

Theorem Bl; Th^ ittMt mtiSj-f'mrgy a/ a sphcncfti^y symmetric cmfigupffhn 0/ctfid^ caitilysed 
nrai/eTp perfprmmg ntdiai WAfiPW tm ^itibrium emfigmatim ii 

M* = Mtp* + P* + K* * mii} 

Hfre Mp.* £r tkt masi 0 / ibf i^Uibriim tektle F* and K*^ ikf poifniial iini 

kiiuiic enerjfkj rrf ijf d^ptrlurps from tquiiiffriitm, tirp (fei j/rfW wdrr) 

/'• - j 4jr 

+ f « t (4/dm){ tb^C ]^rir^d rn 

“'U 

+ ( pb* + ) r,^edm 

^ p,* + jj,* }-^dp^f/dm)^riedm 

= It ( I ~ 2 Afo*/«n) j O - Mil + i) - IV [, 

> Thij MIowd rrom eqa. {6), {&’h Cn}i {B14). 


(asA) 
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1m I + Jj, jfld [V arr iJPCrt. in rqwiiwn {117); and 

A * = iirjVi/'jT p** + ) rvH*iiri> 

r a. t“iT' 

-2t/ (I - + 

X [ JHu(0)/rfp9^(0)J t*re*Jrg * 

CrMwpnrrpi/j; A*irJp imm rh<? irivipJ jnulUplicaEivtr oan&tant U [lu-clsdy ih^ right- 

haTid !l[<c|e of ChBLndrsjekhar^E vormtkinaJ prlndplir* for thi* actiustkaJ modnof thi.'ci3n%unltkinT 
iiuJ K* diflfi^rs from Cl;iandr^!«!lLhiLr'& Icft-hund §ldc by ihn feanse factor 211^®*^ and by fhc 
rcptacrmcnt ThI^5^ wc w wtlE on our w^lv toward i4 derivalion of hi$ vanaLionaJ prin* 

cifAe from coniideratloTia alone. 

r^ECESSAKV Atny laOfFlCJEKT uokhotos POfi stAKtLirv 

Becauire tbe ol tbc condj^i^ktA L« a ^ruitaAE of itj motion tlli4n¥ caTirtol caist 

in^vitational monopolc radtalion), A"* + ia independent of timn. But K* ja pejatlivei-diilinitE.'^ 
inmAsing as the square of the velocity of the fluid; and increfiees in absolute magnitude mlh 
the square of the liiBfdikccnient of the flutd from cqiiibhriuni. Coji;^uenLl>% the equilibriunt coU- 
nguraTton isfttable if and cmly if it corresponds to a (kund) minimUTir of ihe polenlial eneiEr:^ 

XitEoamt B2: n e^uili^ium amfi^f^nFulmn /eJr tt jph^t &/ caialyicd rnttiicr tf jfrjfifc ngtiimi 

rmiUjl df/^rmoHoni if and tmiy if ihr^ f^prrsswn iBM) /nr fAr pttkniiai catr^ is a poikive- 

deiiTiile Jf^undi^nol d/ {. 


OJf mn(?3f ASSJJ Mt?JtKAL 

If wc aMume a sinuiioidid (or espcinentbjj thne dcptnidciicc, £(ti* tj" the 

constancy oi K* + P* tells us 

nr = [B27] for A'* mth rc*plttc<jd hy f), i®2ii 

lliU gives US a mslbod for calculating the frequendcs of st&bEc radial Jind the tali=& of 

gttnvth of UEUtabk modn from a knowledge of (lie radial dependence of their amplitudcf;, ffu). 
But iiow does one deicmsinc that radial dtpendenpt? The answer k provided by I'heorcm B3: 

Theoroi B3: TAe rterirtdf rddidi tnodis nf i:^€L(m v^raiion of n sphffP of sM, ^nioiysid ntaiU^r 
ffcre gfv^n fiy f(a* t) = fta) ^hre ffn) is any/ufarlmie 'ofkirk rmikes 

P* 

ill* =-----, IB3W 

(expression [B 27 ] for K* with | repbred hy |) 

^Mlitmaryi find mbr?c iitt ttirr^sfwmlitig aonntki fFH^mHiy^ is iAr rM vj /Ac slalumisry 

^rfse of fxprrssioH {37!^}. 

t ffFifnarw/? This k precisely the •i.miattojial prinoffle of ChajidrafcekhaT (1^64) and Misner 
and Zapolsky (1^64) which was diseusecfl in chapter vii (eq, [Ufij), 

Proof: To obtain this variational pnneipJe from equariona (B25)r (B16), and (B27) for the 
ma^energy, we must first use the tnafs^caergy to deH^^ the dynamical equation governing 
4 rbilriiry radial mottoti. Ah of otir cjtprrknci: with 5 iriaJ|r<]fi(dllaUori preibkim in tliisitcal mechan¬ 
ics urges 111 Eo take the kinetk emijsy minas the potential encrg>% K* — P*, as a I^pangbn 

" eban^ra^khar (IVMh eq. tat aiso chap. vK of this paperj especudly eqs. {IH) and (117}, 

^ Cocke h.iM tndepeEiiicntJy derived this in^idt- 



tGl 
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for the eqtuition of raolion. HowcvtirH our prohiuti anwe within tiiD {nknirwotlc of gntiPTiU tHa- 
tivity, not dojuicaJ mEchanida, so tn tie nhsoliibcly lif the vft] 3 <iity of K* ^ P* as a 

^criild gp bMick lo ih? fiist priT>dpls of relativity. Rather than doinj^^ hcre^ 
W7 shall simply n^te that the Euit=r-La£raiii;e equadnii arising from 


lfi> mdccft, idendertJ to the equation of moLkm tlcrived from the fuU Elnstdn fidfJ cqua-tkitts by 
Chandrasekhar (l%4, eqa. [% [10}, Ill|, [UJ). 

The equalion governing arbitrary radial motcoti near eq^dibriun] ia thus 


- 4*) r^l . (iJoj 

VC 


If afamisoiiiai time depemteuev is assumed, the e3eim™lui: equation for iJw; sunplitude |[d) iltEiJ] 
brcomvfi 


i£l 


+ tif*’ fit,*+pti*} r»*f , 




and i^uation (B29) h the bash of n variatbiial tifinciple for this eigenvalue equalicni- QJLD. 

This mmpleLen our disfus^iun of the dyniunics cd spherkally 5 >innictnc configuratbiLs of 
ciild, catalysed matter near equilibrium. 
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VARIATION.\L TECHNlQUi: TESTED IN 
NON-REL/\TlVISriC IX)\fAIN ON 
appendix C P0L\T:R0PES 


Thf ^ntrabrcLallvity cquiliun of hydn^aiatic equEtibiium drrivtd in diaptcr ill by 
FstnittiLEmg tht energy subject to the number of biijrycm^ btOBg kept constat, The OJircajionifl- 
ingpn^ceHurc in rion-rclAtivi(^Lk phyika ii well kjinwnJ estremtaf the cnergj' (apart iwm rfet- 
tut&ss fncTgy) kcT'pi'ng crmssmnt ihu mass (Itioking stpart from (he nw^ a^sociatod wdth the gravi- 
t 4 i.!iujml and elajlk energy of (he system). Thb appriiach is rlticribcd heir for four ucaainft. 
First, it ptovidefi a utiifted fijundatbn for ticriving (he nnn-felfttJviastlc equalbn ol hytlrosUtlc 
equilibrium oA has long been known. Srtond, It offers a good way to get r^aiMiiuible ^l|spM^Kimate 
folutinnsE of iJie equatbni of hydrostatic cfiuilibrium withmit actually doing any numerical 
integnLlion (analytical Raylcigh-Rila prtic«dure).Thinl (ihe imtn«liate Application mcniiuiicd 
In Tabic 11 of ihc tcit)j^ it iUpplics a mean* to dettmum? Ihc graviUtionnl energy of a sysEPm 
contaimiiR nculrans when A' ts very small pimfiajed to lO*''.Fourlh, it suggests die po^ibllity 
of a simUar nimlytk Rayleigh-Ritis treaimenE in the relativistic damafn (nrul invustfsalrd here). 
Let ifp) r«TprES4Tit the camprt^KAiinial enerity per unit mass, so (hat 

dt ^pii (Volume per unit juaaa) = /^) - 

Then tile sum of tbr griLvitaljniial and iMrnpressfolml cnmnfciiis of the syfiltim ts 

E = ”(G/2)/f»->pl^(vflll}^^tvol^) + Sp*(.pU (vol). 

Vary the cncigj'willt mpttl to the detuitty fimclJon, p(f)| lubjccl tn the contlillott lliat I he manfl 
fcmaLn fined: 

M fpd (toI) - Const. 

(nlroduee a Lagrangr multiplier \ (chcmlcftl paUntuil per m^ss^ as conlnLnted w^Uh the 
chinniraj energj' per txaryon of chaps, iii and ix). Vary E — Xdf wiihumi any suppIcTncrtEary om- 
dilion. In order (hat (he coefficient uf 3p(r] tliali s'anish {t is nccc^ry ami juflfioent tluit iliu 
energy for the mjecljou of a unit mans ^should Imtc cx-cti'wlitm the pinsLant value 


f f f ) + / P~'‘ip ™ ^ = Ct>f|i(a4Jl. 

Jp-t 

([Ci) 


fC5I 


b an obbtevkitian for the gra^^itaibEkfli potendid at the point ri. Thr equation of hydrustatk 
equQlbrhim, 

dnfi'dr + dfi.’iir « (1 
or 

dp/dr = —pd^p/dr = — C pfli(r)/r= , (C43 
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failles dlDfctctitialion uf equnliciJi (C4)« Su niuch for the foundatirn of the v&riatjuruil 
tLpprnAcb. 

Now take the where the CQBBlion of Btate has the EmdeJi Fomip 

p = K^^ [C7) 

Integrate equation (Cl] and hnd for the atnouni of f:3i±d|ires$30tial cni-rg>' fKT unit of volume 

pp = K(y — 1)^* pT, 

Take tlircc types of trial lunciions for the distHhution of matter in the sy^ienip all three rtor- 
ma-limcd to have the specified mass if, and 5^11 three having an adjii£ialjile constant t which has 
to do with tlie rise of the object', thus, 

pi(f) = (3M/4Ti^) for r < 6; (J for r > S (“Uttifomi tnodcl”)? 

PnC^) = e?£p — (r/ft)^ (‘^Gaitssian mqdd'lj 

and 

piq(^) = Iif/4^(2 -- J)1 Pm/rr exp - (ly i)]. 

Here the third function contams hw adjustable constants^ not oaly the shee fflctur but a|§ii 
the eiponeiit t, From these expmskiiis OTie caJculates the coEVLributkiths In the energy listed in 
Table CL 

TjUILE Cl 


CO\TRIBUTtO\a TO THE Ekkrgv EJF KQLTLIBIHIiJI CO^T'IGURATIO?iK AS CaLCT- 
LATETJ FROM THE TRIAL FV!<CTln?(S OT EQt?ATIO\ (Cfl) 


TrkI 

FifrwEjim 

OrivJtRtiqnjU FnerjiT 

In VqEu- 

C.mpmtlna.1 
h UniU 

I.. .. ... 

-J3/S) 

(t-D-‘D/4T)T'l 

fL...... 



in 

- f4 -30"'S 1 - f3/l - f/ir^fa-1) !| 


CieticraJ.. 

-fi 

ta 


The total cncTip^ has the form 

E = -ci(GiP/b) + CiiKMyb^-^), (CIS) 

whrrc the purely ounierical coiLstnnts Ci aod c* arc listed in the table. Enremue with resped 
to the size factor i. Thii$ find that the extremum corner, a^ lixpectcd (idrtid thwnml) when 

(Gnivitatiotiitl cnergj) = (3 — 37}CCeMirtpr^"on ctMrfgy^) ^cnj 

and 

(Total cntrjjy'^ iS) — {4 — 37)(CpiTipresrioTi energy}. CJa] 

The equriibrium k alable when T ^ J and unstablt- when 7 < §- ^%en 7 ^ thrrre k, is is 

well known, no equilibrium, unless the coeSident of tt/fl) in cquatbn (CIO) e.wctly tanoek, 
in which case the ccpilibnum k neutral. 

The total energy at the cxtiTemUm has the value 

E - . (CI5S 

Here the dimensionless codhcictit Q has the 

t? = ( 3T - 4) t £C 37 - 3) ca 1 * 


1 CI 4 ) 







AP1>ENI;JX 


16S 




( 37 - 4 ) 
(7-n 


[T/S4(2^s)^]^^l i/£«^ *» 

_ I f 2 - J ) 1 f- C .V 2 - J) 1 

, ^[£2- L ^)U‘ 


fori 
for 11 

£Cl*> 


for in, 


To ftirlher with TfiflJ Funccion III it seems necessary to be J!Evcn a partioiJar of y, 
TIjen un« catt irviJii&le the binding csoaitiint Q^n f^r a variety of ditKtcc*4 of the trial esponnnt i 
and ^dccl that value of j which oomes dostst to niaximUing We have not carried tJifojgh 
thb niimcriad work. The situation is much simpler for the Trial Fundions T and ll: there % 
no constant to adjust. In two cases valuea of the bimling omstant ils ipwn by equation 
(€ 13 ), land II, are listed in Table where they are compared with the t-altjes obtained by 
Emderti by detaalerJ integration of the elementary' equatbn of hydiostatic equHibrintlii^ Also 

TABLK C2 


F^UILIBRIVM COXFICORATIONS: VAtUATION^AI. TREATMIINT COUt^AREIk 
WITH EwnEX'S EXAtlt A^ALI'SIS" 


1 

1 cOujfcitis) 

TI (OhuI*^] 

Omdcii 

fftnULua faetor Q: 


Q.m 

, 0.398 

2 

0.366 

X 6666,.. 

.156 

Jfit 

A^l 

1.50 

.tim 

0442 

.0442 

1.40 

00056 

EMI07 

.OOlOTt 

1 sm.. 

0 

0 

0 

Central dwtstly fatt<3T Rr 


0 5*j 

(t.m 

1 

it iKi 

1.0666 . 

0.tldJ5 

0 U2 

0.109 

I SO 

, O.OOllZ 

O.UCl«64 

o.ai632 

1 40 

4.i0xitr« 1 

7 54>CtO'' 

S.32XIO-" 

L35dil ., 

0 

0 

0 


* DnoiiiWrlKin af tb* UimepiioBlc^ EibudroiC Eiuctuf 0 Cfiili itli*'tOmeEiiiimipi duality £^ 1 ^ 

Ll‘l^.1 *M AbtHiiwI from tbe two ixkl deoiUy dMtirbuiiHii I {uflilww ik^ty, Km MUklf J jitid ll 

(-(jAUAft funtdai) liltflr tlie hik f-Ktor ku b«ti M^oitvdl BUtintfn liiQMtiiiir. Tiri Jial Cutiima llUl llv 

timt -cniM nut uE Eandni^ rJciaJlrd. irnttirrlrit lin^CtAtkiJi ^ {ffrw-wijHmtlc) n|iiM.LkiE!i el fOpWe- 

tialk 

I^ndm^ nine, cxniKlod i« tfad-llcllt 4l mf>ri ncCPt (ci CtHJidMHilllHbr I1Q34J)., 

Hsted are the values of tlie numerical constant R iti this L-spresi^ioii for tho central deatsity; 
We calculate 

I for II / 


ll is remarkable hnw small the ermr in emT^y is for the uniform model coiUfEderiug how very 
far off this model is on iLs prediction of the cenlml rfpinVy, The error is least where 7 is largest; 
as is to be capccted. Very large 7 siMidlies an altnortl incompressible fluid, a limit where Ehe 
uniform model obviounly makes suiise. On the othef hand, in the other lLiii]t, 7 the exact 
density distribution departs from uniformity to (he majEimiiin esttenl^ p becomes singular at 

^ Fmdcn (I'Mfi )g ehips. v acwl viil^ Chandraisekhiur ( 19 ^ 9 ). For more ra poJytrapca BUiCenus 

119J4kj <} aud BotmOr (.195S). 
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the origin. Tlicrcfore it \a not iurpryyng that the uiiifumi modd gives a p«arcr btuditigaR thfe 
limit Is appitiadii:d. 

The app]ica.ttoH i>F these mnsidcmttoBS lequifed La the text (Table 11) is the blading energy 
of a pystem cs^ntaTning neutfom, hdd togetlier hy gmvitttticifaaJ faros- We treiLL this system 
as on ideal ntm-felativiittc Fenni gas at the ahfiolute tempera tyre. In the equation of state 
p= Kpf the otMJOrnt hag the vultte § and the tnnitant h 

K = (fiir/15 

Herr ^ reprc^nt:S the mus of a neutn:in. The nia^ of the system os it apf>ears in in^uaLbon {CIS} 
ii il/ s Also we iuserl bto that squat Ion the K of cquattufi {Cl 8) and ihc Q = 0.1S2 rjf 
Tabic C2- Thus wc find for l■il■e sum of the negath’o gra^ntationoJ energy aiKi the positive zero* 
point kinetic energy the total 

E = -tJ.l82 « -f3.f^S2 

This is to be cotuparci! with lim LXptx-g^icin For the gravitailoiiaj biniltiig c^f twn neutrons, 

E - -0*25 CPii^/fr rcM) 

dcdii'ed fnim the Bohr formyk for hydrogirn as on timed in the dtscuHsion of equations ( IS5)- 
(187)* To obtain the result {C20) from equation fCl^) we must inaert for ,V llie '^reduced 
nLUtroii Dumber” ,V — (0.25/0,WS2)*^^ = |,5t4 = 5 = 2 — Q.48*^. Thefrfnfc an empidcal pixi- 
oedure for calculating the bmdfng of systems with small iV values the mndified fnriiiyla 

E = -0,fW52 (AT - tVy 

suggt^ljs itself, "ilic cvirrespoiidmg cjcpregsLon for the gravilaiionaJ |u-cking fracuon h 

J^r = lf/;VV = -ft.(X)S2 (jV - 0.4S6)"*iV-‘{C?j4?/fe)» - -SM X K*-^' 

fC3Z) 

X (M - 0.4S6)^^V*V ^ -L2 X R)"™ for N ^ 16 (used in Table 11) . 

We cdlcuiate fmm equal ion (C22}, imippropFiate though it kin the relativistic domain, a critical 
IwLTi'nn number of thci^tder of (L^iSH X 10*\ os eipect^d, 

Tht’ ^id or^iiiltg given by the Gaugs-ian triaj functum fnr the dcngily, as cmdcnccd from the 
cumparl^on of the last I wo columns in Table C2, suggest a cone^nding variational calculation 
in the relatlvustk ilomala Lc^ determme the pmpcrljej^ of equlllbriimi ^n^gurLtioEis. For llm 
[-ikI wc may use cqiuilion (9) io tiorrnoiize the batynn ntuobCT te the sperified v-ajae A ara! oqua< 
tian (A) to cvalyntc the masa^cnergy of the system. To simplify the problem to the point where 
il can 1 m treated by analytical metJioda it is apprapnate to look a par r from the le^ imporlant 
LHW'W critlcaJ }ioin| (connected with the crrusbing at dectroos Into uniaia with preitoiis) and 
to concentrate on a t™tmcnt of the LOV critkaJ point (point of instability of ncytrem star). 
For thk pnrpo^ it Is enrjugh to employ an equation of state (see eq. [518] and the discussion at 
the end of cl jap. i) which dcficriljcs to g)iM.id accuracy the tmudtbn af a nL-utron goH fnitn the 
non-rdativktic domain lo the ri'lathnglic flomnjTi. 

fitn = iC2A) 
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concise study of the strange behasior 
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